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Abstract. The notion of quasi-affine frame was introduced by Ron
and Shen in order to achieve shift-invariance of the discrete wavelet
transform. In this paper, we have extended the notion of affine and
quasi-affine frame on Euclidean space Rn to positive half-line. Further-
more, we establish the relation between affine and quasi-affine frames on
positive half line and the preservation of frame bounds when changing
an affine frame to a quasi-affine frame is also shown.
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1. Introduction

A frame differs from a Riesz basis in that it may be linearly dependent. In
signal and image processing, this freedom allows the possibility of redun-
dancy. The concept of frames, first introduced by Duffin and Schaeffer [7]
in the context of non-harmonic Fourier series. Outside signal processing,
frames did not seem to generate much interest until Daubechies, Gross-
mann, and Meyer [5] brought attention to it. They showed that Duffin
and Schaeffers definition is an abstraction of a concept given by Gabor
[11] for doing signal analysis.
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Discrete affine systems are obtained by applying dilations to a given
shift-invariant system. Affine system is invariant under the dilaton op-
erator, but is not shift invariant. The notion of quasi-affine frame was
introduced by Ron and Shen [13] in order to achieve shift-invariance of
the discrete wavelet transform. The main theorem of Ron and Shen in
this direction is called “fundamental theorem of affine frames”. It states
that, an affine system ia an affine frame if and only if the quasi-affine
system derived from it is also a frame. An operator on L2(Rs)×L2(Rs)
corresponding to two affine systems was itroduced by Chui et al. [4]
and they established a criterion in which this operator agrees with its
analogue for two quasi-affine systems.

Although there are many results for affine frames on the real-line R ,
the counterparts on positive half-line R+ are not yet reported. So this
paper is devoted to affine systems also known as wavelet systems and
quasi-affine systems on positive half-line. Farkov [8] has given general
construction of compactly supported orthogonal p-wavelets in L2(R+).
Farkov et al. [9] gave an algorithm for biorthogonal wavelets related
to Walsh functions on positive half line. Shah and Debnath [15], stud-
ied Dyadic wavelet frames on a half-line using the Walsh-Fourier trans-
form. Recently, Meenakshi et al. [12] studied NUMRA on positive half
line. On the other hand, Abdullah [1] has given characterization of
nonuniform wavelet sets on positive half-line. A constructive procedure
for constructing tight wavelet frames on positive half-line using exten-
sion principles was recently considered by Shah in [14], in which he has
pointed out a method for constructing affine frames in L2(R+). More-
over, the author has established sufficient conditions for a finite number
of functions to form a tight affine frames for L2(R+).

The objective of this paper is to establish the relation between affine
and quasi-affine frames on positive half line and the two frames have the
same frame bounds and also establish a criterion in which the operator
on L2(R+) × L2(R+) corresponding to affine systems agrees with its
analogue for quasi-affine systems.
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2. Walsh-Fourier Analysis

We start this section with certain results on Walsh-Fourier analysis. We
present a brief review of generalized Walsh functions, Walsh-Fourier
transforms and its various properties.

Let p be a fixed natural number greater than 1. As usual, let R+ = [0,∞)
and Z+ = {0, 1, ...}. Denote by [x] the integer part of x. For x ∈ R+ and
for any positive integer j, we set

xj = [pjx](mod p), x−j = [p1−jx](mod p), (1)

where xj , x−j ∈ {0, 1, ..., p− 1}.

Consider the addition defined on R+ as follows:

x⊕ y =
∑
j<0

ξjp
−j−1 +

∑
j>0

ξjp
−j (2)

with
ξj = xj + yj(mod p), j ∈ Z\{0}, (3)

where ξj ∈ {0, 1, 2, ..., p−1} and xj , yj are calculated by (1). Moreover,
we write z = x	 y if z ⊕ y = x, where 	 denotes subtraction modulo p
in R+.

