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1 Introduction

The Ernst sequence {E,},>0 is defined by the third-order recurrence

relation:
E,=2E, 1+ E, 2— 2En737 (1)

for all integers n > 3, with initial terms Fy = 0, E1 = 1, and Fo = 2. The
first elements of the Ernst sequence are 0, 1,2, 5,10, 21,42, 85,170, 341, 682
and so on. The Ernst-Lucas numbers {Hy, },>0, are defined by the same
recurrence relation:

Hy,=2H, 1+ H, 32— 2Hn737 (2)

for all integers n > 3, and have the initial values Hy = 3, H; = 2, and
Hy; = 6. The first few terms of the Ernst-Lucas sequence are 3, 2, 6,
8, 18, 32, 66, 128, 258, 512, 1026, ..., and so on. These sequences will
serve as the basis for the study that we will present in this article.

According to [5], the Ernst numbers belong to the family of Leonardo-
Alwyn numbers and are also referred to as the Purkiss sequence. The
Ernst sequence has been the focus of extensive research, with numer-
ous studies dedicated to its properties and applications. According [(]
these numbers exhibit interesting properties, connections, or relations
to the puzzle of the Chinese rings. Further details can be found in the
rich domain of literature, such as [5], [0], and [13]. In [14], the authors
explore generalized Ernst sequences, focusing in detail on two specific
cases: the Ernst sequence and the Ernst-Lucas sequence. Additionally,
in [1], the Gaussian generalized Ernst numbers are introduced as a novel
complex recursive number sequence, effectively extending the traditional
Ernst numbers to their Gaussian counterparts. Refs. [15, 10] investi-
gate some third-order linear polynomials called generalized Horadam-
Leonardo polynomials, which generalize various third-order sequences,
for example the Ernst sequence.

In this paper, we present two novel Ernst-types sequences given be-
low in the ring of Tricomplex T C R? (see [%] and []).

Definition 1.1. For all integers n > 0, in T we define the Tricomplex
Ernst sequence {1E,, }n>0 as TE, = (Ey, En11, Eyy2), and the Tricom-
plex Ernst-Lucas sequence {TH,},>0 as TH, = (H,, Hp+1, Hp12) for
all n > 0.
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To illustrate, we may consider the following examples: TEy = (0, 1,2),
TE; = (1,2,5) and TE; = (2,5,10). Furthermore, the value of TEj3 is
given by (5,10, 21). Note that,

2TE, + TE, — 2TEy = 2-(2,5,10) + (1,2,5) —2-(0,1,2)  (3)
= (5,10,21) = TE; .

In [2], the authors introduced a novel family of Fibonacci-type num-
bers known as the Tricomplex Fibonacci sequence, extending the classi-
cal Fibonacci sequence. Their study explored various properties of this
sequence, including its recurrence relation, summation formula, gen-
erating function, and several classical identities. Similarly, in [3], the
authors presented the Tricomplex Repunit sequence, establishing sym-
metrical properties analogous to those of the ordinary repunit sequence.
These works served as the primary motivation for our research.

The structure of the present work, which is divided into five fur-
ther sections, is as follows. In Section 2, we introduce the sequences of
Ernst, Ernst-Lucas, and Jacobsthal, highlighting key relationships be-
tween them. Additionally, we present the generating functions for the
Ernst and Ernst-Lucas sequences, along with several important iden-
tities involving these sequences. Section 3 focuses on the Tricomplex
rings associated with Ernst and Ernst-Lucas sequences ({7Ey }n>0 and
{TH,,}»>0), detailing their properties, including addition, multiplication,
and the derivation of a Binet-type formula. Generating functions for
these sequences are also provided. In Section 4, we explore a collection
of identities specific to the Tricomplex rings {7E), },>0 and {THp }n>0.
Finally, Section 5 looks at the properties of summation involving the
{TE, }n>0 and {TH,, },>0 rings, further expanding the discussion of these
structures. In Section 6, we recall that research into sequences in the
tricomplex ring is relatively recent, which could still increase our knowl-
edge of this algebraic structure.

This study extends the Ernst sequence in the tricomplex ring T,
and examines the similarity of the Tricomplex Ernst-type sequence with
the ordinary Ernst sequence, {E,},>0. So, in the ring of T C R3, we
designate Tricomplex Ernst-type sequence as an element in the three-
dimensional space. By emphasizing these results, we believe to inspire
further exploration of this class of tricomplex numbers.
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2 Background and Preliminary Results

This section is dedicated to presenting some concepts and results about
Ernst and Ernst-Lucas numbers that we will use to develop the Tricom-
plex Ernst and Tricomplex Ernst-Lucas number, in addition, we state
and prove the Tagiuri-Vajda identity for Ernst numbers. Again, let
us revisit some essential concepts about the tricomplex ring T for the
proper development of this article.

2.1 The Ernst and Jacobsthal sequences

As we have mentioned in the previous section, the ordinary Ernst se-
quence is defined by the third order recurrence relation (1), and the
sequence has the id A000975 in [12]. Also {Hy}n>0 is the sequence of
Ernst-Lucas numbers that are given with the recurrence relation (2),
and the sequence is cataloged by A001047 in [12].

According [!], a generalization of the Ernst and Ernst-Lucas se-
quences is given by

Gn = 2G'n—l + Gn—2 - 2Gn—3 ) (4)

with Gg = a, G1 = b, and G2 = ¢. Where a,b and c¢ are fixed constants
(typically integers). In this case, the Binet formula for the sequence
{Gn}n>0 is presented in the next result.

