Journal of Mathematical Extension

Vol. 20, No. 3 (2026) (1) 1-18

ISSN: 1735-8299

URL: http://doi.org/10.30495/IME.2026.3537
Original Research Paper

On Topologically Super Weakly Mixing

S. R. Parsa

Yasouj University

M. Asadipour*
Yasouj University

Abstract. This paper introduces and investigates two new classes
of operators: topologically super weakly mixing operators and locally
topologically super weakly mizring operators. We explore key topolog-
ical properties of locally topologically super weakly mixing operators
and provide an explicit example to demonstrate that the class of topo-
logically weakly mixing operators is a proper subclass of the class of
topologically super weakly mixing operators. Furthermore, we prove a
theorem that offers a definitive negative answer to a long-standing open
problem in the theory of J-class operators.
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1 Introduction

1.1 Background and preliminaries

It is widely accepted that the field of linear dynamics originated in 1982
with Kitai’s seminal Ph.D. thesis at the University of Toronto [20], which
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laid the groundwork for subsequent developments in operator theory.
As the name suggests, linear dynamics concerns the iterative behavior
of linear transformations. While the theory of linear transformations is
well understood in finite-dimensional spaces where the Jordan canonical
form offers a complete description many intriguing phenomena arise in
infinite-dimensional settings. Notable among these are dense orbits and
dense projective orbits of linear operators, encapsulated by the concepts
of hypercyclicity and supercyclicity, respectively. These concepts have
significantly influenced the development of linear dynamics.

To clarify the terminology, let X be a Banach space. An operator T’
on X is said to be:
- hypercyclic if there exists a vector x € X such that

Orb(T,z) :={T7z : j e NU{0}} = X,
- supercyclic if there exists a vector x € X such that
C-Orb(T,z) = X.

Such a vector z is referred to as a hypercyclic (or supercyclic) vector
for T, and the sets of such vectors are denoted by HC(T') and SC(T),
respectively.

A foundational result in this context asserts that an operator T on a
separable Banach space X is hypercyclic if and only if it is topologically
transitive; that is, for every pair of nonempty open sets U,V C X, there
exists a positive integer n such that 7™(U) NV # .

In many classical examples, the set 7" (U) not only intersects V' for
some n, but continues to do so for all sufficiently large integers n. This
persistent behavior motivates the notion of a mizing operator. The
following chain of implications illustrates the hierarchy:

Mixing = Topological Transitivity < Hypercyclicity = Supercyclicity.

Between topological transitivity and mixing lies an intermediate prop-
erty: if the direct sum operator 1" & T is hypercyclic on X & X, then
T is called topologically weakly mizing (or simply weakly mizing). The
hierarchy can then be refined as:

Mixing = Topologically Weakly Mixing = Hypercyclicity.
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Additionally, an operator T' € B(X) is weakly mixing if and only if
for any pair of nonempty open sets U,V C X and any neighborhood W
of the origin, the intersection

Nr(U,W)n Np(W,V) # 0
is nonempty, where
Np(Uy,Usz) :={n e N:T™"(Uy) N Uy # 0}.

This characterization appears in [15].

A major advancement in the theory of hypercyclicity is the so-called
Hypercyclicity Criterion, introduced by Kitai [20] and independently by
Gethner and Shapiro [15]. Building upon this, Salas formulated the
following result, known as the Supercyclicity Criterion [7]:

Theorem 1.1 (Supercyclicity Criterion). Let T' be a bounded lin-
ear operator on a Banach space X. Suppose there exist an increasing
sequence of positive integers (ny), dense subsets Xo,Yy C X, and a se-
quence of mappings ’fnk : Yy — X such that:

1. T (2)|| - || Ty, (0)|| = 0 as k — oo, for all x € Xo and y € Yo;
2. T”kfnk(y) —y as k — oo, for all y € Yy,
then SC(T) # 0.

For further developments and in-depth discussions related to the

aforementioned phenomena, we refer the reader to [1], [7], [9], [10], and
[141], where substantial results and illustrative examples are presented.
In a different direction, as emphasized in [11, 12], the authors ex-

plored the dynamics of linear operators via the notion of extended limit
sets, rather than by directly analyzing operator orbits. Given a bounded
linear operator 1" on a Banach space X, the extended limit set of a point
z € X is defined as:

there exist sequences {z,} C X and {k,} C N
Jr(x) =< z€ X : with x, — z, k, < ky41, such that

Tk"mn — 2z
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Subsequently, an operator T is called a J-class operator if there exists
a nonzero vector x € X such that Jp(z) = X.

