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Abstract. In this paper, we introduce E-K-frames for a separable
Hilbert space H, where E is an infinite matrix of real or complex num-
bers, and K is a bounded operator on H. Actually, F-K-frames are
a kind of generalization of K frames by infinite matrices. Assuming
an (invertible) infinite matrix F as a mapping on the Hilbert space
@D, Hn, we aim to study the properties of E-K-frames, define the
notion of E-atomic system for an operator K on H and address its
relationship by E-K-frames.
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1 Introduction

A frame for a Hilbert space H is a sequence of elements in H, in which
each element of H can be represented as a linear combination of these
elements that are not necessarily linearly independent. Indeed, a frame
can be considered a basis that probably has some more elements.
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Gavruta proposed the K-frames in Hilbert spaces to study atomic

decomposition systems, stating some properties of them [(]. Later, Hua
and Hung introduced K-g-frames [10], studying some new results and
characterizations of K-g-frames [5, 7, 9]. Moreover, Alizadeh and et al.

proposed the concept of continuous K-g-frames [1].

In this paper, by assuming an (invertible) infinite matrix E as a
mapping on the Hilbert space @,- ; H,, where {H,}22 , is a sequence
of separable Hilbert spaces, we introduce the notion of E-K-frames for
a Hilbert space H and investigate some properties of them. Also, we
present the definition of F-atomic system for an operator K on H, ad-
dressing their relationships by F-K-frames.

Across this paper, H is a separable Hilbert space, B(H) is the set
of all bounded linear operators on ‘H and B(Hp,Hz) is the set of all
bounded linear operators between Hilbert spaces H; and Hs. For an
operator U € B(Hi,Hz), its range is denoted by R(U) and its null
space by N (K).

At first, we will review some required results. Also, some other
results about operator theory are given [4, &].

Lemma 1.1. ([2]) Assume that U € B(H1,H2) and U has closed range.
Then the following holds:

1. U* has closed range and (U*)T = (UT)*.
2. The orthogonal projection of Ha onto R(U) is given by UUT.
3. The orthogonal projection of H1 onto R(UT) is given by UTU.
4. N(U) = R+(U) and R(UT) = N (U).

Theorem 1.2. ([3]) (Douglas’ factorization theorem) Let Ly, Lo € B(H).
Then the following assertions are equivalent:

(1) R(L1) C R(Ls).
(ii) L1L; < ALoL% for some A > 0.
(iii) There exists an operator U € B(H) such that L1 = LyU.

Moreover, if (i), (i1) and (iit) are valid, then there exists a unique op-
erator U such that



E-K-FRAMES IN HILBERT SPACES

1. |U|? =inf{p: L1L} < pLoL3},

Q'JM(Ll)::Afa]%

3. R(U) C R(La)*.

Theorem 1.3. ([11]) Suppose that Li,Ls, Ly € B(H). Then the fol-
lowing statements are equivalent:

(i) R(L1) € R(L2) + R(Ls).
(11) 1Ly < AN(LoL3 + L3L3) for some X > 0.
(iii) There exist operators U,V € B(H) such that L1 = LoU + L3V

Assume that X and Y are two sequence spaces and E = (Ey, ;)n.i>1
is an infinite matrix of real or complex numbers. We say that E defines
a matrix mapping from X into Y, if for each sequence z = {z,}7°; in
X, the sequence Ez = {(Fx),}°2, is in Y, where

(o]
(Ez), = Zmei, n=12,...
=1

If X and Y are normed spaces, then we say E is bounded if there exists
M > 0 such that for each z € X, ||Ex|y < M||z|x. Also, we say that
FE is bounded below if there exists M > 0 such that for each x € X,
|Bzlly > Miallx.

For a sequence {H,,}>° ; of Hilbert spaces, define

Bt = {{f)is | fo € Hay and 7 |Ifull* < o0}
n=1 n=1

It is easily seen that with pointwise operations and with the inner prod-
uct defined by

o0

<{fn}zo:1= {gn}roLO:1> = Z<fmgn>,

n=1

@D,° , Hn is a Hilbert space.
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Suppose that {H,}22 is a sequences of Hilbert spaces such that for
each n € N, H,, C H, where H is a Hilbert space. If E is an infinite
matrix mapping on 9,2 | Hy, then for each {f;}3°, € B, | Hn,

B}, = {ZEmfz}

If E = (En;)ni>1 is an infinite matrix of complex numbers, then £ =
(En.i)n,i>1, where E,, ;’s are complex conjugates of E,, ;’s.

n= l

Definition 1.4. ([12]) The sequence {fi}2, is called an E-frame for H
if there exist constants 0 < A < B < oo such that

AllFI® < ZI (E{Z0a) < BIFI?, feH (1)

If only the right inequality in (1) holds, then { f;}5°, is called an E-Bessel
sequence for H with E-Bessel bound B.

