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Abstract. In this paper, using a generalized translation operator,
we obtain an analog of Younis [8, Theorem 2.5] in for the generalized
Fourier-Bessel transform for functions satisfying the Fourier-Bessel Dini
Lipschitz condition in the space Li’n.
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1. Introduction

Integral transforms and their inverses, the Bessel transform are widely
used to solve various problems in calculus, mechanics, mathematical
physics, and computational mathematics (see [7] and [6]).

Younis [8, Theorem 2.5] characterized the set of functions in L?(R) sat-
isfying the Dini Lipschitz condition by means of an asymptotic estimate
growth of the norm of their Fourier transforms, namely we have
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Theorem 1.1. ([8]) Let f € L?(R). Then the following are equivalents:
() [f@+h)~f@]=0(5k5), as h—=00<n<19>0

(log )7
) FOPdr=0 (

r2n
[A|>r

)

where f stands for the Fourier transform of f.

In this paper, we consider a second-order singular differential operator
B on the half line which generalizes the Bessel operator B,. We obtain
an analog of Theorem 1.1 in the generalized Fourier-Bessel transform
associated to B in Lgm. For this purpose, we use a generalized translation
operator.

We briefly overview the theory of generalized Fourier-Bessel transform
and related harmonic analysis (see [2] and [3] ):

Consider the second-order singular differential operator on the half line
defined by

_ d*f(x) N (2a+1)df(z) 4n(a+n)f(x)’

dx? x dx 2

Bf(x)

where a > _71 and n = 0,1,2,... . For n = 0, we obtain the classical
Bessel operator

d’f(x) n (2a+ 1) df (x)

Baf(z) = dxz? x de

Let M be the map defined by
Mf(x) =2*"f(z), n=0,1,..

Let L%, 1 < p < oo, be the class of measurable functions f on [0, 00|
for which

1£llp.cn = 1M 7" fllp.atan < oo,

0 1/p
1 llpe = ( /0 |f($)|”x2a+1dx> |

If p = 2, then we have L2, = L*([0, oo[, z2**1).

where
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For o > _71, we introduce the Bessel normalized function of the first

kind j, defined by

0 _1\n(2z\2n
ja(2) :F(““)ZM’

n=0

z € C, (1)

where I'(z) is the gamma-function (see [4]). The function y = jo(2)
satisfies the differential equation

Bay +y =0,
with the initial condition y(0) = 0 and 3/(0) = 0. The function j,(2) is
infinitely differentiable and indeed is an entire analytic.

From (1) we see that

. ja(z) -1
il_r)% T 7é 07 (2)

hence , there exist ¢ > 0 and v > 0 satisfying

|2l Sv = [jalz) = 1] > ¢z (3)
From [2], we have
Ja(x)] < 1, (4)
1—jo(z) = O@?*), 0<z<1. (5)
For A € C, and =z € R, put
pa(z) = 2% jaton(A1). (6)

From [1] and [6] recall the following properties.

Proposition 1.2.
(c) p satisfies the differential equation

By = =X
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(d) For all A € C, and z € R
’@A(m)’ < x2n6|lm)\\|oc|.

The generalized Fourier-Bessel transform which we call it the integral
transform, is defined by

Fof() = /0 T f@ea@a e A > 0,f € IL

(see [1]).

Let f € LY, such that Fg(f) € L} 4, = L*([0,00[, ***4"dz). Then
the inverse generalized Fourier-Bessel transform is given by the formula

fz) = /0 " Fsf(Nea(@)dasan (M),

where

1

dpa+an(A) = aq nAQOA—iAn—i_ldA a —
ta+2n(N) = aat2 y a 4a(F(a+1))2
(see [1]). From [1] and [6], we have the following proposition.