For x ∈ [0, 1), let r0(x) be given by

r0(x) =


1, x ∈

[
0,

1
p

)
,

εjp, x ∈
[
jp−1, (j + 1)p−1

)
, j = 1, 2, ..., p− 1,

(4)

where εp = exp
(

2πi
p

)
. The extension of the function r0 to R+ is defined

by the equality r0(x+ 1) = r0(x), x ∈ R+. Then the generalized Walsh
functions {ωm(x)}m∈Z+ are defined by

ω0(x) = 1, ωm(x) =
P∏

j=0

(
r0
(
pjx
))µj ,
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where m =
∑P

j=0 µjp
j , µj ∈ {0, 1, 2, ..., p− 1}, µP 6= 0.

For x, ω ∈ R+, let

χ(x, ω) = exp

2πi
p

∞∑
j=1

(xjω−j + x−jωj)

 , (5)

where xj and ωj are calculated by (1).

We observe that

χ

(
x,

m

pn−1

)
= χ

(
x

pn−1
, m

)
= ωm

(
x

pn−1

)
∀x ∈ [0, pn−1), m ∈ Z+.

The Walsh-Fourier transform of a function f ∈ L1(R+) is defined by

f̃(ω) =
∫

R+

f(x)χ(x, ω)dx, (6)

where χ(x, ω) is given by (5).

If f ∈ L2(R+) and

Jaf(ω) =
∫ a

0
f(x)χ(x, ω)dx (a < 0), (7)

then f̃ is defined as limit of Jaf in L2(R+) as a→∞.
The properties of Walsh-Fourier transform are quite similar to the classi-
cal Fourier transform. It is known that systems {χ(α, .)}∞α=0 and {χ(., α)}∞α=0

are orthonormal bases in L2(0, 1). Let us denote by {ω} the fractional
part of ω. For l ∈ Z+, we have χ(l, ω) = χ(l, {ω}).
If x, y, ω ∈ R+ and x⊕ y is p-adic irrational, then

χ(x⊕ y, ω) = χ(x, ω)χ(y, ω), χ(x⊕ y, ω) = χ(x, ω)χ(y, ω), (8)

Definition 2.1. Let H be a separable Hilbert space. A sequence {fk}k∈Z
in H is called a frame for H if there exist constants A and B with 0 <
A 6 B <∞ such that

A‖f‖2 6
∑
k∈Z

|〈f, fk〉|2 6 B‖f‖2, (9)
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for all f ∈ H. The largest constant A and the smallest constant B sat-
isfying (9) are called the upper and the lower frame bound, respectively.
If only the right hand side inequality holds, we say that {fk}k∈Z is a
Bessel system with constant B. A frame is a tight frame if A and B

can be chosen so that A = B and is a normalized tight frame (NTF) if
A = B = 1. Thus, if {fk}k∈Z is a NTF in H, then

‖f‖2 =
∑
k∈Z

|〈f, fk〉|2. (10)

3. Main Results

Definition 3.1. Let Ψ = {ψ1, ψ2, ..., ψL} be a finite family of functions
in L2(R+). The affine system generated by Ψ is the collection

X(Ψ) = {ψl,j,k : 1 6 l 6 L, j ∈ Z, k ∈ Z+}

where ψl,j,k(x) = pj/2ψl(pjx	 k). The quasi-affine system generated by
Ψ is

Xq(Ψ) = {ψ̃l,j,k : 1 6 l 6 L, j ∈ Z, k ∈ Z+},

where

ψq
l,j,k(x) =

{
pj/2ψl(pjx	 k), j > 0, k ∈ Z+,
pjψl(pj(x	 k)), j < 0, k ∈ Z+.

(11)

We say that Ψ is a set of basic wavelets of L2(R+) if the affine system
X(Ψ) forms an orthonormal basis for L2(R+).

