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1 Introduction

The idea of frames in Hilbert spaces was first introduced by Duffin
and Schaeffer in 1952, while studying problems related to nonharmonic
Fourier series. Later, in 1986, Daubechies, Grossman, and Meyer rein-
troduced frames as a generalization of orthonormal bases. This new defi-
nition made frames widely used in many areas, such as signal processing,
image and data compression, and sampling theory in applied mathemat-
ics, computer science, and engineering (see [, 6, 9, 12, 14, 16, 26]).
With the rise of computational and data-driven demands, several ex-
tensions of frame theory have been developed, including fusion frames,
controlled frames, weaving frames, and g-frames. Sun introduced g-
frames as a unified framework that brings together classical frames,
oblique frames, pseudo-frames, and fusion frames—often called operator-
valued frames. Controlled frames, on the other hand, were designed to
improve the efficiency of algorithms used to invert frame operators.
Further operator-theoretic methods, especially those developed by
Kaftal and collaborators, have advanced the study of multiwavelets and

multiframes. For more details on g-frames, see [25, 19, 18, 4]. In recent
years, many generalizations of frames and g-frames have been proposed
(See [ y Ly ) Oy Iy ])

In 1969, Mark Grigovich Krein, a Soviet mathematician and a key fig-
ure in the Soviet Union School studying functional analysis, introduced
a new space by placing a special feature on Hilbert space, examining
its properties, and naming it Krein Space. A Krein space is a gener-
alization of a Hilbert space. While Hilbert spaces are more commonly
studied in mathematical analysis, Krein spaces have significant applica-
tions in physics and engineering. For more applications of Krein space,
refer to references [15, 24]. The theory of frames in Krein space is given
in [7, 11, 21].

The arrangement of the paper is as follows: In Section 2, Krein spaces
and basic definitions are introduced. Notions of g-frames in Hilbert
spaces and frames in Krein spaces are also recalled. In Section 3, g-
frames are introduced in a Krein space, and it is shown that although
a g-frame in a Krein space is a g-frame in the associated Hilbert space,
the converse is not necessarily true. It is also proved that under the
conditions of Proposition 3.6, the converse is true. In Section 4, the
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concept of the J-g-frame operator for a g-frame in a Krein space is
introduced, and invertibility, boundedness, and some other properties of
this operator are discussed. In Section 5, a J-g-dual sequence for a g-
frame in a Krein space is introduced. This sequence is a generalization
of the dual frame sequence in Hilbert space and is used for studying
the completeness of g-frames in Krein spaces. It is demonstrated that
a J-g-dual sequence of a g-frame in a Krein space is a g-frame in the
associated Hilbert space, but not necessarily a g-frame in the Krein
space. In Section 6, a combination of g-frames in Krein spaces with
operators is investigated. It is proved that the combination of a g-frame
with a bounded operator is still a g-frame. Moreover, the relationship
between a g-frame in a Krein space and the sequence induced by the
g-frame in the associated Hilbert space is studied.

2 Preliminaries

In this section, Krein spaces and basic definitions are presented. Addi-
tionally, the concepts of g-frames in Hilbert spaces and frames in Krein
spaces are restated.

We follow the terminology and notation in [17]. Let K be a vector
space over the field of complex numbers C. The mapping |-, ] : KxK —
C is called a sesquilinear Hermitian form if the following conditions hold:

i) [Alxl +)\2£C2,y] = [Alxl,y] + [)\ng,y], (xl,xg,y eK, M, € (C),

i) [z, y] = [y, 2], (z,y € K).
Since [z,z] is a real number for all x € K, the mapping [-, -] is called
an indefinite metric. Also if [z,z] > 0 for all x € K, then [,-] is in-
ner product. A vector x € K is positive, negative, or neutral whether
[z,2] > 0,[x,z] < 0, or [z,z] = 0, respectively. The sets of all pos-
itive, negative, and neutral vectors of K are denoted respectively by
PHHK) =P, P~ (K) =P, andP°(K) = P°. Tt is also denoted
by PH(K) =Pt =P T uUP’and P~ (K) =P~ =P~ UP the sets
of all non-negative and non-positive vectors in K, respectively. A sub-
space £ C K is non-negative, non-positive, or neutral if £L C P+, L C
P~,orL C P, respectively. A subspace £ C K is a positive (or nega-
tive) subspace if £L C Pt U {0} (orL C P~ U{0}). Vectors z,y(€ K)

3
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are [.,.]-orthogonal vectors if [z,y] = 0, and denoted by x[L]y. Sets
M, N(C K) are said to be [.,.]-orthogonal whenever z[ L]y for all z € M
and y € N and denoted by M[L]N (< N[L]M).

