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1. Introduction

2
We are all familiar with the idea of derivatives, %, j—,rg «++. But what

would be the meaning of notation ﬁg, and in general D“f(x),a € R?

We want to introduce the fractional calculus in gentle manner. We
explore the idea of a fractional derivative by first looking at examples
of familiar nth order derivatives like D"e® = a"e®" and then replacing

the natural number n by other numbers like %
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We are familiar with the expressions for derivatives of e, D1e®® =
aet® D%e = g2e® ... D"e™ = q"e® n € N. Could we replace n by
% and write D e = a%em, and in general, can we let n be an irrational
number like v/2 or a complex number like 1 + i?

Is it true that

Daeax — aaeam (1 _ 1)

for any value of a? If o is a negative integer we will get

D 1e™ = /e“mdm and D™%(e%) zjjeaxdm dx,

as it is reasonable to interpret. When « is a negative integer —n, D%
is interpreted as the nth iterated integrals, in general D® represents a
derivative if « is a positive real number and an integral if a is a negative
real number. Note that we have not yet given a definition for a fractional
derivative of a general functions.

Liouville used this approach to fractional differentiation in his paper
[2] and [3].

For trigonometric functions sine and cosine we are familiar with the

derivatives of the sine function:
Dsinz = sinz, Dsinz = cosz, D*sinz = —sinz, - - -

This presents no obvious pattern form which to find D sin z. However,

graphing the functions discloses a pattern. Each time we differentiate,
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the graph of sinx is shifted 7/2 to the left. Thus differentiating sinz,
n times results in the graph of sinx being shifted % to the left. So
D"sinz = sin(z + %), if we replace the positive integer n with an
arbitrary number o we have the following expression for the general

derivative of sine

D%sinx = sin(x + %).

Similarly for cosine we have
D cosz = cos(x + %)
Now we look at the derivative of powers of z. We have
D%P =P, D'a? = paP~', ..., D"’ =p(p—1)---(p—n+1)aP™"

and

p!

D"aP = ——
(p—n)!

P,

If we replace n by arbitrary number «, we may use gamma function that
introduced by Euler in the 18¢h century to generalize the notion of z! to

non-integer values of z,

o0
F(z)z] e ¥ 1dt.
0

Therefore, we have

I(p+ 1)aP™@
a.p _
D% Tp—at)



96 K. MOSALEHEH, AND A. VAKILZADEH

for any a. So we can extend the idea of a fractional derivative to a large
number of functions. Let f be any function that can be expanded in a

Taylor series in powers of x as

f(.ﬂ"}) = Z a"-“lxn}
n=0

and assuming we can differentiate term by term. So

[='<} o0 P(n+1)
Df(x) = anD%" = apmr— " 12
f(@) 2 D" = D o oy (1-2)

that is candidate for the definition of the fractional derivative for the
wide variety of functions that can be expanded in a Taylor’s series in
power of z. But, we will soon see that it leads to contradictions.

We wrote the fractional derivative of e* as
D%* = ¢” (1-3)

o0
Let us compare this with (1-1). Since e = 2 by (1-2) we have

n!

n=0
Dt — i = (1—4)
nng(n—cx+l)'

But (1-3) and (1-4) do not match unless « is an integer number, if « is
not an integer number, we have two entirely different functions. We have
discovered a contradiction that historically has caused great problems.
It appears as though our expression (1-1) for the fractional derivative of

the exponential is inconsistent with our formula (1-2) for the fractional



THE LAPLACE TRANSFORM METHOD FOR LINEAR ...

derivative of a power. We would write

D flu) = ]ﬂ " f(t)at

D) = [

0 Jo

L

2
f(t)dtydts.
If we interchange the order of integration, then we get
HH HH
D@ = [ [ sty
0 t1
L
= ](j flt1)(x — ty)dt;.

Using the same procedure, we can show that

-3 L 2
D@ =5 [ OE -1
and in general

D" f(z) = — 5 ]0 " (0@ -ty

(n+

97

Now as we have done previously, let us replace the —n by arbitrary «

and to get

N S S (0
D) = g, Gy

(1-5)

This is a general expression for fractional derivatives that has the poten-

tial of being used as a definition. But there is a problem if & > —1 the

integral is improper and this improper integral diverges for every a > 0.

If —1 < @ < 0, the improper integral converges and so if « is negative,
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there is no problem.

Definition 1.1. The fractional derivative of f(t) of order p > 0 (if it

exists) can be defined in terms of the fractional integral D~*f(t) as
DHf(t) = D™(D™" M f(t))

where m is an integer > [p| and [p] is the ceiling function, which gives

the smallest integer = .

Example 1.2. The fractional derivative of the function t* is given by

DM = D™[D~mmm
T(A+1)
F'A+m—p+1)

_ Dm[ t/\-}—m—,u]

B P(/\+1)(’\_!’5+m_1)”'()‘_*”‘4_1%)\—#
F(1+m+X—p)
LA+ 1)(1 +/\—,u)t,\_#
Fl+m+X—p)
F'(A+1)
FA—p+1)

A—p

for A>—1 and p > 0.

The fractional derivative of the constant function f(t) = ¢ is given

by

O TOA+1) ot
fe — m_
Dle=clm sy =05 T1—p)

If the reader wishes to continue this study, we recommended the
paper by Miller [5] and the books by Miller and Ross [6], also the book
by Oldham and Spanier [8].
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Other references of historical interest are ([4, 7, 9, 10, 11]).

2. Ordinary linear fractional differential equa-
tions

In this section we want to solve some ordinary fractional differential

equations by the Laplace transform.

Definition 2.1. A two parameter function of the Mittage-Leffler type

is defined by the series expansion

o0
E.p(z ;Pak+ﬁ a>0,8>0. (2—-1)

We know that

k!
k_tat) ,
L[tFe®t] = ETE Re(s) > |a.
Therefore
> —sttk :I:rltdt kI 2 2
e g a2

substitution (2-1) in the integral below leads to

(oo
/ e P E, p(2t™)dt = L, 2| <1 (2-13)
0 ’ 1—2z

and we obtain from (2-3) the Laplace transform of the function

tokt01ED) (£21).
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Hence we get

oo 1 c0—03
/ e~ M1 B (2at*)dt = s (2 —4)

The particular case of (2-4) for a = = %

o0 . k!
—st E=L (k) : 2

E\e 4 S
fo e "tz %,%( a\/f)dt s Ve Re(s) > a

Example 2.2. Suppose the differential equation
1 _1
D f(t)+a f(t)=0, D, *f(t)]=0=c. (2-5)

Applying the Laplace transform of (2-5) we obtain

Llfl = F(s) = + -, o= D; 2 £(£)]o

and the inverse transform gives the solution of (2-5) as

ft)=ct 2By 1 (—av).0

11
272
Example 2.3 Consider the equation

D f(t) + Dif() = h(?), (2-6)

where 0 < g < p < 1.

The Laplace transform of (2-6) leads to
(" + 5)F(s) = ¢+ H(s)
where H(s) = L[h(t)] and

c=(D{7Hf(t) + DY () le=o
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SO
c+ H(s) c+ H(s)
F(S) - sP 4 st - ,gq(sp—q + 1)
= (CHHE)

The inverse transform for a = p — ¢ and 3 = p gives the solution:

f(t)=CG(t) + /{: G(t —v)h(v)dv

G(f) =P B,y p(—tP7),

The case 0 < ¢ < p < n can be solved similarly.[J
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