Lemma 2.1. ([1], Equation 1.6)) Let n be a non-negative integer. The
Binet formula for the sequence Gy, = 2Gp—1+ Gp—_o —2G,,_3, with Gy =
a, Gy =b and Gy = ¢ is given by

— 2a — 3b b—
Gn:cgaa"—l—c+ Z B”—|—<a—|-2c>'y”,

where a,b and c are arbitrary fixed integers, with o = 2, 8 = —1 and
v =1 are the roots of the characteristic equation associated with Equa-
tion (4).

As a consequence of Lemma 2.1, we can express the respective Binet
formulas for Ernst and Ernst-Lucas sequences as

2 1 1
Ep=za"—2f"—
3¢ 57 3 (5)
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and
H,=a"+8"+1, (6)

respectively, where « = 2 , § = —1 and 1 be the distinct roots of the
characteristic equation

=2t —r4+2=0. (7)
Note that
a+B+y=2,
af +ay+ py=—1,
afy = =2,
a—f3=3.

Let us still consider the sequence {1, },>0 given by I, = I,,_1+kIp_2,
where k is a natural number, Iy = d and I} = e, with d,e integer
numbers. For the sequence {I;, },,>0, the Binet formula is given by,

dro — e

I, = e—dri ,

n
Ta,

r2—n ! r2—"n

where r; and 7o are the roots of the characteristic equation 72 — r —

k=0. If & = 2, then we have the generalizations of Jacobsthal se-
quence {Jp}n>0 (OEIS: A001045, [12]) and the Jacobsthal-Lucas se-
quence {j, }n>0 (OEIS: A014551, [12]), both defined by the same second-
order recurrence relation:

In = JIp—1 +2Jp_9. (8)

However, they differ in their initial terms Jy = d =0, J1 = e = 1 for
the Jacobsthal sequence, and jo = d = 2, j; = e = 1 for the Jacobsthal-
Lucas sequence. As we shall see, there is a connection between Jacob-
sthal numbers and Ernst numbers. Note that, when & = 2 it follows
that r1 = a and ro = 8. The Binet formula for the sequences J, and j,
are, respectively, given by
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Motivated by the previous definitions, we will introduce the Tricom-
plex Ernst numbers and study some properties of this new Ernst-type
sequence of numbers in the paper. Moreover, this article will explore the
connection between the Tricomplex Ernst numbers and the Ernst num-
bers by considering the following identities for non-negative integers n,

[ | 2B, = e 1, (11)
[ ] H, =jn+1, ( )
[ | 18E, =5Hpis —3Hnis — 11Hns,  (13)
[14,Corollary 4.3] 18E, = THpi3—6H,19—10H,+1, (14)
[14, Corollary 4.3] 18FE, = 8Hp42 —3H,41 — 14H,, (15)
[14,Corollary 4.3] 18E, = 13H,4+1 —6H,, —16H,,_1, (16)
[14,Corollary 4.3] 18E, =20H, —3H,—1 —26H,,_o, (17)
[ ] (18)
[ ] (19)
[ ] (20)
[ ] (21)
[ ] )

, Equation 2.5
, Equation 2.6
, Corollary 4.3

,Corollary 4.3] 8H, = En14+16FE,13— 33F, 2,
4H, =9FE,.3—16F, 10— FEpy1,
2H, =FE,io+4FE, 11 —9E,,

H, =3E,+1—4F,— FEy_1,

H, =2FE,+2FE, 1—6E, . (22

, Corollary 4.3

, Corollary 4.3

, Corollary 4.3

, Corollary 4.3

where, respectively, J, and j, are the n-th Jacobsthal and Jacobsthal-
Lucas numbers.

Complementing the Equations (11) and (12), and according [14]

there are close relations between Ernst, Ernst-Lucas, and Jacobsthal,
Jacobsthal-Lucas numbers.

Lemma 2.2. [/, p. 137] For all non-negative integers n, the Ernst,
Ernst-Lucas, and Jacobsthal, Jacobsthal-Lucas numbers satisfy the fol-
lowing interrelations:

18E, = Bjns1 + 2jn — 9, (23)
OH, = 4Jpi1 — 20 +2. (24)

2.2 Generating functions

In the study of recurrence sequences, generating functions provide an
efficient way to analyze their asymptotic behavior and also help in un-
derstanding the growth of related sequences.
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The ordinary generating function of Ernst and Ernst-Lucas numbers
are displayed on the next result.

Lemma 2.3. [1/, Corollary 2.2] For all n > 0 the ordinary generating
function for the Ernst sequence {Ep}n>0 is

T
= 2
G () 1—2z— 22+ 223" (25)
and for the Ernst-Lucas sequence {Hy }n>0 is
3 —dx — 2?2
G, () (26)

T 1-27— 224243
The exponential generating function E,, (x) for a sequence {ay }n>0
is expressed as a power series:

2

o0
asx anx” anx™
E,, (x) =ap+ a1z + 51 4+t ’;L! +..._§: 7;1! '

n=0
In the next result, we take a,, = E, and, utilizing Equation (5), which

provides the Binet formula for the Ernst sequence, we derive the classical
exponential generating function for the Ernst sequence {Ey, }n>0.