Let Ψ, Ψ̃ ⊂ L2(R+) be two finite sets in L2(R+) with the same cardinal-
ity. The operator

PΨ,Ψ̃(f, g) =
L∑

l=1

∑
j∈Z

∑
k∈Z+

〈f, ψl,j,k〉〈ψ̃l,j,k, g〉, f, g ∈ L2(R+), (12)

plays a very important role in our investigation. It is bounded linear
operator on L2(R+)×L2(R+), if both X(Ψ) and X(Ψ̃) are affine Bessel
families. Our frame analysis is based on the relation to the operator
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P q

Ψ,Ψ̃
(f, g) =

L∑
l=1

∑
j∈Z

∑
k∈Z+

〈f, ψq
l,j,k〉〈ψ̃

q
l,j,k, g〉, f, g ∈ L2(R+), (13)

which is associated with the quasi-affine systems. The following termi-
nology will be used.

Definition 3.2. Let Ψ, Ψ̃ ⊂ L2(R+) be two finite sets in L2(R+) with
the same cardinality that generate two Bessel families X(Ψ) and X(Ψ̃).
Then Ψ̃ is called an affine dual of Ψ, if

PΨ,Ψ̃(f, g) = 〈f, g〉, f, g ∈ L2(R+),

and a quasi-affine dual if

P q

Ψ,Ψ̃
(f, g) = 〈f, g〉, f, g ∈ L2(R+).

Affine system X(Ψ) are dilation-invariant in the sense that

X(Ψ) = D(X(Ψ)).

This is the reason that PΨ,Ψ̃ in (12) has the property

PΨ,Ψ̃(Df,Dg) = PΨ,Ψ̃(f, g), f, g ∈ L2(R+). (14)

On the other hand, it can be seen easily from the definition of quasi-affine
systems, that

P q

Ψ,Ψ̃
(Tkf, Tkg) = P q

Ψ,Ψ̃
(f, g), f, g ∈ L2(R+), k ∈ Z+.

Hence, P q

Ψ,Ψ̃
is invariant with respect to multi-integer shifts of both

arguments.
For J > 0, we letQJ denote a complete set of representatives of Z+/(pJZ+),
so that

#QJ = pJ .

The special choice of representatives is

QJ = Z+ ∩ pJ([1, 2)). (15)
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We use the notations

Pj(f, g) =
L∑

l=1

∑
k∈Z+

〈f, ψl,j,k〉〈ψ̃l,j,k, g〉, (16)

and

P q
j (f, g) =

L∑
l=1

∑
k∈Z+

〈f, ψq
l,j,k〉〈ψ̃

q
l,j,k, g〉, (17)

for any j ∈ Z. In particular, Pj = P q
j holds for all j > 0.

Lemma 3.3. Let Ψ be a finite subset of L2(R+) and Ψ̃ be the dual of
Ψ. Let J > 0 be an integer. Then for all j > −J and f, g ∈ L2(R+),

P q
j (f, g) = p−J

∑
v∈QJ

Pj(Tvf, Tvg).

Proof. For any j > 0 the operator Pj is invariant with respect to multi-
integer shifts, so that

P q
j (f, g) = Pj(f, g) = Pj(Tvf, Tvg), v ∈ QJ .

For any −J 6 j < 0, we first observe that Pj is invariant with respect
to shifts k ∈ p−jZ+. Furthermore, H = Z+/p−jZ+ is a normal sub-
group of G = Z+/pJZ+ and there is a group isomorphism of G/H and
p−jZ+/pJZ+. Hence, |G/H| = pJ+j , and

p−J
∑

v∈QJ

Pj(Tvf, Tvg) = p−J
∑

λ∈Q−j

∑
v∈QJ

v−λ∈p−jZ+

Pj(Tvf, Tvg)

= pj
∑

λ∈Q−j

Pj(Tλf, Tλg).

By inserting the definition (11) of ψq
l,j,k we see that the last expression

is equal to P q
j (f, g). �

Lemma 3.4. Let Ψ = {ψ1, ψ2, ..., ψL} ⊂ L2(R+) and let f ∈ L2(R+) be
a function with compact support. Then
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lim
N→∞

∑
j<0

P q
j (DNf,DNf) = 0, (18)

and
lim

N→∞
p−N

∑
j<−N

∑
v∈QN

Pj(Tvf, Tvf) = 0, (19)

where the special choice of representatives (15) is used in (19) for any
N ∈ N.