It is well known that hypercyclic operators cannot exist on non-
separable Banach spaces. Nevertheless, it has been established that
topologically transitive operators may exist in such spaces; see, for ex-
ample, [9]. In contrast, some authors have shown that the non-separable
Banach space ¢>°(N), consisting of bounded sequences over C, does not
admit any topologically transitive operators [8]. This discussion becomes
even more compelling when considering the results of [1 1, 12], which pro-
vide examples of non-hypercyclic operators on ¢°°(N) that nevertheless
belong to the J-class. Although the J-class has been extensively studied
by numerous researchers (see [2, 3, 5, 6, 18, 19, 21, 22 24, 26, 27] for
comprehensive studies), we present below the J-class criterion from [2]
to familiarize the reader with this important result, as it plays a key role
in the current work.

Theorem 1.2 (J-Class Criterion). Let T be a bounded linear operator
acting on an infinite-dimensional Banach space X . Suppose there exists
a nonzero vector x € X, a strictly increasing sequence of positive integers
{kn}, and a dense subset Y C X such that:

(i) There exists a sequence {x,} C X with x, — z and T* z, — 0;
that is, 0 € Jr(x).

(ii) For every y € Y, there exists a sequence {wyp} C X such that
wy, — 0 and TFw,, — y; that is, y € Jr(0).

Then x is a J-class vector for T.

Note that the J-class criterion is not only a foundational result in
the study of J-class operators, but also serves as the most widely used
sufficient condition for verifying that an operator possesses a J-class
vector. It is also noteworthy that, based on this criterion, a question
was raised in [2], which we will address in the final part of the next
section.

1.2 Organization of the paper
The next section, titled Main Results, is divided into the following parts:
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e The first part introduces a new class of operators on Banach spaces,
namely, topologically super weakly mixing operators. Then a locally
topologically super weakly mizing operator is introduced. In the
remainder of this part, we examine several of their key topological
properties. The part culminates in Theorem 2.10, which offers
a localized characterization of topologically super weakly mixing
operators.

e The second and final part of Section 2 presents two principal con-
tributions of this paper:

(i) Example 2.11 constructs an explicit operator showing that
the class of topologically weakly mixing operators is a proper
subclass of the class of topologically super weakly mixing op-
erators.

(i) Theorem 2.14 provides a definitive counterexample to [2, Ques
tion 2.21], thereby resolving the open problem in the negative.

2 Main Results

2.1 Topologically super weakly mixing and localization of
the concept

Instead of explicitly constructing a supercyclic vector, one can leverage
the notion of topological super transitivity to establish supercyclicity
of an operator. This approach often yields cleaner and more elegant
proofs, especially when dealing with intricate operators. We begin with
the definition of topologically super transitive operators, followed by
a key result (Proposition 2.2) that highlights an important structural
property.

Definition 2.1. An operator T' € B(X) is said to be topologically super
transitive if for every pair of nonempty open sets U,V C X, there exist
a positive integer n € N and a complex scalar A € C such that

XT™(U) NV 0.

The following proposition shows that there exists an infinite set of
integers n such that the above intersection is nonempty.
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Proposition 2.2. Let T € B(X). The following statements are equiv-
alent:

(i) T is topologically super transitive;
(ii) For every pair of nonempty open subsets U,V C X, the set
SNp(U,V):={neN : XT"(U)NV # 0 for some X € C}
is infinite.

Proof. The implication (ii) = (i) is immediate. To prove the converse,
assume that T is topologically super transitive, and let U,V C X be
arbitrary nonempty open subsets. Consider the following two cases:
Case 1: 0 € V. In this case, taking A = 0 immediately yields
AT"(U)NV #0 for all n € N, hence SNp(U, V) =N.
Case 2: 0 ¢ V. By assumption, there exists n € N and A # 0 such
that A\T™(U) NV # . Let

W:=XUNnT"™(V).
Then there exists k € SNp(W, W), i.e., for some p € C,
pW N T RW) £ 0.
Observe that:
pANUNT (W NT*AUNT™(V)) C pAUNT V),

which implies
pXTF M (U) NV £ 0.