Proposition 2.4. For all n > 0, the exponential generating function
for the Ernst sequence {Ey, }n>0 s

[e.e]

E,x" 2 1
Eg, (z)= Z Z' = gew — éeﬁx ——e" (27)

n=0
where « =2, B = —1 and 1 are the roots of the Equation (7) .
Proof. Note that,

ZOO Epa" 25 (L"xn_lzoo B w11
| | | |
= ! 3 = n! 6 =n 2 —n
_ gi (oz)" 1% (Bx)" 1 (L)
3 n! 6 n! 2 n!
n=0 n=0 n=0
2 1 1
— geax_éeﬁx_ elx

as required. ]
In a similar way to the Proposition 2.4, we have the next result
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Proposition 2.5. For all n > 0 the exponential generating function for
the Ernst-Lucas sequence {Hy }n>0 is

Eg, (z) = e + e ¢ | (28)
where o =2, f = —1 and 1 are the roots of the Equation (7) .

2.3 Identities

To aid in understanding the upcoming result, it is essential to first es-
tablish two preliminary auxiliary findings.

Lemma 2.6. Letn,s and k be non-negative integers and a and b be real
numbers. Then the following identities are valid:

(CL) an—l—s—l—k —qgnts — an+k Lat = an(as . 1)(ak _ 1)7
(b) aFts —akbs + bt — bk = (0" — ") (a® - %)
The proof of Lemma 2.6 is just algebraic manipulation, which is why
we have omitted the proof.

As a consequence of the Binet formula we find next the Tagiuri-Vajda
identity for the Ernst sequence {E), }n>0.

Theorem 2.7 (Tagiuri-Vajda). Let m, s, k be any non-negative integers,
and {Ey }n>0 is the Ernst sequence. We have the following identity:

1 1
Em+3Em+k — EmEm+s+k = gamA(S, k’) — EBWB(S, k’) + (—Z)WJSJk .
(29)
where A(s, k) = (a*—1)(a* —1), B(s, k) = (8°—1)(8¥—1), and {J, }n>0
is the Jacobsthal sequence.

Proof. Using Equation (5), we can calculate the products: Ey,tsFEp 1k
and EmEm+s+k:

ErntsEm+k

= gamﬂ _ éﬁmﬂ _ ;] |:§am+k _ %Bm-&-k _ %

— ga2m+s+k _ %am+55m+k _ éam—&-s _ éam+kﬁm+s n %ﬁgmHM
+%l3m+s B %am+k n %Berk n 27
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and

EmEm+s+k

_ gam - llgm . 1:| |:2am+s+k o éﬁm-‘,-s—i—k _ 1

3 6 2113 2
— éa2m+s+k _ lam—&-k—i-sBm _ lam—l-s—i—k _ lamﬂm—&-s—&—k + iBQm—l-s—i—k
9 9 3 9 36
1 m-+s+k 1 m 1 m 1
120 39 TRy

The subtraction Ey4sEpmtk — EmEmtsir yields:

Em+sEm+k - EmEm+s+k

— 1(04 aers . am+k +am>

3
_T12(6m+8+k _ l@m—i—s o Bm—f—k + Bm)

m+s+k

1
+§(aﬁ)m(as+k _ asgk _ Oékﬁs + ﬁs-i-k) ]
Using Lemma 2.6, after simplification, the final result is:

Em+sEm+k - EmEm+s+k
= Sa(e® ~ 1)(ak — 1)~ A - (B - 1)
(@B (0 = )k — ),

1 1

= —amA(s, k) — —=p"B(s, k) + (—2)" JsJk,
3 12

where we make A(s, k) = (a® — 1)(a® — 1), B(s, k) = (p* — 1)(B* — 1),

and J,, = a"gﬁ " is the n-th Jacobsthal number. This completes the

proof. O

The next auxiliary result will be used in the Tricomplex version of
the Tagiuri-Vajda identity.

Lemma 2.8. Let s and k be non-negative integers and A(s, k) = (a® —
1)(a® —1) and B(s, k) = (8% — 1)(8* — 1). Then the following identities
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are valid:
(a) A(s,k)+ aA(s,k+1)+a?A(s,k—1) =TA(s, k),
(b) B(s,k)+BB(s,k+1)+ 3%B(s,k — 1 —B(s k),

)
; )
(©) (=20 ot (=2 ker + (<220 ) = (=20,
(d) (=2)"Js(Jpr1 + (=2)Jk-1 + (=2)*Jk) ( )5 s Ik
(¢) (=2)"Js(Jiya + (=2)Jp + (=2)*Jp—2) = (=2)"3Js )},
where o = 2, f = —1 and 1 are the roots of the Equation (7), and J,

and j, are, respectively, the n-th Jacobsthal and n-th Lucas-Jacobsthal
number.

Proof. (a) Note that

A(s k) + aA(s, k+1) + o*A(s, k — 1)

= (@ =D -1)+al® -1 -1)+a% - 1) ("t -1)
= (& = 1)((a* = 1) + a(a® — 1) + a*(a*! — 1))

(as o 1)(Olk —1 —I—Oék+2 _a+ak+1 _a2)

(a® — 1)(ak(a2 +a+1)—(®+a+ 1))
= (@ -1 -1)(a?+a+1).