Proof. Let Ω denote the support of f and let us first choose N0 > 0 so
large that D−NΩ is contained in a ball of radius 1/2 around the origin
for all N > N0. In order to prove (18), we consider∑

j<0

P q
j (DNf,DNf) =

∑
j<0

pj
L∑

l=1

∑
k∈Z+

∣∣〈f,D−NTkD
jψl〉

∣∣2

=
∑
j<0

pj
L∑

l=1

∑
k∈Z+

∣∣〈TpNkf,D
j−Nψl〉

∣∣2

6
∑
j<0

pj
L∑

l=1

∑
k∈Z+

‖f‖2

∫
Ω+pNk

∣∣Dj−Nψl(x)
∣∣2 dx

= ‖f‖2
∑
j<0

pj
∑

k∈Z+

∫
pj−NΩ+pjk

L∑
l=1

|ψl(x)|2 dx. (20)

By our previous choice of N0, we obtain that

∑
j<0

P q
j (DNf,DNf) 6 ‖f‖2

∫
R+

wN (x)
L∑

l=1

|ψl(x)|2 dx,

holds for all N > N0, where

wN (x) =
∑
j<0

pjχpj(Z++p−NΩ)(x), x ∈ R+. (21)
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Since
wN (x) 6

∑
j<0

pj =
p

p− 1
, N > N0,

and since
∑L

l=1 |ψl|2 ∈ L1(R+), the dominated convergence theorem can
be applied to the above integral. It thus suffices to show that

lim
N→∞

wN (x) = 0 for all x ∈ U = R+\ ∪
j<0

pjZ+.

This last assertion can be shown as follows. By the compactness of Ω
the sequence of numbers

rj = sup{‖pjy‖ : y ∈ Ω},

tends to zero as j → −∞. If we fix x ∈ U , then all terms in (21) which
satisfy

rj−N < dist(x, pjZ+) = dj(x), j < 0,

vanish. In other words,

wN (x) 6
∑
j<0

rj−N >dj(x)

pj → 0 as N →∞.

In the second relation (19), we let N > N0 and use similar transforma-
tions as in (20) in order to obtain

p−N
∑

v∈QN

∑
j<−N

Pj(Tvf, Tvf)

6 ‖f‖2p−N
∑

v∈QN

∑
j<−N

∑
k∈Z+

∫
pj(Ω+v)+k

L∑
l=1

|ψl(x)|2dx.

We now define

vN (x) = p−N
∑

v∈QN

∑
j<−N

∑
k∈Z+

χpj(Ω+v)+k(x), x ∈ R+. (22)

Our remaining task is to show that vN is uniformly bounded in N , as
N tends to infinity, and converges to zero pointwise a.e. We will even
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show that vN tends to zero uniformly. Recall that QN is assumed to be
of the form (15) and hence

p−N (Ω + v) ⊂ S = (1/2, 3/2) for all N > N0, v ∈ QN .

In order to resolve the various summations in (22), we fix j and k and
first observe that ∑

v∈QN

χpj(Ω+v)+k 6 c1χpj+NS+k,

holds for all N > N0, j < −N and k ∈ Z+ and the constant c1 > 0 only
depends on the compact set Ω. Next the properties of p and the set S
where the special choice of QN enters, gives the estimate∑

j<−N

χpj+NS+k 6 c2χBr(0)+k,

for all N > N0, k ∈ Z+, where the constant c2, r > 0 only depends on
p. Finally, summation over k ∈ Z+ gives another contant c3 > 0 which
only depends on r (hence on p) such that∑

k∈Z+

χBr(0)+k 6 c3.