Hence k +n € SNp(U,V), and repeating this process yields infinitely
many such integers. Therefore, SNr(U, V) is infinite. O

Next, we introduce the notion of topologically super weakly mizing
operators. While this can be defined analogously to topological weakly
mixing (via T'@® T'), we present the definition using open sets, as this
form is more suitable for introducing the concept of S.J-class operators.
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Definition 2.3. An operator 7' € B(X) is said to be topologically super
weakly mizing if for every pair of nonempty open sets U,V C X, every
neighborhood W C X of zero, and every positive integer N € N, there
exist an integer n > N and A € C such that

AT (U)NW £0 and NT(W)NV # 0.

The following theorem is analogous to [17, Theorem 2.47]. Due to
its similarity, we omit the proof.

Theorem 2.4. An operator T € B(X) is topologically super weakly
mixing if and only if T ® T is topologically super transitive.

We now define the localized version of this concept.

Definition 2.5. For T' € B(X) and = € X, the set §:]T(a:) is defined
as:

for every neighborhood U, of x, U, of y, and
—~ Uy of 0, and every N € N, there exist n > N
SIr(x)=qyeX :
and A, € C such that \,7"(U,) N Uy # 0
and A\, T"(Up) N Uy, # 0.
N (1)
An operator T' € B(X) is called a SJ-class operator (or locally topolog-

ically super weakly mizing) if there exists a nonzero vector z € X such
that SJr(z) = X.

The following theorem establishes that any nonzero scalar multiple
of an SJ-class operator remains within the SJ-class.

Theorem 2.6. Let T € B(X) be a SJ-class operator on a Banach space
X, and suppose SJr(x) = X for some nonzero vector x € X. Then, for
any nonzero scalar o € C, it follows that SJor(x) = X.

Proof. For every y € X, integer N > 0, and neighborhoods U, U,, Uy
of z,y, and 0 respectively, by (1) there exist n > N and A, € C such
that

MT"(Uz) NUg#0 and  N\T™(Up) NU, # 0.



S.R. PARSA, M. ASADIPOUR

Then:
A ™) (D) (Ug) NUy # 0,  (Apa™™)(aT)"(Uo) N U, # 0.

Hence y € SJor(x), 50 STar(z) = X. O
The next result not only has intrinsic interest but also reveals an
important topological consequence.

Theorem 2.7. Let T € B(X), and let sequences {xn},{yn} C X con-
verge to x and y, respectively. If y, € SJp(xy) for all n € N, then
Yy e SJT(I')

Proof. Let U, V, and Uy be neighborhoods of x,y and 0, respectively,
and let N € N be arbitrary. Since z,, — = and y, — y, there exists
no > N such that x,, € Uz, yn, € Vy. Because y,, € SJr(2y,), there
exist k > ng and A, € C such that:

MTHU)NUy# 0 and  N\TF(Up) NV, # 0.
Thus y € SJp(z). O
Corollary 2.8. For every T € B(X) and x € X, both §:]T(x) and
SJr={z e X :SJp(z) = X}
are closed subsets of X.
We now present a topological result concerning the structure of SJ T.
Theorem 2.9. For every T € B(X), the set SJr is connected.

Proof. We proceed in two steps.
Step 1. We characterize SJ7(z) in terms of sequences:

There exist sequences {zy}, {w,} C X,{\,} C C,
S’TJT(x) =<{ze X :{ky} C Nwith z,, » z, w, — 0, k,, < kp41, such

that )\nTk”:cn — 0, )\nTk"wn — z

(2)
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To prove this, consider neighborhoods U, and V, of x and z, respectively.
Let € > 0 be chosen such that

B(z,e) CU, and B(z,e) C V..

Assume, for n = 1,2,...,7, there exist complex scalars \,, vectors
Tn,wy in B(z, £), B(0, ), respectively, and integers k;, satisfying

AT 2, € W, and AT wy, € B(z, <),
n

where W, := B(0, £), with 1 < k,—1 < k. Next, consider the open
balls

€ € €

Bz, - , B(z, - and W4, := B(0, ——
(. ) Bz ) and War = B0,

).

By (1), there exist a complex number A4 and an integer kj 11 > k; +1
such that the intersections

Ajr1TH L (B(@ )N Wjir and  A\j TH+H(Wjiq) N Bz, )

€
R e
are nonempty. Consequently, we can select 241 € B(z, ]ﬁ

W41 such that

) and w1 €

. . €
)\j+1TkJ+1a:j+1 S Wj-‘rl and )\j+1Tk7+le+1 S B(Z, T 1).