Since a? + o + 1 = 7 for o = 2, this completes the proof.
(b) The proof follows a similar approach to the one used in item (a).
So

B(s,k) + BB(s,k + 1) + 8°B(s,k — 1)
(8 = 18" = 1) + BB - )8 1) + B3 - ) - 1)
(5° = 1)(B* = 1)(8* + B +1).

Since %2+ B+ 1 =1 for B = —1, this establishes the result.
(¢) According to Equation (8) we have

(=2)"Js (I + (—2)Tps1 + (—2)Jk—1)
= (=2)"Js(Jp — 2Jp41 +4Jp—1)
= (=2)"Js(Jr = 2(J + 2Jp—1) + 4Ji—1)
= —(=2)"JsJk,
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as required.
(d) Using Equation (8), we have

(=2)"Js (Jig1 + (=2)Jo—1 + (=2)°J)
= (=2)"™Jo(Jg + 2Jp—1 4+ (=2)Jg—1 + (—2)%T)
= (=2)™5J,J}, .

(e) By the use of Equation (8)

—2)" o (Jpr2 + (—2) ) + (—2)2 Tk —2)

( K

—2)" Jo (Jpt1 +2Jk +( T+ (=2)*Jp-2)
(
(

(—2)

(—2) 2)
(=2)"Js(Jes1 + ( Ji—2)
(=2)" T (g + 21 +( 2)2J)—2)
(—2)

(-2)

(-2)

—2 mJS(Jk71 4+ 2Jp_o + 251+ (—Q)QJ]C,Q)
=2)"Js3(Jp—1 + 2Jp—2)
—2)"3JsJ,

as required. ]
To finalize this section, the two following results present a partial
sum formulas for Ernst and Ernst-Lucas numbers.

Lemma 2.9. [1/, Corollary 7.2.1] Forn > 0, the Ernst numbers satisfy
the following properties:

1
(a) kz—OEk = 1 (5Jn1 +6J, —2n-5),

- 1
(b) kZ:OE% - 6((2—71).]2”“+2(n+6)J2n—3n—2),

- 1
(c) > By = o ((2n +29)Jan 41 — 2(2n — 3)Jop, — 60 — 17) ,
k=0

where J,, is the n-th Jacobsthal numbers.
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Lemma 2.10. [1/, Corollary 7.2.2] For n > 0, the Ernst-Lucas num-
bers satisfy the following properties:

(jnt1 + 2n + 20+ 1),

N =

(a) > Hp =
k=0

(2(n + 3)j2n — (0 + 1)jant1 + 3n — 2),

Wl

(b) > Hy =
k=0

1

(¢) Y Houppr =—((2n+11)jons1 — 2(2n + 3)j2n + 60 + 13) ,

k=0

(=)

where j, 1s the n-th Jacobsthal-Lucas numbers.

3 The Tricomplex Ring

In mathematics, a tricomplex number is an element of a number system
that extends the complex numbers. While complex numbers have a real
part and an imaginary part, tricomplex numbers have one real part and
two imaginary parts. The concept of tricomplex numbers was introduced
by Olariu [3], and a general tricomplex number is expressed in the form:

(a,b,c) =a+bi+dj,

where a, b, and c are real numbers, and i and j are distinct imaginary
units.

Let T = (T,+, x) denote the ring of tricomplex numbers, which
consists of ordered triples of real numbers (z,y,z). The operations of
addition and multiplication are defined as follows:

e Addition: for two tricomplex numbers (x1,y1,21) and (x2,y2, 22),
their sum is given by:

(w1,y1,21) + (22,2, 22) = (x1 + 22, Y1 + Y2, 21 + 22), (30)

this operation simply adds the corresponding components of the
two triples.
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e Scalar multiplication: the operation of scalar multiplication for all
x € R is given by

r(z1,y1,21) = (21, TY1, T21), (31)

this operation simply multiplies the scalar by each component of
the triple.

e Multiplication: the product of two tricomplex numbers (x1,y1, 21)
and (z2,y2, 22) is given by the following formula:

(1,y1,21) X (22, Y2, 22) (32)
= (T122 + Y122 + 21Y2, 2122 + T1Y2 + Y122, Y1Y2 + T122 + 2122),

the multiplication rule is defined in such a way that it extends the
behavior of complex numbers to accommodate the two imaginary
units, i and j.

Note that the multiplication rules for the imaginary units given by
ij=ji=1,i2 =j, and j> = i (see, for instance, [4, 7, 8, 9, 10]). Thus,
the ring T of tricomplex numbers provides a rich structure that general-
izes the complex numbers by incorporating additional imaginary compo-
nents, which opens up interesting possibilities for algebraic and geomet-
ric applications. Tricomplex numbers can be a powerful tool in various
mathematical contexts, especially in the study of three-dimensional sys-
tems. They also find applications in physics and engineering, where
three-dimensional systems are intrinsic to many phenomena. Addition-
ally, in [11], the author explore a four-dimensional complex algebraic
structure, which has applications in the construction of directional prob-
ability distributions within four-dimensional spaces.

3.1 Binet’s formula and generating function for tricom-
plex Ernst-type sequence

According to Definition 1.1, the Tricomplex Ernst sequence {TE}, },,>0 is
defined as:

IEH = (Ena ETL+17 Eﬂ+2)7

13
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while the Tricomplex Ernst-Lucas sequence {TH), },>0 is defined as:
mn = (Hna Hn+17 Hn+2)u

for all non-negative integers n > 0.
The table below presents some terms of the Tricomplex Ernst and
Tricomplex Ernst-Lucas numbers for specific cases.