Proposition 1.3.
(e) For every f € L., N L2, we have the Plancherel formula

a,n

400 +00
/ (@) P2t = / Fif )2 dpiasan(N).
0 0

(f) The generalized Fourier-Bessel transform Fp extends uniquely to an

isometric isomorphism from L2, onto L*([0, +00[, fta+2n)-

Define the generalized translation operator T", h > 0, by the relation
T f(x) = (@h)*" 7}, (M1 f) (@), 2 > 0,

where 7 is the Bessel translation operator of order a defined by

mhf(z) = ca/ F(Vx2 + h? — 2zhcost) sin®* tdt,
0
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Co = </07r sin%® tdt>_1 = F(l;)(ro‘(;tf%)

For f € L?X,n , we have

Fs(T"HN) = ox(mFs(fHN), (7)
FeBIA) = —NFs(f)(N). (8)
(see [2] for details). Denote by W3*(B), m = 0,1,2..., the class of func-

tions f € L2, that have on RT generalized derivatives f'(z), f"(z), ...., f*™(z)
in the sense of Levi (see [5]) and belong to L2 ,, with B™f € L2 . i.e.,

where

W3'(B)={felLl,/B"fell,},
where Bf = f, B™ = B(B™f),m =0,1,2....

2. Dini Lipschitz Condition

In the rest of these papers, we give the main results. For this objective,
we first need to define the Fourier-Bessel Dini Lipschitz class.

Definition 2.1. Let f € W3*(B), and define
hn+2n

I(T" = h*"1)B™ f(x)] Qog 17"
h

2,a,n<c 7>O,m:0,1,2...;

i.e.,

log %)7

h 2 e
(T = K™ 1)B™ f(2)]|2,0 = O (log 17 )
for all x in RY and for all sufficiently small h, C being a positive constant
and I is the unit operator in Li,n. Then we say that f satisfies a Fourier-

Bessel Dini Lipschitz of order n, or f belongs to Lip(n,~y).
Definition 2.2. If
(7" — R*"1)B™ f(2)||2,0,n

hnten
(log )7

—0, as h—0,y>20m=0,1,2..;
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h77+2n
2,a,n — O ——= )
((bg }m)

then f is said to be belong to the little Fourier-Bessel Dini Lipschitz class
Lip(n, 7).

i.e.,

I(T" — h*"1)B™ f (x)

Remark 2.3. It follows immediately from these definitions that

lip(n,~) C Lip(n, 7).

Theorem 2.4. Let n > 1. If f € Lip(n,~), then f € lip(1,7).

Proof. For x € R*, h small enough and f € Lip(n, ) we have

h 2 hn+2n
T" = W n)B™ <O
(I¢ )B" f(2) 2,0, g 1y
Then X
(IOg E)A/H(Th - hQnI)Bmf(;z:)HQ’am < Cpnt2n.
Therefore

(log )

pisn (T = B2 DB ()20 < O,

which tends to zero with h — 0. Thus

(log )7

hl+2n ”(Th - thI)Bmf<m)H27a,n - 07 h — 0.

Then f € lip(1,v). O

Theorem 2.5. If n < v, then Lip(n,0) D Lip(v,0) and lip(n,0) D
lip(v,0).

Proof. We have 0 < h < 1 and n < v, then h” < h'.
So the proof of theorem is complete. [
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3. New Results on Dini Lipschitz Class

Lemma 3.1. For f € W3*(B), we have

(1 [ 2 08) = LSO P20 = T 11" )

2,061
where m = 0,1, 2...
Proof. From formula (8), we obtain
Fa(B"f)(A) = (~1)"N"Fpf(A);m = 0,1, .. (9)

By using the formulas (6), (7) and (9), we conclude that
Fo(T"B™ [)A) = (=1)" D> jaran (AN Fi f(N).
thus
Fe((T" = DB F)(A) = (=1)" W™ (jar2n(AR) = DA*" Fif(A).
Now by proposition 1.3, we have the result. O

Theorem 3.2. Let n > 2. If f belongs to the Fourier-Bessel Dini
Lipschitz class, i.e.,

f € Lip(n,y), n>2,720,
then f is equal to the null function in RT.