Definition 2.1. Let K be a linear space with the indefinite metric [.,.],
and admit decomposition into the direct sum of a positive (K) and a
negative (K~) subspace: K = KT+K~. Now if KT[L]K~, then K =
K [+]K~ where the symbol [+] denotes [.,.]-orthogonal direct sum. This
decomposition is called a canonical decomposition of the space K [17].

In this definition the subspace KT with the inner product of (a
positive-definite form) [z, y](xz,y € KT) and the subspace K~ with the
inner product of —[z,y](x,y € K~) are pre-Hilbert spaces.

Definition 2.2. A space K with an indefinite-metric [.,.], which ad-
mits a canonical decomposition in which KT and K: are complete,
i.e. Hilbert spaces relative to the norms ||z|| = [z,z]2(x € KT) and

llz|l = (—[x,x])%(x € K7) respectively, is called a Krein space.[1]
A canonical decomposition K = K*[+]K~ makes a inner product
on Krein space (K, [.,.]), indeed for all z,y € K
<zmy>=[tyt-[TyT], =2t 42T, y=yt+y;
xryt e K, z7,y” € K.
Here KT 1 K, where the symbol L denotes, as usual, orthogonality
relative to the inner product < .,. > .

Proposition 2.3. [17] The Krein space K is a Hilbert space relative to
the norm

|z|| =< 2,2 >2, (z € K).

In this paper, all Krein spaces with respect to the norm |z| =<

T, T >3 (z € K) are Hilbert spaces, which are called associated Hilbert
spaces. The norm of Krein spaces is [|z|| =< z,z >3 (x € K). Two
projectors P, and P_ are defined on K projecting onto K+ and K,
respectively for x = 2+ + 27, PLx = 2*. The projectors P, and P_ are
named canonical projectors.
The linear operator Ji : K — K defined by Jx = P —"P_, is called

the fundamental symmetry of the Krein space K.
The fundamental symmetry Jg has the following properties:
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o Ji =k,

. JZ =idy,

-« I =i

o <uz,y>=[Jgx,y] and [z,y]=<Jrgz,y>, (x,y€ K).

Let (K,[.,.]) be a Krein space with fundamental symmetry Jx. A
vector x € K is called J-positive if [z,x] > 0. A subspace L C K
is called J-positive if every nonzero x € L, is a J-positive vector. A
subspace L of K is called uniformly J-positive if there exists o > 0 such
that [z,2] > al|z||?, for every & € L where ||.|| stands for the norm of
the associated Hilbert space (K, < .,. >). J-nonnegative, J-neutral, J-
negative, J-nonpositive, and uniformly J-negative vectors and subspaces
are defined analogously. The J-orthogonal complement of a set £ in K
is the set

cH={zeKk: z[1]L}.

A subspace L in a Krein space K is called projectively complete if £ +
=K [ ) ]

Remark 2.4. Let L, be a closed uniformly J-positive subspace of a
Krein space (K, [.,.]). Then (L4,].,.]) is a Hilbert space. In fact, the

form [.,.] and < .,. > are equivalent, since || f||*> < [f, f] < |IfII?, for
every f € Ly. Analogously, if L_ is a closed uniformly J-negative sub-
space of (K,[.,.]), then (L_,—[.,.]) is a Hilbert space [11].

Definition 2.5. Let (K, |.,.]x) be a Krein space with fundamental sym-
metry Ji. Then F = {fitiecr C K is called the Bessel family in K, if
there exist constant B > 0 such that

STkt fP< B2, (f € K).

el

Let (K, |[.,.]x) and (H,[.,.]s) be Krein spaces and (K, < .,. >f) and
(H,< .,. >p) be their associated Hilbert spaces. For T' € L(K, H), the
J-adjoint operator of T is defined by T% = JxT*Jg, where T* is the
adjoint operator of T' and Jg, Jg are the fundamental symmetries for
K and H, respectively.

5
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Let K be a Krein space with fundamental symmetry Jx and F =
{fi}ier be a Bessel family in K. Also, let T': £2(I) — K be the synthesis
operator with

T({citier) = X cifi
i€l
Consider I = {i € I : [fi,fi) >0}, I_ ={i e I:[fi,fi] <O} and
so lo(I) = la(14) ® L2(1-), where @ stands for the usual Hilbert space
direct orthogonal sum of them. Now, if P, is the orthogonal projection
onto lo(Iy) , Ty = TPy and My = span{f; : i € I}, then span{f;:i €
I} CR(Ty) C My and R(T) = R(Ty) + R(T-)[11].

Definition 2.6. According to the above assumptions, the Bessel family
F = {fi}tier is called a J-frame for K if R(Ty) is a mazimal(with
respect to the inclusion) uniformly J-positive subspace of K and R(T-)
is a mazimal uniformly J-negative subspace of K[11].