Table 1: terms for n smaller than 9

n TE, TH,,

0 (0,1,2) (3,2,6)

1 (1,2,5) (2,6,8)

2 (2,5,10) (6,8,18)

3 (5,10,21) (8,18,32)

4 (10,21,42) (18,32,66)

5 (21,42,85) (32, 66, 128)
6 (42,85,170) (66, 128, 258)
7 (85,170,341) (128, 258, 512)
8 (170,341,682) (258, 512, 1026)
9 (341,682,1365) (512, 1026, 2048)

In addition, the Figures 1(a) and 1(b) illustrate the terms of the
Tricomplex sequences {TEy, },>0 and {TH,, },>0 in tridimensional space,
for n from 0 to 50.

o
> de+14 1e+15 \\
TE, Se+14 TH, 4e+1
% 2e+14 TE, Sertd . 2 TH,
(a) Ernst. (b) Ernst-Lucas.

Figure 1: Tricomplex Sequences 0 < n < 50 - Ernst 1(a), Ernst-Lucas
1(b).
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In Equation (3) we saw that 27Fy + TE; — 21Fy = TFE3, let us show
that the Ernst recurrence given by Equation (1), is again valid to Tri-
complex Ernst for all n > 3, or rather, the Tricomplex Ernst sequence
is also an Ernst-type sequence.

Proposition 3.1. The Tricomplex Ernst sequence satisfies the recur-
rence relation

7Ign = 27En—1 + En—2 - 21En—37
for all integer n > 3, and with initial terms TEy = (0,1,2), TE; =
(1,2,5) and TE; = (2,5, 10).

Proof. Using the Definition 1.1, the vector addition given in Equa-
tion (30), scalar multiplication given in Equation (31) and Equation (1),
it follows that

21E, 1 + 1k, — 21E, 3
= Q(En—la En; En-l—l) + (En—27 En—la En) - 2<En—37 En—27 En—l)

15

= (2En—1 - En—2 - 2En—317 2En - En—l - 2En—2a 2En+1 - En - 2En—1)

= (En7En+17En+2)a

and we obtain the result. (]

Next, by applying the Binet formula for the n-th Ernst number given
by Equation (5), to each coordinate, we have derived the Binet formula
for the n-th Tricomplex Ernst number.

Proposition 3.2. For all non-negative integers n, the Binet formula
for the Tricomplex Ernst sequence {TEy }n>0 is

2 1 1
En = g(an7an+17an+2) - g(ﬂn76n+1)6n+2) - 5(17 17 1) )
where aw =2, f = —1 and 1 are the distinct roots of the Equation (7).

Proof. Combining Definition 1.1 and Equation (5) we obtain that

jEn = (En’En+1aEn+2)
_ 2 n 1 n 1 2 n+1 1 n+1 1 2 n+2 1 n+2 1
= G533 6" 2 3¢ 6" 5
2 1 1
= g(an7an+17an+2) - é(ﬁn76n+1uﬁn+2) - 5(]—7 17 1)7
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as required. O
In a similar way to Proposition 3.2, we have

Proposition 3.3. For all non-negative integers n, the Binet formula
for the Tricomplex Ernst-Lucas sequence {THy, }n>0 s

where o = 2, B = —1 and 1 are the distinct roots of the Equation (7),
and I = (1,1,1) is a tricomplex number.

Proof. Combining Definition 1.1 and Equation (6). O

3.2 Generating functions of tricomplex Ernst-type sequence

Let &m(z) = (Eg, (), Eg,,,(z), Eg,.,(z)) represent the exponential
generating function for the Tricomplex Ernst sequence {7E,}n>0. By
combining Definition 1.1 and Equation (27), we arrive at the following
result.

Proposition 3.4. For all n > 0, the exponential generating function
for the Tricomplex Ernst sequence {TEy }n>0 is

2 1 1
Em(z) = Ze*(1,2,4) — —eP*(1,-1,1) — =€%(1,1,1) ,
3 6 2
where aw =2, f = —1 and 1 are the distinct roots of the Equation (7).

Proof. According Equation (27) we have

(EEn EErH—l(x) EEn+2 (x))

— g 1 ﬂm let’gae ﬁﬁxilet 2a26a1715266r716t
3 2 '3 3 6 2
2
3

1 1
r(1,2,4) — 5 ePr(1,-1,1) — §et(1,1,1) .

Since @ = 2 and 8 = —1, we get the result required. [l
As well as with Proposition 3.4, we have
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Proposition 3.5. For all n > 0 the exponential generating function for
the Tricomplex Ernst-Lucas sequence {THy, }n>0 is

Emr(x) = e®(1,2,4) + €72(1,-1,1) + €%(1,1,1) ,
where « =2, f = —1 and 1 are the distinct roots of the Equation (7).

AsTE,, = (E,, Ent1, Eny2), the ordinary generating function for the
Tricomplex sequence {TE, },>¢ is a triple of generating functions, that
is, we write:

oo o0
Gm(x) = Y TEBa"=> (Bn Eni1, Eppo)a”
n=0 n=0

oo (o] o
= Z E,x", Z E,. 12", Z E,i0x™|.