The synthesis operator of E-Bessel sequence {f;}9°; is defined by
Tp: P(N) — H, Tp{ea}pls = ch(E{fi}i’il)n- (2)

It can easily be checked that the sequence { f;}5°, is an E-Bessel sequence
with bound B if and only if the operator T is a bounded operator from
I2(N) in to H# with ||Tz|| < vB. The adjoint of T is called the analysis
operator of E-Bessel sequence {f;}?°, and is defined

TpiH— PN, Tpf = {(LEEEW] - 6

=1

The frame operator of an E-Bessel sequence {f;}9°, is given by the
composition of the synthesis and analysis operators of {f;}7°, as below

Sp:H—MH, Spf=> (f(B{UIZ))ESIZ0n (4

n=1

If { fi}32, is an E-Bessel sequence for 4, it can be easily could be checked
that Sg is bounded, self-adjoint and positive.
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2 FE-K-frames

In this section, we introduce F-K-frames and verify their properties.
Suppose that E is an infinite matrix mapping on @7 H,, then we
define E-K-frames as below.

Definition 2.1. Let K € B(H). The sequence {f;}5°, is called an
E-K-frame for H if there exist constants 0 < A < B < oo such that

A2 <Y I (B ED P < BIFIP,  f e (5)
n=1

Now, we give some examples of F-K-frames.

Example 2.2. Suppose that E = (Ey, ;)ni>1 15 an infinite matriz which
1s defied as below:

Em—{l ifn<i<n+l (neN) ©)

0 ifl<i<nori>n+1’

indeed

&

Il
o O O =
S O = =
O = = O
= =0 O
— o O O

For each sequence {z;}°, in H we have
oo
(E{-xz}fil)n = Z En,ixi =Tp + Tpil-
i=1
Let {fi}2, be any K-frame in H and define {g;}°, as below:

{fm if © is odd
gi = 2

0 if i is even

; (7)
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that 1is,
{gl}?il = {fla 07 f21 Oa f3701 e }
Then E{g;}3°, = {fi}2, is a K-frame for H.
Also we can find another infinite matriz that its non zero entries are
infinite. For example we can define the matriz E as below:

1 if2n—1<i<2n ori>2n and i is even
n,g — e . .. 5 (nEN)
0 ifi<2n—1 ori>2n and iis odd
that is,

1101010101
001 1010101
E=(0 000110101
0O 00O0O0OO0OT1TT1TUO0OS1

Then E{g;}32, = {fi}2, is a K-frame for H, where {g;}2, is de-
fined by (7).

In the following example, we show that even if a sequence {f;}5°; is
not a K-frame, it can be converted to a K-frame with a suitable infinite
matrix.

Example 2.3. Let E be the infinite matriz which is defined by (6) in Ex-
ample 2.2 and {e;}°, be an orthonormal basis of H. We define { f;}32,
as below:

fi _ {61‘42-1 +€i—02-1+1 lfl l:S odd 7
—€ii if 1 is even
that is,
{fi}i21 = {e1 +e2,—ez,e2 + €3, —e3,- - }.
We show that for any invertible operator K € B(H) the sequence { f;}5°,
is not a K-frame for H. Let

2j
gj = Z fnv .] € N7
n=1



E-K-FRAMES IN HILBERT SPACES 7

then
g; =e1+ex+...ej,

and
lgil> =4, jeN.

Considering a fized j € N, we see that

0 ifj<n+1
-1 ifi1<n<j-1’

<gj7f2n> = {

0 ifj<n
(gj, fon—1) =<2 ifl<n<j—1.
1 ifn=j

Therefor for each j € N,

o0

1
> g fdP = 1= g1,
n=1 J

S0

o0
1 1 1
(g, fa) P = 1= =]lg;|I” = = (K K*gj||* > 5 |1 K*g;|I*-
; ne G =" 9

Therefore {fi}2, does not meet the lower K-frame condition. If E is
the infinite matriz which is defined by (6) in Example 2.2, then

oo
E{fi}i:l = {617 €3, €2, €4, €3, €5, €4, €6, €5,€7,€6,€8,€7, " " * }7
where all ey, ’s are repeated twice except e; and es. So for each f € H,

1 9]
WIIK*HI2 <ETYKEFIP =117 < D1 (B P < 20117
n=1

that is, E{f;}°, is a K-frame for H.