Definition 2.7. Let E and W be two Hilbert spaces and let {W;}ier
be a sequence of closed subspaces of W, where I is a countable index
set. A sequence of bounded linear operators {A\; : E — W;}ier is called
a g-frame for E with respect to the subspaces {W}icr, if there exist
constants A, B > 0 such that

AIFIP < DAt I < BIFIP, (f € E). (1)

i€l

The numbers A and B in this definition are named g-frame bounds
[5]. While the right-hand inequality of (1) holds, the sequence {A;}ier
is termed a g-Bessel sequence for E with respect to {W; };er with bound
B.

3 g-frames in krein spaces

In this section, the concept of g-frames is extended to Krein spaces. It is
shown that a g-frame in a Krein space is also a g-frame in the associated
Hilbert space, but the converse is not necessarily true. This means that
a g-frame in a Krein space and in the associated Hilbert space are related
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but not identical. Under conditions of Proposition 3.6, a g-frame in a
Hilbert space is a g-frame in the corresponding Krein space as well.

In the rest of this paper, (K,[.,.]Jx) and (H,|[.,.]g) are two Krein
spaces and {H;};er is a sequence of projectively complete subspaces of
H. B(K,H,) is the collection of all bounded linear operators from K
into H;. The sequence space

C({H}ier)={{fi}ier : fi € Hi for all i € I and Y || fi]|* < oo},
i€l
with the inner product

<Afitier:{9i}ier >= %:1 < [irgi > {[fitier.{gitier € C({H;}ic1),

is a complex Hilbert space.

Definition 3.1. A sequence {A; € B(K, H;)}ier is called a J-g-Bessel
sequence for K with respect to {H;}ier if there is a positive constant B
such that

S ASIP < Bl (f € K).
i€l
As an immediate consequence, any J-g-Bessel sequence is a g-Bessel
sequence.

Let P;Ir+ be the set of all positive subspaces of H, Py~ the set of all
negative subspaces of H, and {A; € B(K, H;)}icr a J-g-Bessel sequence
for K with respect to {H;}ier, where H; € Pt U Py~ is projectively
complete, for all i € I. Also, let I, = {i € I : [fi, filg > 0 for all
fi S Hz\{O}} and I_ = {Z el: [fz,fl]H < 0 for all fz S Hz\{()}}
For ¢ € I, (i € I_), the fundamental symmetry Jp, is (the negative of)
the identity operator. Now, consider the orthogonal decomposition of

C*({Hi}ier) by
C({Hi}ier) = C({Hi}ier,) ® C*({Hi}ier),

and denoted by P the orthogonal projection onto ¢2({H;}icr. ). Also,
let Q: (2({H;}icr) — K, defined by

7
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Qf) = S Alfi, f={fitier € C({Hi}icr),

el
be the J-synthesis operator for the J-g-Bessel sequence {A; € B(K, H;) }ier,
and let Qi+ = QPy. If My = span{A*H; : i€ I.}, then

span{AgHi 1€l ) CR(Qy) C span{AgHi i elL}.
Notice that
R(Q) = R(Q+) + R(Q-). (2)

Definition 3.2. The J-g-Bessel sequence {A; € B(K, H;)}icr for K
with respect to {H;}icr, is a J-g-frame for K with respect to {H;}icr, if
R(Q+) is a mazimal uniformly J-positive subspace of K and R(Q_) is
a mazimal uniformly J-negative subspace of K.

Example 3.3. Let (K,[, ]) be a Krein space, My (resp. M_) be a
maximal uniformly J-positive (resp. maximal uniformly J-negative)
subspace of K, and Fy = {f;}icr, be a frame for the Hilbert space
(My,=£[, ]). Consider the Krein space H = C & C with sesquilinear
form

[(z1,22), (y1,92)] = 2151 — 2272
For i € I, consider the operator A; : K — C @ {0}, defined by
Ai(f) = (11, fil, 0),
and for i € I_, consider the operator A; : K — {0} @ C, defined by
Ai(f) = (0, =[f, fi])-

Since Fy U F_ = {fi}icr is a Bessel sequence in K [11, Example 3.4],
there exists B > 0 such that

YAk f R < BIfIP,  (f € K).

i€l
So

LIRS filIP < Bl fIP < BIFI?,  (f € K),

i€l
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and therefore,

%:IHAz'(fW < B|Ifl?, (f€K).
So {A;}ier is a g-Bessel sequence for K with respect to {C® {0} }scr, U
{{0} ® C}icr_. Furthermore, C @ {0} € P;} and {0} ® C € Py~ are
projectively complete, and R(Q+) = M4 and R(Q-) = M_. So {A; €
B(K,C @ {0})}ier, U{A; € B(K,{0} ® C)}ier_ is a J-g-frame for K
with respect to {C @ {0} }ier, U {{0} @ C}icr_.