Therefore,

G'—ZE('%') - (GEn ($)7 xGEn+l ($)7 xQGEn+2 (.Z')) )
where G, (x) is given by Equation (25).
This preliminary discussion helps to ensure the following result:

Proposition 3.6. The ordinary generating function for the Tricomplex
Ernst sequence {TEy}n>0, denoted by Gig(x), is given by

x 1 2+ — 222 (33)
1—-20—224+223 "1 -2 —224+223 "1 —20 —224+223) °

Proof. The first coordinate of the vector defined in Equation (33) is a
direct application of Equation (25).
o

We have Gg,,,(z) = ZEn+1x”. Then, by expanding equation
n=0
rGE, ., (x), we obtain

xGEn-H (x) = Eiz+ E2$2 + E3$3 —+...
= Gg,(z) — Eo
xr

— FEy .
1—2x — 224 223 0

17



18

E. COSTA, P. CATARINO AND F. CARVALHO

Since Fy = 0, this proves the second coordinate of the vector defined in
Equation (33). The proof of the third coordinate of the vector defined
in Equation (33) is performed in a similar way. [

Similarly to Proposition 3.6, we have

Proposition 3.7. The ordinary generating function for the Tricomplex
Ernst-Lucas sequence {THy, }n>0, denoted by G (x), is given by

3—dx — 22 2 + 22 — 622 6x — dx — 4a?
1—20—22+223 "1 —-20 —a2+223 "1 — 20 — 22 4+ 223

4 Identities for Tricomplex Ernst Sequence

In this section, we establish some identities for the Tricomplex Ernst
sequence. We will established some classical identities for the Tricomplex
Ernst sequence in this section, for example the Tagiuri-Vajda identities
and their Catalan, Cassini and d’Ocganes derivations.

First, using Theorem 2.7 the next result establishes Tagiuri-Vajda’s
identity for the Tricomplex Ernst sequence {TEy, }n>0.

Theorem 4.1. Let m, s,k be any non-negative integers and {IEy, }nen,
the Tricomplexr Ernst sequence. We have

Em_;,_s X Em+k - ]Em X Em+s+k == (X, Y, Z) . (34)

where

1
X — gamA(S, k) = =58 B(s, k) = (=2)"JoJi

7 1
Y =g Als, k) = 558" B(s. k) + (~2)"5. ;.

7 1
Z = gamA(s, k) — EBmB(S, k) + (—2)"3JsJ,
A(S7k) = (as - 1)(ak - 1)7 B(Svk) = (BS - 1)(6k - 1): Jn = Oéngﬁn is
the n-th Jacobsthal number, and o = 2, 5 = —1 and 1 are the distinct
roots of the Equation (7).
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Proof. By Equation (31), we have
,—ZEm—l—s X zEm+k

= (Emtss Emtst1; Emyst2) X (Bmtk, Emtkt1, Emtkr2)

= ( EmtsBmik + Entst1Emik+2 + EmtsioEmirt1, (35)
EmtstoBmikt2 + EmysEmtkt1 + Emtst1Emtr,
Entst1EBmik+1 + EmtsEmykt2 + Emtst2Bmik ),

and again by Equation (31),
,-ZEm X IEm—l—s—l—k

= (Em, Bm+1, Emt2) X (Bmystks Emtstkt1, Bmtstkr2)

= ( EmEmtsik + Emi1Emysiki2 + Emi2Bmysirrr,  (36)
EmtoEmtsiit2 + EmEmystkt1 + Emi1Emtstk,
Ent1Emtstk+1 + EmEmtsibra + Emi2Emisik )-

To obtain the first coordinate of the vector defined in Equation (34),
we subtract Equation (35) from Equations (36), that is,

(Em+sEm+k - EmEm+s+k) + (Em+8+1Em+k+2 - Em+1Em+s+k+2)
+(Em+st2Emik+1 — Em+2Emtstkt1)
= (BmtsBmsk — EmBEmysik)
(Bt 1) +sBmr1)+(6+1) = Bnt 1) Bmes 1) st (041))
+(Bmt2) s Emr2)+(v-1) = Emi2) Bm2) s+ (6-1))-
By Theorem 2.7, we have
(Em+sEm+k - EmEm+s+k)
+(Ema1)+s Eme1)+(k+1) = Emt1) Eima1)+s+(k+1))

+(Ent2)+sBm+2)+(k-1) = Emt2) Eont2)+s+ (k1))

1
= §am <A(s, k) + aA(s, k+1) + o®A(s, k — 1))

_%25”1 <B(s, k) + BB(s, k + 1) + 8°B(s, k — 1))

+(—=2)™J, <Jk + (=2)Jpp1 + (—2)2Jk_1) .
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According to Lemma 2.8 we obtain that

(Em+sEm+k - EmEm+s+k)

+(Ems1)+s Emr1)+(k41) = Emt1) Emt1)+s+(k+1))

+(Em+2)+s Emr2)+(h-1) = Em+2) Em+2)+s+(k—1))

7 1

= -a™A(s,k) — —=p"B(s,k) — (=2)"JsJ) .

3 12
This establishes the proof for the first coordinate of the vector defined
in Equation (34).

The proofs for the second and third coordinates follow a similar
approach, using Theorem 2.7, the Tagiuri-Vajda identity for the Ernst
sequence. U

As consequences of Tagiuri-Vajda’s identity (Theorem 4.1), the next
results of this section establish d’Ocagne’s identity, Catalan’s identity,
and Cassini’s identity for the Tricomplex Ernst sequence {TE;, },,>0.