J

Hence, by induction, we construct sequences {z, }, {w,} C X, {\,} C C,
and {k,} C N with this properties;

Tp —x, wy, —0, ky <kpyr, )\nTk".I‘n — 0 and )\nTk"wn — Z.

This completes the proof of the claim for S’T]T(x) because the inclusion
in the reverse direction is evident.

Step 2. Let z € SJ7 and y € X. In light of (2), for any nonzero
p € C, there exist sequences {z,}, {w,} C X, {\,} CC, and {k,} CN
such that k, < k,4+1 and the following conditions are satisfied:

1
Ty — X, Wy — 0, )\nTk":cn — 0, )\nTk”wn — —y
I
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and subsequently
Wy — 1, pw, — 0, A\, Tk (pxyn) — 0, A\, TFn (pwy) =y

as n — oo. This yields that pux € §:]T or equivalently, ST]T(W:) = X.
Additionally, if there exists a sequence {p, } of nonzero complex numbers
such that p,, — 0, then SJ 7(0) = X by Corollary 2.8. Accordingly, since
Czx is connected, we write:

and since

SO S’T]T is a union of connected sets with nonempty intersections, which
is desired for us. O

We conclude this subsection with a fundamental characterization
theorem.

Theorem 2.10. Let X be a separable Banach space and T € B(X).
The following statements are equivalent:

(i) T is topologically super weakly mizing.

(ii) For every x € X, T is locally topologically super weakly mizing at
z, i.e, SIr(z) = X.

(iii) SJr is dense in X.

Proof. (i) = (ii): Let N € N, z,y € X, and neighborhoods U,, V,;, Wy
of z,y,0, respectively. By (1), there exists n > N and A € C such that:

AT (U,) N Wo £ 0 and  AT™(Wo) NV, # 0.

Hence y € S’T]T(:c), S0 S’T]T(az) = X.
(i1) = (iii): ITmmediate.
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(i) = (i): Let U,V C X be nonempty open sets, and let W be a
neighborhood of 0. By (7ii), there exists zy € U N SJp. Then, for any
N € N, there exist n > N and A € C such that:

AT (U)NW £0 and AT(W)NV # 0.

Hence T is topologically super weakly mixing. O

2.2 An example and answering an open question

While every topologically weakly mixing operator is trivially topolog-
ically super weakly mixing, the converse is nontrivial. This motivates
the construction of operators that are topologically super weakly mix-
ing but fail to be weakly mixing. The following example provides such
a construction.

Example 2.11. Let B,, denote the weighted backward shift operator
acting on ¢2(N). It is defined by By (eg) = 0 and By (e,) = wpen,_1 for
n > 1, where {ey }nen is the canonical basis of 2(N), and w = {wy, }n>1
is a bounded sequence of positive scalars. We show that B,, ® B,, fails
to be topologically transitive but remains topologically super transitive
under suitable conditions.

Step 1. Assume w, — 0 as n — oco. Then we have:

IBL |l = sup(wiyy -+ witn) = 0 asn — oo.
1€N
This implies that B,, is not topologically transitive and, therefore, can-
not be topologically weakly mixing.
Step 2. Let Xo = Yy := coo(N) @ cpo(N), where ¢op(N) denotes the
space of finitely supported sequences. Define the map S, & S, on Yj
by:

(Sw @ Sw)(en S em) = (wg—il-lenJrl S w;li_leerl)a n,m € N.

We claim that B, ® B,, satisfies the Supercyclicity Criterion with respect
to the sequence {n;} = {k} and maps Sy := S* @ S¥. Indeed, for all
x1 Do € Xo, y1 D y2 € Yy, we have:

I(Bw & Bu)* (21 ® @2)[| = || By || + || Bzl — 0,

11
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and subsequently
I(Bw @ Bu)* (@1 @ wa)l| - Sk (1 @ y2)l| = 0 as k — oo.
Moreover, for any e, @ e, € Yp, we observe:
(Bw @ Bu)"Sk(en @ em) = en @ em.

This confirms that B, @ B,, satisfies the Supercyclicity Criterion. Hence,
B, is a topologically super weakly mixing operator that is not topolog-
ically weakly mixing.

Remark 2.12. The following observations are essential:

1. Example 2.11 illustrates a portion of the diagram below, highlight-
ing the strict inclusion between the class of topologically weakly
mixing operators and topologically super weakly mixing operators.