Proposition 3.4. If {A; € B(K, H;)}icr is a J-g-frame for K with
respect to {H;}icr, then {A; € B(K, H;)}icr is a g-frame for K with
respect to {H; }ier-

9

Proof. By(2) and [2, Corollary1.5.2], @ is surjective. Let © : £2({H,;}ics) —

K be the operator given by
o(f) = .ZIA%k(fi)’ f=A{fi}ier € P({Hi}icr).
S
If g € K, since Q is surjective, there exists {f;}ie; € 2({H;}ics) such
that
S Al =g
el

On the other hand, Ag = Jx A Jg,. So
9= JxANJu,(fi) = Jx > AjJm,(fi) = Jk©{Jm, fi}tier

i€l i€l

Therefore
Jr(9) = O{Jn, fi}ier

Now, since Jx is surjective and ||Jp,|| = 1 for all ¢ € I, then O is
surjective. So by [20, Proposition 2.6, {A; € B(K, H;) }icr is a g-frame
for K with respect to {H;}ier. O
The following example shows that the converse of the above proposition
is not true in general.

Example 3.5. Consider the Krein space C? with the sesquilinear form

[(z1,72,73), (Y1, Y2, ¥3)] = 7171 + 2272 — 2373,
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and fundamental symmetry Jgs : C2 — C? given by
(a,b,¢) — (a,b,—c), a,b,ceC.

Let C be the Krien space with the sesquilinear form [z,y] = zy and
let Jc =id. Now, if f1 = (1,0,0), fo = (0,1,0) and f3 = (0,0, 1), then
{Ap, Ag,, Ap,}is a g-frame for C3 with respect to C, where Ay, : C3 — C
is the operator given by

Ay (f) = [Jes £, fil;

for i = 1,2,3. On the other hand, R(Q,) = C? and [f3, f3] < 0. So
R(Q+) is not uniformly J-positive and it follows that {As,As,, Ap} is
not a J-g-frame for C? with respect to C.

But the important point is that, by placing a condition on {A; €
B(K, H;) }ier, every g-frame becomes a J-g-frame.

Proposition 3.6. Let {A; € B(K, H;)}ic1 be a g-frame, where H;(i € I)
are projectively complete subspaces of H. If span{A?Hi i€ IL} be
uniformly J-positive and span{AgHi : 1€ I_} be uniformly J-negative,
then {A\; € B(K, H;) }ics is a J-g-frame for K with respect to {H;}icr.

Proof. By the assumption, {A; € B(K, H;)}ier is a g-frame. Hence
{A; € B(K, H;) }ier is a g-Bessel sequence for K with respect to {H; }icr.
Also, R(©) = K where O is the synthesis operator for {A; € B(K, H;) }ier,
so R(Q) = K and therefore R(Q4+) + R(Q-) = K. Since spcm{AgHi :

i € I} is uniformly J-positive, span{AgHZ- : i € 11} and consequently
R(Q+), is uniformly J-positive. Analogously R(Q-) is uniformly J-
negative. On the other hand, R(Q+)+ R(Q-) = K and R(Q+) is posi-
tive and R(Q-) is negative. Therefore, by [17, 1.25], R(Q4)(R(Q-)) is
maximal uniformly J-positive (maximal uniformly J-negative.)

O

4 Relation of the operators of g-frames and J-
g-frames

In this section, we define the concept of the J-g-frame operator for a g-
frame in a Krein space. The operator’s invertibility, boundedness, and
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other key properties are examined. Moreover, the relationship between
g-frame operators in Krein spaces and their counterparts in Hilbert
spaces is investigated.

Let Jo : 02({H;}icr) — €2({H;}ic1) be defined by

Jo({fitier) = {Jn, fi}ier,

where Jy, = id, fori € I, and Jy, = —id, for i € I_. Since ||Jy, || = 1, J2
is well-defined. Therefore £2({H;};c;) with the fundamental symmetry
Jo forms a Krein space.

Let {A; € B(K, H;)}icr be a g-Bessel sequence for K with respect
to {H;}ics. Then the operator © : (2({H,};c;) — K given by

{fz}zef ZA*fu
el

is the synthesis operator for {A; € B(K, H;)}icr, and the operator ©* :
K — (*({H;}ic1) given by

O (f) = {Aif}ier,
is the analysis operator of {A; € B(K, H;) }ier.