Proposition 4.2. (d’Ocagne’s identity) Let m,n be any non-negative
integers and n > m. For the Tricomplex Ernst sequence {TEy, }nen, the
following identity holds

1By x TEy — TEy X TE, 11 = (X1, Y1, Z1),
where X1 = %(a”—am)—l—%(ﬁn—ﬁm)— (=2)"Jp—m, Y1 = %(a"—am)—i—
§(B" =B+ (=2)"5 0, Z1 = §(a"=a™)+§(B"=B™)+(=2)"3p—m,
_ an=p"

Jn = == s the n-th Jacobsthal number, and o = 2, 8 = —1 and 1
are the distinct roots of the Equation (7).

Proof. Taking k =n —m and s = 1 in Equation (34) gives

Em—i—l X jEn - jEm X 7E1’r1—&—1

7 1
_ <3am,4(1, n—m) G B(Ln —m) — (<2 Ty,

7 1

gamA(l, n—m)— EﬁmB(l, n—m)+ (—=2)"5J1Jp—m,
7 1

gamA(l, n—m)— EﬁmB(l, n—m)+ (—2)m3J1Jn_m>.
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Since A(s, k) = (a® — 1)(a* — 1), B(s,k) = (8° —1)(BF - 1), J; = 1,
a =2 and § = —1, we obtain the result. O
In a similar way to Proposition 4.2 we have the Catalan identity.

Proposition 4.3. (Catalan’s identity) Let n, s be non-negative integers
withn > s. For the Tricomplex Ernst sequence {TEy, }nen,, the following
identity is satisfied:

(TE,)? —TE, s X TBpys = (Xa,Y2, Za) , (37)

21

where Xo = La" 5 A(s, s)— 58" B(s,s)—(—2)"*J%, Yo = La" " A(s, s)—

%B”fsB(s,sg) + (=2)"%5J%, A(s,s) = (a® — 1)2, B(s,s) :3(55 —1)?,
Zy = a5 A(s, s) — 58" B(s, s) + (—2)"73J2, J = Oﬁ%ﬁs is the
n-th Jacobsthal number, and o = 2, f = —1 and 1 are the distinct roots
of the Equation (7).

Proof. Using k = s and m + s = n in the equation (34), we have the
result.
]

Now, we obtain the Cassini identity.

Proposition 4.4. (Cassini’s identity) For all non-negative integers n
we have
7

(En)Q —TE, 1 % EnJrl = (

1
3an—1 _ gﬁn—l _ (_2)n—17

7 n—1 1 n—1 n—1 7 n—1 1 n—1 n—1
e s M s —2)"~13
san o gl (<25, can o opn T (-2 s )

where {TEy }nen, is the Tricomplex Ernst sequence, « =2, f = —1 and
1 are the distinct roots of the Equation (7).

Proof. It suffices to consider s = 1 in Equation (37). O

4.1 Other interesting identities

Similarly, there are significant relationships between the Tricomplex
Ernst and Tricomplex Ernst-Lucas numbers. We present some of these
relationships in what follows.
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Proposition 4.5. For all non-negative integers n, the following identi-
ties hold:
187TFE,, = 5TH 44 — 3TH 43 — 11TH 4 9;

(
187E,, = TTH 43 — 6TH, 19 — 10TH 11 ; (
187F,, = 8TH,, .5 — 3TH,, .1 — 14TH,, ; (
18TE,, = 131H,, 1 — 61H,, — 161H,,_ ; (
187TF,, = 20TH,, — 3TH,,_, — 26TH,,_5 ; (42
8TH,, = TE, 14 + 16TE, 3 — 33TF, .o ; (
ATH,, = 9TE, 13 — 16TE 19 — TEny1 ; (
2TH,, = TEp 1o + 4TE, 11 — 91E,, ; (
TH, = 31E, 1 — 41E, — TE,, 1 ; (
TH,, = 21E,, 4+ 2TE,,_, — 6TE,_o; (47

where TE,, is the n-th Tricomplex Ernst numbers and TH,, is the n-th
Tricomplex Ernst-Lucas numbers.

Proof. By combining Definition 1.1 and Identity (13) we obtain

5THp 44 — 3THp43 — 11TH 12

5(Hn+47 Hn+57 Hn+6) - 3(Hn+37 Hn+47 Hn+5) - 11(Hn+27 Hn+37 Hn+4)
= (18E,, 18,41, 18FE,42) |

which verifies the Identity 38.

Similarly, by using Definition 1.1 and Identity (14), we obtain Equa-
tion (39), as well as, by using Definition 1.1 and Identity (15) we obtain
(40), as well as, by using Definition 1.1 and Identity (16), we obtain
Equation (41), as well as, by using Definition 1.1 and Identity (17) we
obtain Equation (42), as well as, by using Definition 1.1 and Identity
(18) we obtain Equation (43), as well as, by using Definition 1.1 and
Identity (19), we obtain Equation (44), as well as, by using Definition
1.1 and Identity (20) we obtain Equation (45), as well as, by using Defi-
nition 1.1 and Identity (21) we obtain Equation (46), as well as, by using
Definition 1.1 and Identity (22), we obtain Equation (47). O
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5 Partial Sum of Terms Involving the Tricom-
plex Ernst-type Numbers

In this section, we present results on partial sums of the first n+1 terms
of the Tricomplex Ernst and Tricomplex Ernst—Lucas numbers.

n
First, we consider the sequence of partial sums ZZEk = TEy +

k=0
TE, + 1Ey + - - - + 1E,, for n > 0, where {TE,, },,>0 is the Tricomplex
Ernst sequence.