Combining all these relations yields

vN (x) 6 c1c2c3p
−N , x ∈ R+.

and hence the uniform convergence of vN to zero. This completes the
proof of the lemma. �

Theorem 3.5. Let Ψ be a finite subset of L2(R+). Then

(a) X(Ψ) is a Bessel family if and only if Xq(Ψ) is a Bessel family.
Furthermore, their exact upper bounds are equal.

(b) X(Ψ) is an affine frame if and only if Xq(Ψ) is a quasi-affine frame.
Furthermore, their lower and upper exact bounds are equal.
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Proof. (a) Let Ψ = Ψ̃. All summands of PΨ,Ψ and P q
Ψ,Ψ are nonnegative.

If Ψ generates an affine Bessel family with upper bound B > 0, then

P q
Ψ,Ψ(f, f) = lim

J→∞

∑
j>−J

P q
j (f, f)

= lim
J→∞

p−J
∑

v∈QJ

∑
j>−J

Pj(Tvf, Tvf)

6 lim
J→∞

p−J
∑

v∈QJ

PΨ,Ψ(Tvf, Tvf)

6 lim
J→∞

p−J
∑

v∈QJ

B‖Tvf‖2 = B‖f‖2,

holds for all f ∈ L2(R+). Here, we used the translation invariance of the
norm. We have thus shown that the quasi-affine frame Xq(Ψ) is also a
Bessel family with the same upper bound B.

Conversely, let us assume that Xq(Ψ) is a Bessel family with upper
bound Bq > 0. Let us further assume that there exists an f ∈ L2(R+),
such that

‖f‖ = 1 and PΨ,Ψ(f, f) > Bq.

Then by the dilation invariance of X(Ψ), we can find N ∈ N such that

∞∑
j=−N

Pj(f, f) =
∞∑

j=0

Pj(DNf,DNf) > Bq.

But this contradicts the definition of Bq, since

P q
Ψ,Ψ(DNf,DNf) >

∞∑
j=0

P q
j (DNf,DNf) =

∞∑
j=0

Pj(DNf,DNf),

and the dilation D is an isometry. Thus, we can conclude that X(Ψ)
must be a Bessel family with upper bound Bq.

(b) It only remains to consider the lower frame bounds A and Aq. The
proof follows the same argument as the proof of (a). The only differences



58 ABDULLAH

are the use of Lemma 3.4 at certain places e.g., the relation Aq > A

follows by using (19) in the third line of

P q
Ψ,Ψ(f, f) = lim

J→∞

∑
j>−J

P q
j (f, f)

= lim
J→∞

p−J
∑

v∈QJ

∑
j>−J

Pj(Tvf, Tvf)

= lim
J→∞

p−J
∑

v∈QJ

∑
j∈Z

Pj(Tvf, Tvf)

= lim
J→∞

p−J
∑

v∈QJ

PΨ,Ψ(Tvf, Tvf)

> lim
J→∞

p−J
∑

v∈QJ

A‖Tvf‖2 = A‖f‖2,

for all f ∈ L2(R+) which have compact support. Since this is the
dense subset of L2(R+), the relation P q

Ψ,Ψ(f, f) > A‖f‖2 holds for all
f ∈ L2(R+). The opposite relation Aq 6 A is shown by assuming the
contrary, so that

PΨ,Ψ(f, f) 6 Aq − ε for some f ∈ L2(R+), ‖f‖ = 1,

and some ε > 0. Without loss of generality, we can assume that f
has compact support. The dilation invariance of the operator PΨ,Ψ(f, f)
gives

PΨ,Ψ(DNf,DNf) 6 Aq − ε for all N ∈ N.