The following gives a characterization of E-K-frames.
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Theorem 2.4. Let H be a separable Hilbert space and K € B(H). Then
{fi}32, is an E-K-frame for H if and only if there exists a bounded linear
operator L : I*(N) — H such that Le, = (E{fi}32{)n, n =1,2,... and
R(K) C R(L), where {ey}22, is an orthonormal basis for lz(N)

Proof. Assume that {f;}°, is an E-K-frame for H and {e,}7°; is an
orthonormal basis for l2(N) We define the mapping A : H — [*(N) as

o

Ah) = (b (B{fi}Z1)n)en, h €M,

n=1

Obviously, A is a bounded linear operator with ||A|| < B. For each h € ‘H
and j € N, we have

[e.9]

hye) = (D00 (BLAYE Dndens 5 ) = (b, (BLAYED;).

n=1

So
= (B{fi}21);, 71=12,.. 8)
Then by assumption,
A|K*fI < AR, heH,

which implies that AKK* < A*\. Set L = \* then AKK* < LL* and
Theorem 1.2 implies that R(K) C R(L).

Conversely, suppose that there exists L € B(I2(N),H) such that
R(K) € R(L) and Le,, = (E{fi}3{)n, n = 1,2,... . For each f € H
and g € I2(N), we have

(L F.g) = (L LS g enden) = 3 (g endlL fen)
n=1

=S g el (s (B{FYED)
=S em a0 (BUYE))

= (YU BUEDn)ens 9)-
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So for each f e H, L*f =72 ([, (E{fi}21)n)en, which implies
DB Z\ (L*fren)* = L FI2 < ILPIFIP
n=1

So {fi}32, is an E-Bessel sequence for H. Given the hypothesis R(K) C
R(L) and Theorem 1.2, we can draw the conclusion that there exists
A > 0 such that AKK* < LL*. Therefore for each f € H,

A2 < INLFIP =D 1 (BLUA D P
n=1

O

Definition 2.5. Let E = (E,;)nk>1 be an infinite invertible com-
plex matriz which defines a bounded operator on 12(N). Also suppose
that {en}n=1 is an orthonormal basis for separable Hilbert space H and
K € B(H). we say that E{f;}i=1 is an E-atomic system for K if the
following statements hold:

1. the series Y ooy cn(E{fi}321)n converges for all {c,}32, € I*(N).

2. there ewists C' > 0 such that for each f € H there exvists ay =
{an}22, € 13(N) such that ||ag|l;z < C| f|| and

Kf= Z an(E{fi}321)n-

Theorem 2.6. Let H be a separable Hilbert space and K € B(H). Then
there exists an E-atomic system for K.

Proof. Suppose that E = (E, 1)n>1 is an infinite invertible complex
matrix and {e;, },—1 is an orthonormal basis for H. Then for each f € H

we have ~
f = Z<f7 6n>em
n=1

Kf=>Y (fen)Ken.
n=1
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Let

Jn = (Eil{Kei}?il)m an = <fv €n>’ n=12...

So {fn}2, = E71{Ke;}22,. To show the first part of Definition 2.5
it is enough to prove that E{ fi}i2, is an E-Bessel sequence for H (by
Corollary 3.1.5 of [2]). For each f cH,

Z\(ﬁ (E{fi}Z0) ZI FA(EETHKei} 2 )l

n=1
=S Ken) P = 3K F el
n=1 n=1
= | K" fI? < K2 FI1P

Hence {f;}:°, is an E-Bessel sequence for 7. Now, we show that the
second part of Definition 2.5 holds. It is obvious that a = {a,}32, €
P(N) and 3772, Jan|* = [|f]*. Also

Zan E{fi}20)n =Y {frea)(BETH{Ke}2 ) )n =Y (h,en)Ken, = Kf.
n=1 n=1

O

Theorem 2.7. Suppose that {f;}5°, C H and E is an infinite invertible
matriz. Then the following statements are equivalent:

(1) {fi}2, is an E-atomic system for K.
(i) There exists A, B > 0 such that
AP <YW (B EDW P < BIFIZ, f e
n=1

(111) E{fi}2, is an E-Bessel sequence for H and there exists an E-
Bessel sequence {g;}2, such that

Kf= Z (B{g:}32)n) (B{i} 2 )ny [ EMH.
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Proof. (i) = (i7): Since {f;}:2, is an E-atomic system for K, so there
exists C' > 0 such that for each g € H there exists {a, }22; € I*(N) such
that (724 lan[*)? < Cllg]| and

Z E{fl}z 1

Therefore for each f € H,

IK*fIl = sup (K*f,g)| = sup |(f, Kg)l
lgll=1 lgll=1

= sup |{f, Z an(E{fi}i21)n)]

lgll=1 n=1

= sup |Z (fran(E{fi}Z1)n)]

lgll=1 =1
gnshlplzmn\ %z\ Fo(BURYE D)2
g n=1
< 0 sup (S (BLIED,
lgll=1 ,, =

SO

1 * - %)
Sl I < SO (B P
(i7) = (i4i): By assumption, {f;}22, is an E-Bessel sequence for H. Let
L = X\*:1?(N) — H be the operator defined by (8). So