Now, let {A; € B(K, H;)}icr be a J-g-Bessel sequence for K with
respect to {H;};e;. Then the operator Q : ¢?({H;};c;) — K defined by

{fz}zel ZAﬁfu
el
is called the J-synthesis operator for {A; € B(K, H;)}icr and it's J-
adjoint QF : K — (2({H;}icr) satisfying
Q*(f) = {Aif}Yier,

is called the J-analysis operator of {A; € B(K, H;) }icr, that is the same
as the analysis operator, i.e., Qf = ©*,

Lemma 4.1. Let {A; € B(K, H;)}ier be a J-g-Bessel sequence for K
with respect to {H; }ier. Then, according to the above assumptions, @ =
JrOJs.

11
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Proof. If {f;}icr € (*({H,}icr), then

QU fitier) = ZAgfi
icl
icl
= JKZAfJHifi
iel
= JxO{Jm, fitier)
= JkO©Jo({ fi}ier)-

([

If {A; € B(K, H;)}ier is a g-frame for K with respect to {H;}ier,
then the g-frame operator S : K — K for {A; € B(K, H;)}ics is defined
by

S(f) =2 ATAf.
icl

Definition 4.2. If {A; € B(K, H;)}icr is a J-g-frame for K with
respect to {H;}icr, then the J-g-frame operator S; : K — K for
{A; € B(K, H;) }ier is defined by

Si(f) = 32 ALAf.

el
We set Q4 = P,Q" and Q* = P_Q!.

Proposition 4.3. Let {A; € B(K, H;)}icr be a J-g-frame for K with
respect to {H; }ic; with the J-synthesis operator Q € B((*({H;}icr), K).
Then for a J-g-frame operator Sy the following conditions hold:
1. S;=QQ" and Sy = Sy — Sy, where Sy = Q1+ Q% and S;_ =
-Q-Q~.

2. Syy and Sj— are J-positive.

3. R(Sjx) =My and N(Sy1) = E‘] where My = span{AgHZ- ciely}
and M_ = span{AgHi ciel ).
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4. Sy is J-self-adjoint and invertible.
5. Sy is bounded.
6. Sjl is bounded.

Proof.

1. is obvious.

2.
1Sy f, /1= [Qe QA f, f1 =D AP, 1 = D [Asf, Aif] > 0,
icly icly
and
[Ss-f, 11 = [=Q-Q f, 1 = [= D AN, fl = = D [Aif, Aif] > 0.
i€l iel_
3. Since
Sip = Q1Q% = Q4 hQ Ik = Q1 Q% Jk,
then

R(Ss+) = R(Q+Q1Jk) = R(Q+Q%) = R(Q+). (3)
On the other hand {A; € B(K, H;)}ier is a J-g-frame for K
with respect to {H;}ier. Therefore R(Q4) is closed. Then by (3),
R(Sy+) = R(Q+) = M,. It is clear that Sy is J-self-adjoint and
so N(Sy4) = R(Sy )M = M[f]. Analogously, R(S;_) = M_ and
N(S;_) =M.

S5 = (QQY = Q*Q" = QQ* = 5.

Now we prove that S is injective. If for f € K,S;(f) = 0, then
by part (1), Sy4+f = Sy—f. On the other hand,

R(S7+) N R(S;-) € R(Qy) N R(Q-) = {0},
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so Syif = 0 and S;_f = 0, which implies that Y APA;f =
iEI+
0and ) A?Ai f = 0. Therefore
el

0= A 1= (A, Aif],

i€l i€l

and similarly,

0= [Z NAGF, f] = Z[AifaAif]‘

il el

It follows that A; f = 0 (i € I), since H; is positive for all i € Iy and
H; is negative for all s € I_. Thus A|f||*> < Y [[Aif||? = 0 and so
el

f = 0. Next we show that S is surjective. Since R(S;) = S;(K) =
SJ(M_[:_] + M[_H), according to part (3), j[EL] = N(Sy+), there-
fore SJ(ME‘]) = SJJF(ME‘]). Again according to part (3), R(Sy) =

Sy- (M 4 Sy (MY = R(S;-) + R(Sys) = M-+ M, = K,
therefore S is surjective and so invertible.
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5. Since
IRl = sup | < Q{fitier, 9> |
[{fi}ierll=1,llgll=1
= sup [[Q{fi}ier, JK ]|
{fi}icrll=1,llgll=1
= sup I AL Tl

I{fitierl=1llgll=1 27

= sup | [fi,AiJKQH
[{fi}ierll=1,llgll=1 ;

< sup |[fis Aid k9]
[{fi}ierll=1,llgll=1 zezj
< sup Z | fillllAs T g]|

{fitierll=1llgll=1 ;7

< sup (Z||fi||2+2\|AiJK9H2)

 HfYerl=Lllgll=1 g7 icl
< sup (1+ B|Jkg|?)

lgll=1
<1+ B,

where B is a bound for the J-g-Bessel sequence {A; € B(K, H;) }ier.