By (18), there exists N ∈ N such that

P q
Ψ,Ψ(DNf,DNf) <

∞∑
j=0

P q
j (DNf,DNf) +

ε

2
=

∞∑
j=0

Pj(DNf,DNf) +
ε

2

6 PΨ,Ψ(DNf,DNf) +
ε

2
6 Aq −

ε

2
,
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which contradicts with the definition of the lower frame bound Aq of
Xq(Ψ). �

Theorem 3.6. Let Ψ be a finite subset of L2(R+) and Ψ̃ be the dual of
Ψ. ssume that Ψ and Ψ̃ generate two affine Bessel families. Then PΨ,Ψ̃

translation-invariant if and only if

PΨ,Ψ̃ = P q

Ψ,Ψ̃
. (23)

Proof. First we assume that PΨ,Ψ̃ is translation-invariant. Then, as in
the proof of theorem 3.5, we have

P q

Ψ,Ψ̃
(f, g) = lim

J→∞
p−J

∑
v∈QJ

PΨ,Ψ̃(Tvf, Tvg)

for all f, g ∈ L2(R+) with compact support. Since PΨ,Ψ̃ is assumed to
be translation-invariant, the right-hand side equals

lim
J→∞

p−J
∑

v∈QJ

PΨ,Ψ̃(f, g) = PΨ,Ψ̃(f, g)

The equality extends to all functions in L2(R+) by density and bound-
edness of both operator. On the other hand, as a consequence of (23),
the operator PΨ,Ψ̃ is invariant with respect to shifts Tk, k ∈ Z+. Its
dilation invariance implies that it is invariant with respect to shifts

Tx, x ∈ ∪
j∈Z

pjZ+.

This union of sets is dense in R+. Since translation is a continuous
operation on L2(R+) and PΨ,Ψ̃ is bounded, it is invariant with respect
to any shift Tx, x ∈ R+. �
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[4] C. K. Chui, X. Shi, and J. Stöckler, Affine frames, quasi-affine frames,
and their duals, Advances in computational Math., 8 (1998), 1-17.

[5] I. Daubechies, A. Grossmann, and Y. Meyer, Painless nonorthogonal ex-
pansions, J. Math. Phys., 27 (1986), 1271-1283.

[6] L. Debnath and F. A. Shah, Wavelet Transforms and Their Applications,
Birkhauser, New York, 2015.

[7] R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series,
Trans. Amer. Math. Soc., 72 (1952), 341-366.

[8] Y. A. Farkov, Orthogonal p-wavelets on R+, in Proceedings of Interna-
tional Conference Wavelets and Splines, St. Petersberg State University,
St. Petersberg, (2005), 4-26.

[9] Y. A. Farkov, A. Y. Maksimov, and S. A. Stroganov, On biorthogonal
wavelets related to the Walsh functions, Int. J. Wavelets, Multiresolut.
Inf. Process., 9 (3) (2011), 485-499.

[10] Y. A. Farkov, E. A. Lebedeva, and M. A. Skopina, Wavelet frames on
Vilenkin groups and their approximation properties, Int. J. Wavelets,
Multiresolut. Inf. Process., 13 (5) (2015), 1550036, (19 pages).

[11] D. Gabor, Theory of communications, Jour. Inst. Elec. Eng., 93 (1946),
429-457.

[12] Meenakshi, P. Manchanda, and A. H. Siddiqi, Wavelets associated with
Nonuniform multiresolution analysis on positive half line, Int. J. Wavelets,
Multiresolut. Inf. Process., 10 (2) (2011), 1250018, (27 pages).

[13] A. Ron and Z. Shen, Affine systems in L2(Rd): the analysis of the analysis
operator, J. Funct. Anal., 148 (2) (1997) 408–447.



AFFINE AND QUASI-AFFINE FRAMES ... 61

[14] F. A. Shah, Tight wavelet frames generated by the Walsh polynomials,
Int. J. Wavelets, Multiresolut. Inf. Process., 11 (6) (2013), 1350042, (15
pages).

[15] F. A. Shah and L. Debnath, Dyadic wavelet frames on a half-line using
the Walsh-Fourier transform, Integ. Trans. Special Funct., 22 (7) (2011),
477-486.

Abdullah
Department of Mathematics
Assistant Professor of Mathematics
Zakir Husain Delhi College
University of Delhi
New Delhi-110 002, India.
E-mail: abd.zhc.du@gmail.com