2. An operator T is hypercyclic if and only if the associated operator
S:=T®1I on X @ C is supercyclic [16]. In particular, the De la
Rosa Read hypercyclic operator R (which is not weakly mixing)
[13] gives rise to an operator

W: =R,
which is supercyclic but not super weakly mixing.

Thus, the following diagram summarizes the relationships among the
classes of operators discussed in this paper:

g o

Weakly Mixing «—————— Hypercyclicity

Super Weakly Mixing ¢«———— Supercyclicity

e S
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In the final theorem of this paper, we provide a negative answer to
the following open problem posed in [2]:

Question. If T € B(X) and x € X satisfies the J-class criterion,
can we conclude that z is a J™@-class vector for 17

To be precise for a given T' € B(X), the subset Ji"*(z) of X, for a
vector z € X is defined as:

for every neighborhoods U,, V), there exists a
JPe () = { y € X : positive integer N such that the intersection
T"(Uz) NV, is nonempty for any n > N.

(3)
According to the above set, an operator T is called a J™*-class operator
if J7*(z) = X for some nonzero x € X.
Similar results to Theorems 2.10 can be observed regarding the set (3)
and the aforementioned class of operators. Thus the reader can recon-
struct the arguments for the following theorem.

Theorem 2.13. Let X be a separable Banach space and T € B(X).
Then the following statements are equivalent.

(i) T is a topologically mizing operator.

(ii) for every point x € X, the operator T is locally topologically mizing
inx, i.e, J(z) = X.

(iii) Jw = {x € X : JW®(z) = X} is dense in X.

Theorem 2.14. There exist a Banach space X, an operator T € B(X),
and a vector xy € X such that:

1. g satisfies the J-class criterion for T;
2. o 18 not a Ji}m“”—class vector.

Proof. Let A € C with |[A| > 1, and consider the weighted backward
shift operator

By(x1,x9,...) = (wexe, wsxs, wyty, ... ),

acting on the separable Banach space Cy, the space of null sequences in
¢>*(N), endowed with the supremum norm, where the weight sequence

13
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w = (wy,) is given by:
w= AN AT AT AT ).
Let e, € Cy be the standard basis vector defined by:
en = (01n, 021, 03n, - - - ),

where Jg,, is the Kronecker delta. One can observe that B,, € B(Cp),
since w is bounded. Define a strictly increasing sequence {my} C N by:

3 ifk=1,
mE =147 if k=2,
2mp_1 —mp_2+2 ifk>3.

A computation shows that:
By = (2, ;... ), (4)

because:
mp,
n
Bllx = (wows -+ - Wp41Tp+1,-..) and Hwt =1, n,keN.
=2

Now consider the open sets:
U={xeCy:|z|| <1}, V={xeCp:|xi|>1}.

Then B™~YU)NV = for all k € N by (4), showing that B, is not
mixing. By Theorem 2.13, there exists a nonzero vector zg € Cp such
that J%mx(.%‘(]) 7& Co.

We now verify that xg satisfies the J-class criterion. Let Y be the
dense subset of finitely supported sequences in Cy, and let £ € Y. Define:

2’6 = (07 .i:k’l/’U)Q, jk’,Q/w37 o 7‘%k,No/wNo+la 07 o )7

so that xy := B2 — T and B]lFxi, — 0, where ng :==mp+k—1 > Np.
Thus:
0€ Jp, ().
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Now take any sequence {Z,} C Y with &, — x¢. By [I], Lemma 2.5],
we conclude:

0e JBw (.%'0) (5)

Next, let y € Y, and define f
forward shift operator on Cj:

ky) = Su'y, where Sy, is the weighted

Sw(l'l,l'g,...) == (0,$1/w2,$2/w3,...).
It holds that B,,S,, = I, so:
Bt piry) =y as k — oo. (6)

Also, one verifies () — 0 as k — oo, since it can be observed that

mﬁkl_l
=g Wt AF
implying
Stey = (0,...,0, —,0,...)=(0,...,0,1/X*,0,...) = 0
Wt
=2

as k — oo. Thus, for any j € N,

Syre; = Spk (ﬁ wy 51]1‘}_161> = (ﬁ wt) SI7L(SMker) — 0
t=2 t=2
as k — oo, which establishes
Hky) — 0 ask — oo. (7)
(6) and (7) imply that
y € Jp,(0). (8)

In light of (5) and (8), x¢ satisfies the J-class criterion, which is desired
forus. 0O
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