Proposition 5.1. Let {TE,},>0 be the Tricomplex Ernst sequence, we
have the following formulas:

= 1
(a) > TE,= (4(5Jn+1 + 6J, —2n —5),
k=0
1 1
Z(5Jn+2 + 6Jpg1 — 2(n+ 1) — 5), Z(5Jn+3 4 6Jpp2 —2(n+2) — 5 — 1)) ,
o 1
(b) TEy, = (6((2—n)J2n+1—|—2(n+6)J2n—3n—2)7

k=0
15 (21 +29) Jop 1 — 2(2n — 3) 2y — 60 — 17),

(U= 1) + 20+ Dansa =30+ 1) = 2) ) |

D=

= 1
(c) ZJE%‘H = (12((2n +29)Jont1 — 2(2n — 3)Jan, — 60 — 17),
k=0
((2 = n)Jant1 + 2(n + 6)J2y — 3n — 2),
H((2n 4+ 31)Jonts — 2(2n — 1) Jopyo — 6n — 24)) :
where, J, is the n-th Jacobsthal numbers.

Proof. (a) Follows from the definition of sum of terms of the Tricomplex
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Ernst numbers that

n
ZJEk = TEy+1TE +--- +1F,
k=0

= (Eo, B1, E2) + (B, Eo, E3) + -+ + (B, Eng1, Eny2)
= (Bo+ B+ +Eny, Ex+Ex+---+ Enp1, Ex+ E3+---+ Eppo)

n n+1 n+2
- (Le X ya)
k=0 k=1 k=2
n n+1 n+2
= (Z By, (Z Ek> — Ey, (Z Ek> — (B0 + E1)> :
k=0 k=0 k=0
According Lemma 2.9, item (a), we have that

ZIEk = (i(wnﬂ + 6J, —2n —5), i(5Jn+2 + 6Jp41 — 2(n+ 1) = 5),
k=0

1

Z(5Jn+3 + 6Jn+2 — 2(n + 2) —5— 1)) .

Since Fy = 0 and £ = 1, we get the result.
(b) Note that

ZE% = TEy+ 1By + -+ 1Esy,
k=0

n n n n n n+1
= (Z Bk, Y Fani1, ZEQ(kJrl)) = <Z Er, Y Eapat, ZE%) -
k=0 k=0 k=0 k=0 p

k=0

We get the result making use of the Lemma 2.9, item (b) and (c).
(c) Similarly, we have

n
Y TEyy1 = TE\+TE3+ -+ TEanpa
k=0

n n+1 n+1
= (ZE%H, > By, <ZE2k+1> —1> .
k=0 k=0 k=0
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We get the result making use of the Lemma 2.9, item (b) and (c¢). O

Now, we consider the sequence of partial sums > ;_ THy = THy, +
TH, + THy + - - - + TH,, for n > 0, where {TH,, },,>¢ is the Tricomplex
Ernst-Lucas sequence.

Proposition 5.2. Let {TH,}n>0 be the Tricomplex Ernst-Lucas se-

quence, we have the following formulas:

n
1 . . 1 . )
(a) § 1Hy = <2(]n+1+2]n+2n+1)’2(Jn+1+2]n+2n5)7
k=0

1 . .
2(]n+1+2]n+2n_9)> )

(b) Z THoy, = (;’(2(11 +3)jon — (N + 1)jons1 + 3n — 2),
k=0

1
6((271 + 11)jon+1 — 2(2n + 3)j2n, + 61 + 13),

1 . . .
(5(2(77, + 3)]271 - (TL + 1).72n+1 +3n — 2)) — 2+ .72n+2> ,
- 1 . .
(¢) Y THapsr = (6((2n + 11)jan+1 — 2(2n + 3)j2n + 6n + 13),
k=0
1 . . .
(g(z(n + 3)]2n - (n + 1)]2n+1 +3n — 2)) -2+ J2n+2;

1
(@ 1) o1 = 220+ 3)jon + 60+ 13)) — 1 +j2n+3> .

where, jp is the n-th Jacobsthal-Lucas.

Using the same technique employed in Proposition 5.1, now making
use of Lemma 2.10, we omit the proof of this result in the interest
of brevity.

6 Conclusions

In this paper, we examined the properties of two newly sequences whose
coefficients are elements of the Ernst or Ernst-Lucas sequences within
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the tricomplex ring, both of which qualify as Ernst-type sequences. In
addition to this, we have derived the generating function for this novel
class of sequences and formulated a Binet-type formula. Other objectives
were to derive various identities for these sequences, particularly classical
ones such as the Tagiuri-Vajda, D’Ocagne, Catalan, and Cassini iden-
tities. In addition, aspects of our investigation appear to be innovative
and may provide original insights that may deepen the understanding
of this domain, especially considering that research on the tricomplex
ring is still relatively new. By clarifying these identities and providing a
structured framework, we hope to inspire further scientific exploration
and progress in related areas of mathematics. Soykan [15] points out
that linear recurrence relations have many applications. In particular,
list some applications of second, third and fourth order sequences are
given. In future work, we will investigate some applications of this type
of sequence in three-dimensional space in connection with ordinary se-
quences.
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