Consequently, Sy is bounded.

6. According to statements in[22, 2,12 (a) |, S is open and by [22,
2,12 (b)], S;* is bounded.

0

5 The dual of J-g-frame

In this section, J-g-dual sequences for g-frames in Krein spaces are in-
troduced. It is shown that any of these sequences in a Krein space is a
g-frame in the associate Hilbert space, but it is not necessarily a g-frame
in the Krein space.

First, note that for any f € K,

15
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F=571S,f =SV NN f = 0 STIAMA f

i€l el
and

f=S8;871f= %AgAiS;lf.

Therefore, f = )" J{iﬁAif => Ag&if, where A; = AiSjl (i €l).
i€l i€l

Proposition 5.1. Let {A; € B(K, H;)}ier be a J-g-frame for K with

respect to {H;}ier. Then {{\Z € B(K, H;)}ier is a J-g-frame for K with

respect to {H;}icr, where A; = AiSjl (iel).

Proof. First, we show that {/{z € B(K, H;) }ier is a J-g-Bessel sequence
for K with respect to {H;}ics. Since {A; € B(K, H;)};cr is a J-g-Bessel
sequence for K with respect to {H;}ies, there exists B > 0 such that

ZIII&fIIQ < B|S7 fI? < BISTHPIAP < BM2(|F?,  (f € K),
1€

where M is a bound for S;l. Now, assume that Q is the J-synthesis op-

erator for {A; € B(K, H;)}icr. By Proposition 4.3, SJ(M[;]) = M4 and
so S5 (M) = M™. Therefore R(Q}) = R(S7'Q4) = M. Tt follows
that R(Q.) is maximal uniformly J-positive. Analogously, R(Q_) is
maximal uniformly J-negative. Finally, {A; € B(K, H;)}icr is a J-g-
frame for K with respect to {H;}icr. O

Definition 5.2. Suppose that {A; € B(K, H;)}icr is a J-g-frame for K
with respect to {H;}icr. A J-g-Bessel sequence {I; € B(K, H;)}ier for
K with respect to {H; }ier is a J-g-dual sequence for {A\; € B(K, H;) }ier,
if f =Y TN f =S ATf (f € K).
iel icl

Every J-g-frame {A; € B(K, H;)}ier for K with respect to {H;}icr
has a J-g-dual sequence as {A;S;' € B(K, H;)};er for K with respect
to {H;}ier. In the next proposition, it is shown that every J-g-dual
sequence is a g-frame.

Proposition 5.3. Let {A; € B(K, H;)}ier be a J-g-frame for K with
respect to {H;}ier and {I'; € B(K, H;)}ier be a J-g-dual sequence for
{A; € B(K,H;)}ier. Then {I'; € B(K, H;) }ier is a g-frame for K with
respect to {H;}ier.
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Proof. Let O be the synthesis operator of a g-Bessel sequence {I'; €
B(K, H;)}ier. For f € K, since Jg is surjective, there exists g € K such
that f = Jxg. On the other hand,

9= Tihig=>> " JkTiJuNig = Jx Y TiJu,Nig,
il il el
since {I'; € B(K, H;) }ier is a J-g-dual sequence for {A; € B(K, H;) }ier.
So
f=Jkg=> TiJuhig.
el

Also {Ju,Niglier € C2({H;}ic1), Since {A; € B(K, H;)}ies is a g-Bessel

sequence and ||Jg, || = 1. Therefore O is surjective and {I'; € B(K, H;) }ier

is a g-frame for K with respect to {H;}ie;. O
The next example shows that {I'; € B(K, H;)}ier is not necessarily a
J-g-frame.

Example 5.4. Let {e1, e2, e3} be the orthonormal basis of C3 equipped
with the indefinite inner-product [x,y| = 171 + 272 — 373 where © =
(w1, 22,23) and y = (y1,¥2,y3) in Krein space C3. Consider the operator
A; : C3 — C @ {0} defined by

for i = 1,2,4,5, and the operator A; : C> — {0} @ C defined by

for i = 3,6 where {fi}_, = {fi =e1.fo =€z fs = €3, fs = e1, f5 =
e, fo = 63}. By Example 3.3, {AZ S B((C3,<C D {0})}2':1,27475 U {Az €

17

L(C3,{0}®C)}i=36 is a J-g-frame for C3 with respect to {CH{0}}i=1.2,45U

{{0} & C};—3¢. Also, consider the operator I'; : C> — C & {0} given by

Li(f) = ([f, 9], 0),

for i = 1,2,4,5 and consider the operator I'; : C3 — {0} @ C given by

Li(f) = (0, =[f, gil);
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. 11 -1 1
for ¢ 1: 376 Wk:llere ]‘-{gll}lﬁzl = {gl T (27272)7921: (1>§7

(07 0, 5)794 = (5: ?7 5)795 = (_17 57 1)796 = (0707 5)} Since {91792793794795796}
is a Bessel sequence for C3, there exists B > 0 such that for any f € C3,

_1)793 =

6
> Hest aill” < BIFIP,

=1

SO
6

S IR f.gill? < BllJes f11* < BlIfIP,
=1

and therefore

Z IT:(HI* < BILFI.