Proof. Assume that f € Lip(n,~y). Then we have

hn+2n

Th — 2™ an <O——n
II( )B™ f(x)||2,0, (log 17

;720

From Lemma 3.1, we get

2n+4n
2h77

pin / N30 (V) = 12| Fis f ) Pt 2n(N) < CP o
0 (log )%
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Therefore
< dm - 2 2 o b
| A s O) = P17 ) Pdtasan () < €7
0 (log ;)%

Then

| A a0 = PO Pltran)
<C .
ht (log )

Since n > 2 we have
h?n—4
h—0 (log 5)27

Thus

(L= Ga O sam

and also from the formula (2) and Fatou theorem, we obtain
| A Fs ) P 20(3) =0,
0

Hence A\2H2mFgf(N) = 0 for all A € RY and so f(x) is the null func-
tion. O

Analogous to the Theorem 3.2, we obtain the following theorem.

Theorem 3.3. Let f € W3*(B). If f belong to lip(2,0), i.e.,

(T = B2"D)B™ f(x)||l2,0.n = O(A2T?), as h — 0,

then f is equal to null function in RT.

Now, we give another main result of this paper analogous to the Theorem
1.1.

Theorem 3.4. Let f € W3 (B). Then the following conditions are
equivalent

(i) f€ Lip(n,y), 0<n<1l,v>0,
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@ [ O ) =0 () w oo

log )27

Proof. (i) = (ii). Suppose that f € Lip(n,~). Then

hn+2n
an=0—7=1], h—0.
(log 7)7
From Lemma 3.1, we have

(T —=R*"D)B™ f()|3 0 = 2" /0 N oy () =12\ F f (V) Pdpta2n(A).

(T = B> 1)B™ f(x)

By formula (3) , we get

v/h dm ; 2 2 At it dm 2
O N e e S e

Then there exists a positive constant C' such that

VAN

v/h
/ o NS O ) < € / i) = 1P )Pt
v/2

VAN

ST DB ()

h2n

P2

So we obtain
4m <
/7« A ‘fo )’ dﬂa-l—Qn()\) A C (log 7')277

where ('’ is a positive constant. Now, we have
21+1

/ NP\ Fs () Pdpiasan(h) = Z / A s FO) Pt ()

T

o[ e

h (logr)®r  (log2r)?>r ~ (logdr)>

< O (T )
r2n

<

K -
" (logr)*’
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where K, = C'(1 —2727)~! since 2727 < 1.
Consequently,

[o.o] m ’[”_277
JAE e e I

(73) = (). Suppose that

N Fs O PN = O () as 1o o
g B Ha+2n (log T)Q,y , )

and write
[(T" = h*"DB" f(@)[30m = h*"(I1+ D),
where
1/h A1 - 9 9
I = /0 A jarzn (M) = 1B f(A) Pdpatan(X),

and

= [N O8) = 1 s O) a0,
Using the inequality (4), we get

00 2n
Iy < 4/ X Fp f (N Pdpiaran(N) = O hilg ; as h—0.
1/h (log 3)27

Set

6(\) = A " 22 Fs () P ():



DINI LIPSCHITZ FUNCTIONS FOR THE GENERALIZED ... 45

From formula (5) and integration by parts, we have

1/h
o= = [ ) = 1P )
1/h
< —C’lh2/ A2 (N)dX
0
1 1/h
< 01¢>(h)+201h2/ AA(N)dA
0
1/h
< Oyh? / A2 (1og A) "2V dA
0
h21
Co—— —
" (log )%

where C] and () are positive constants, and this completes the proof. [

Corollary 3.5. Let f € W3 (B). If

|(Th = 2" T)B™ f(2)]|2,0m = O ﬂ as h—0
o=\ log ) |

h
then

00 ,r.—4m—277
/r |~7:Bf()\)‘2dlia+2n()\) =0 (W) , as r — o0.
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