Lej = (E{fi}iZ1)js 7=12, .,

and AKK* < LL*. By Theorem 2.4, there exists a bounded linear
operator M : H — I2(N) such that K = LM. Consider the mapping
F,:H — Cas F,(h) = (Mh)y. If an(h) = (Mh),, n=1,2,... . Then
{an(h)}52; = Mh and we have

1

|an(h Z jan|?)2 = [[Mhllp2 < [ M][]|A].

to

11
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By the Riesz representation theorem, for each n = 1,2, ... , there exists
xn € H such that a,(h) = (h,x,). Then

o

Kh=LMh= L{an }n 1 — Zan E{fl}z l)n - Z(h’xn>(E{f1}zoil)n

n=1

Let {gn}32, = =F1 {z;}52,, then

Kf =Y (f,(B{g:}2)n) (BE{fi}20)n, [ EMH.

n=1

{9i}52, is an E-Bessel sequence for H, since for each h € H, we have

Z! (E{gi}iZ1) Z\ hown)|* = llan(h)|I2 < | M]J2[|R]1%.

(731) = (i): By Theorem 3.1.5 in [2], the first statement of Definition
1.4 holds. Also, clearly the second statement is satisfied. O

Theorem 2.8. Consider that {f;}5°2, and {g;};2, are E-K-frames for
H and Ty and T, are cormspondmg synthesis operators, respectively.
Then {f; + gi}j’il is an E-K-frame for H.

Proof. From the proof of Theorem 2.4, there exist bounded operators
Ly, Ly : 1*(N) — H such that

Llen = (E{fz}?il>n7 n = 1,2, ceey
Loe, = (E{gi}21)n, n=12,..,

where {e,},=1 is supposed to be the canonical orthonormal basis of
I2(N) and R(K) C R(L1), R(K) C R(Ls). So L, = Ty, Ly = Ty and
R(K) CR(L1) + R(Lz2). By Theorem 1.2, there is a > 0 such that

KK* < o(L L} + LyL3).
Now, for each f € H,
Z| (B{fi +9:}21) Z\ (. Lien + Laen) > = |I(L7 + L3) f*

n=1

DAL+ L)+ (L) + (a3, )
> (Ll + LaL3), ) > KK 1) = 5 |K* P,
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By the Minkowski’s inequality, for each f € H, we have

=

Z| £ B+ g 320 ) Zr £ (BUED) P2

(ST

+ (Z (f, (B{g:}321)n) )
n=1

< Bullfll + Bzl f1-
Therefore {f; + ¢;}32, is an E-K-frame for H. [

Lemma 2.9. Let {f;}?°, be an E-K-Bessel sequence for H and K €
B(H). Then {f;}2, is an E K -frame for H if and only if there is a > 0
such that S > aKK*, where S is the frame operator of {f;}32,.

Proof. For each f € H,

va Z’ fa E{fl}z 1) >‘ .

So the condition S > aK K™ is equivalent to the lower frame bound
condition for an E-K-frame. [l

Theorem 2.10. Let E, F' be infinite matrices and { fi}32, be an E-K-
frame for H with bounds A and B. If F is bounded below and EF = FE,
then F{f;}3°, is an E-K-frame for H.

Proof. For each f € H,

DS EEIEZD) = Z [(f (BF{f20)m]?
n=1

—Z! (FE{f}Z)n)* = | FTLfI.

Since Thp = F‘TE, so for some a > 0 and each f € H,
ITEpf1? = IFTEfN? 2 al TEfIIP = aAll K" £
Also for each f € H,
IFTEf? < IFIPITEA? < BIFIPILI*
Hence F{f;}°, is an E-K-frame for #. O
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Proposition 2.11. Let E, F be infinite matrices, F be bounded below
and {fi}32, be an E-K-frame for H. Then E{f;}3°, is a F-K-frame
for H.

Proof. For each f € H,

AIIKFIP < Y1 (BUYR D)W < BIFIP,
n=1

also

o0

D A FEESIZ))P = Y1 (FE{f}E0)6)? = | FTEfI.
n=1 n=1

So for some a > 0 and each f € H,
AIK*fIP < allTEf1? < | FTEf|? < BIFIPIFI

O
By above proposition, we have the following result.

Corollary 2.12. Let E be a bounded below infinite matriz and { f;}°,
be an K-frame for H. Then {fi}2, is an E-K-frame for H.
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