Also
6
Srinf= S riaf+ Y T
i=1 i=1,2,4,5 i=3,6
- Z f7fz Z Fﬁ f?fz
i=1,2,4,5 i=3,6
= Z ffz9z+z ffz gi =/,
i=1,2,4,5 i=3,6
and
6
S = S AT+ Y AT
=1 1=1,2,4,5 1=3,6
= Z A f,gz ZAﬁ f7gz
1=1,2,4,5 1=3,6
== Z fangz+z fangl—
i=1,2,4,5 i=3,6

Consequently, {I'; € B(C3,C®{0})}iz1.245U{li € B(C3,{0}®C)}izse
is a J-g-dual sequence for {A; € B(C3,C®{0})}i=1.245U{A; € B(C3,{0}®



INVESTIGATING SOME PROPERTIES OF G-FRAMES... 19

. 1 1
C)}izz6. Since 1 = g1 + 94, €2 = g2+ g5, and e3 = 595 = 59291+ g4,

we have span{FE((C ®{0}): i=1,2,4,5} = span{gi1, g2, 94,95} = C*.
It follows that {Fi S B(CS, C@{O})}i:1,2’4,5U{Fi S B((Cg, {0}@C)}i=3,6
is not a J-g-frame.

6 Some properties of J-g-frames

This section examines the relationship between g-frames in Krein spaces
and their corresponding sequences in the associated Hilbert spaces. Fur-
thermore, the transformations of g-frames in Krein spaces under the
action of bounded operators are analyzed.

Proposition 6.1. Let {A; € B(K, H;)}ier be a J-g-frame for K with
respect to {H;}icr. Then {Ailp, € B(My, H;)}ier is a g-frame for
(M, [.,.]) with respect to {H; }ier and similarly {A;|apr € B(M_, H;) Yier
is a g-frame for (M_,—[.,.]) with respect to {H;}icr.

Proof. {A; € B(K, H;)}ier is a J-g-frame and consequently a g-frame
for K with respect to {H;}icr. Then there exists B > A > 0 such that

AlFIZ < ZIAAIP < BIFIP,  (f € K).

iel
M is uniformly J-positive. So
A[fvf] SAHszv (f€M+)7

and there exists o > 0 such that
Ba~la||f|* < Ba7l[f, f], (f € My).

Therefore,

Al 1 < S NAfII? < BaM[f, fl, (f € My).

i€l
Similarly

and there exists & > 0 such that
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‘BO’Z_IO’ZHJCH2 < _Bd_l[fv f]7 (f € M—d)

Therefore,

—Alf, f1 < D INfIIP < =Ba7f, fl, (f € Mo).

el
Now, the proof is complete. O
According to [25], let A; € B(K,H;) and {e;, : z € Z;} be an
orthonormal basis for H;, where Z; C Z and i € I. Then K; . : K — C
given by

K’L,Z(f) =< A’Lf7 ei,Z >7
is a bounded linear functional on K. So there exists u; . € K such that

< foui, >=<ANif,ei.>, (feK),

and thus,
Nf= > <ANfei.>ei.= > <fu.>e. (fekK).
2E€Z; 2E€Z;
Consequently,
% | < fouiz > P = [AFI? < INIPIFIP, (f € K),
ISV

thus {u;, : 2z € Z;} is a Bessel sequence for K. Now, for f € K and
h € H;

< fiAh > =< A f,h >

=< Y < fouiz>eizh>
z2E€Z;

=3 < fitiz><eizh>
2€7Z;

=<f, Y <heiz>ui;>.
2E€7Z;

Then

A;kh = Z < h, €i,z > Uiz, (h € HZ)a (4)
zZE€Z;
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and finally

— * .
i, = Ae ..

{ui, 1 €I,z e Z} is called the sequence induced by {A; : i € I} with
respect to {e; . : i € I,z € Z;}. In the next proposition, the relationship
between {u;, : i € I,z € Z;} and J-g-frames is studied.

Proposition 6.2. Let {A; € B(K, H;)}icr and u; . be defined as above.
Then {A; € B(K, H;) }icr is a J-g-frame for K if and only if { Jxu; » Vicr e 2,
is a J-frame for K.

Proof. If {A; € B(K, H;)}icr is a J-g-Bessel sequence for K with
respect to { H;}, then there exists B > o such that

doINfIE < BIFI?, (f € K).

el

Now, for every f € K,

STol< fduis>P= Y < fdihfes > P

iEI,ZEZi iEI,ZEZ,L

= Z Z ‘ < Aika, €z > |2

i€l zeZ;

= IATk fll
iel

< B||lJk f?

< B| f|*.

So {Jkui:}ier zcz, is a Bessel sequence for K. Conversely, If {Jxu; . :
i €I,z € Z;} is a Bessel sequence for K, then there exists B > 0 such
that

> < fodyuiz > P < BIfIP, (f € K).
i€l,zeZ;
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Now, for every f € K,

SINflF =D <A Mif >u

el i€l

=Y <[ AAf >u
i€l

=D <FADY <Aifieiz>Hei:>n
el ZGZ,L'

=3 <A < fAei.>n
i€l z€Z;

= Z |<faui,z>H|2
i€l,zeZ;

= > I<Jkf Jkuiz >
iGI,ZGZi

< B|Jk f|I”

< B| f|I*.

Hence {A; € B(K, H;)}ier is a J-g-Bessel sequence for K with respect
to {Hz}
To complete the proof, let e; , = Jy, fi . where f; . € H;. Then

= [Jruiz, Jru ]

= [JkAje; s, JxAje; ;]
=

=

[Usz ULZ]

Jr A JIu, fizy Jk A T, fi)2]
Affia ALFi).

So Jku; . is J-positive if and only if ¢ € I, and Jgu; . is J-negative if
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and only if 1 € I_. But

span{A?Hi ey} =span{JgAfidH; - i€ 1.}
= span{JxAfH; : i € 1.}

= span{JxAfspan{e; . : ze€ Z;}: iel.}

= span{span{JxAfe;.: ze€ Z;}: iel.}

= span{JxAfe;.: i€ li,z€ Z}

= span{Jru;.: 1€ Iy, z€ Z}.

Therefore, span{AgH,- : 4 € I} is maximal uniformly J-positive if and

only if span{Jxu;,: i€ I,z € Z;} is maximal uniformly J-positive.

Analogously, span{A?HZ- : 4 € I_} is maximal uniformly J-negative if

23

and only if span{Jgu; . : i€ I_,z € Z;} is maximal uniformly J-negative,

and the proof is complete. O

In the next proposition, it is shown that the transformation of a
J-g-frame under a bounded operator is again a J-g-frame, but the com-
bination with an unbounded operator may not be a J-g-frame.

Proposition 6.3. Let {A; € B(K, H;)}icr be a J-g-frame for K with
respect to {H;}ier and let T € B(K) with following conditions:

1) T is surjective.
2) If [x,z] > 0, then [T*z, T*z] > [z, x].
8) If [x,x] <0, then [T*z,T*z] < [z, ].
Then {\;,T € B(K, H;) }icr is a J-g-frame for K with respect to {H; }ier.

Proof. Let © be the synthesis operator for {A; € B(K, H;)}ier. Thus
R(0©) = K. Since T* is surjective, so is T%, and then, R(T*0©) = K
and {A;T € B(K, H;)}ier is a g-frame. Since {A; € B(K, H;)}ier is a

J-g-frame, span{A?Hi : 1 € I} is uniformly J-positive. Then

Tﬁspan{Agﬂi ciely} = span{TﬁAgHi ciell}

is uniformly J-positive. Analogously, span{T liA?HZ-: 1€ 1_} is uni-
formly J-negative. Finally, by Proposition 3.6, {A;T € B(K, H;) }icr is
a J-g-frame for K with respect to {H;};c;. O
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7 Conclusion

This paper explored key properties of g-frames in Krein spaces, showing
how frame theory can be extended to settings with indefinite inner prod-
ucts. We described the relationship between g-frames in Krein spaces
and their counterparts in associated Hilbert spaces. Then, we introduced
the J-g-frame operator, examined its structural features, and explained
its role in reconstruction within Krein spaces.

We also defined a J-g-dual sequence for g-frames in Krein spaces,
noting that while it always forms a g-frame in the associated Hilbert
space, it may not do so in the Krein space itself. Finally, we studied
how frames interact with bounded operators and how this affects the
preservation of the g-frame property.

Overall, these results deepen the understanding of frame theory in
indefinite inner product spaces and suggest several promising directions
for future research. In particular, the study of g-woven frames in Krein
spaces appears to be a natural and important extension of the theory
that deserves further investigation.
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