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Abstract. In this paper, we will see some new results about the weak
integral closure and the asymptotic prime divisors of a filtration relative
to a module. Especially, we obtain some new results for the weak inte-
gral closure of a filtration relative to an injective module. For example,
if f = {In}n≥0 is a Noetherian filtration on a Noetherian ring R and E
is an injective R−module, then it is shown that the asymptotic prime
divisors of the filtration f relative to E can be characterized by the
asymptotic prime divisors of the filtration f and also it is shown that
the sequence (AssR(R/ClosR(f

(n), E)))n∈N is ultimately constant.
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1 Introduction
Throughout this paper, R is a commutative ring with a non-zero identity
and M is an R−module. Also, N denotes the set of all positive integers.

Let R be a Noetherian ring and I be an ideal of R. We denote
the integral closure of I by I−. Also, we know from [11, 2.7], the set
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{P : P ∈ AssR(R/(In)−) for some n ≥ 1} is a finite set. This set is
denoted by Â∗(I) and every element of Â∗(I) is called the asymptotic
prime divisor of I.

We recall that for every Noetherian R−module M , I−(M) denotes the
integral closure of an ideal I relative to M . Now, let R be a Noetherian
ring and E be an injective R−module. We recall that I∗(E) denotes the
integral closure of an ideal I relative to E. For more information about
them we can see [13] and [3].

A filtration f = {In}n≥0 on a commutative ring R is a sequence
of ideals of R such that I0 = R, In+1 ⊆ In, and InIm ⊆ In+m for all
non-negative integers m and n. Let f = {In}n≥0 and g = {Jn}n≥0 be
two filtrations on R. We know f ≤ g, if In ⊆ Jn for all n. Also, if
f = {In}n≥0 is a filtration on R and k is a positive integer, then we
know {Ink}n≥0 is a filtration on R. This filtration is denoted by f (k).
Further for every n ≥ 0, In0 = R and this shows f (0) is also a filtration
on R.

In this paper, we encounter instances where the filtration is required
to be a Noetherian filtration. We know from [8, 3.2.1] and [9, 2.2.1], a
filtration f = {In}n≥0 on a Noetherian ring R is a Noetherian filtration
if and only if there exists a positive integer e such that Ie+i = IeIi for
all i ≥ e. For example, if R is a Noetherian ring and I is an ideal of R,
then the I−adic filtration fI = {In}n≥0 on R is a Noetherian filtration
with e = 1.

The weak integral closure of a filtration f = {In}n≥0 on a commu-
tative ring R is defined in [8]. Let (Ik)w is the set of all x ∈ R such
that x satisfies an equation of the form xm + a1x

m−1 + · · · + am = 0,
where ai ∈ Iki for every 1 ≤ i ≤ m. We know from [8, 2.2], the sequence
{(Ik)w}k≥0 of ideals of R is a filtration on R. This filtration is called
the weak integral closure of the filtration f = {In}n≥0 and is denoted
by fw. According to our notations in this paper, we prefer to denote the
weak integral closure of the filtration f by f−. Also, for every filtration
f = {In}n≥0 on a Noetherian ring R, every element of

A−(f) = {P : P ∈ AssR(R/(In)w) for some n ≥ 1}

is called the asymptotic prime divisor of f . If f = {In}n≥0 is a Noethe-
rian filtration on a Noetherian ring R, then there exists a positive inte-
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ger e such that Ie+i = IeIi for all i ≥ e. In [8, 3.3], it is proved that
A−(f) = Â∗(Ie).

In [4], for a filtration f = {In}n≥0 of ideals on R, the ideal (I1)w is
denoted by ClosR(f). Also, we have

(Ik)w = ClosR(f
(k)) for every k ≥ 0.

In particular, if R is a Noetherian ring and I is an ideal of R, then for
the I−adic filtration fI = {In}n≥0 on R, we have ClosR(f

(k)
I

) = (Ik)−

for every k ≥ 0.
We now recall a useful notation introduced in [5]. An element x ∈ R

is said to be M−integral over a filtration f = {In}n≥0, if there exists a
positive integer m such that

xm + a1x
m−1 + · · ·+ am ∈ (0 :R M),

where ai ∈ Ii for every 1 ≤ i ≤ m. In [5], it is shown that the set of all
elements of R which are M−integral over a filtration f = {In}n≥0 is an
ideal. This ideal is denoted by ClosR(f,M).

Let I be an ideal of R. By [5, 2.6], for the I−adic filtration fI =
{In}n≥0 on R and for every Noetherian R−module M , we have

ClosR(f
(k)
I

,M) = (Ik)−(M)

for every k ≥ 0.
Let f = {In}n≥0 be a filtration of ideals on R and M be an R−module.

In [7], it is proved that {ClosR(f
(k),M)}k≥0 is a filtration on R. This

filtration is called the weak integral closure of the filtration f = {In}n≥0

relative to M and is denoted by f−(M). Also, if R is a Noetherian ring,
then every element of

A−(f,M) = {P : P ∈ AssR(R/ClosR(f
(k),M)) for some k ≥ 1}

is called the asymptotic prime divisor of f relative to M .
In this paper, we will obtain some results concerning the weak inte-

gral closure of a filtration relative to a module. In particular, we will
obtain new results concerning the weak integral closure of a filtration
relative to an injective module. For instance, we will see that if R is
a Noetherian ring and I is an ideal of R, then for the I−adic filtra-
tion fI = {In}n≥0 on R, and for every injective R−module E, we have
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ClosR(f
(k)
I

, E) = (Ik)∗(E) for every k ≥ 0. This implies that, the integral
closure of an ideal I relative to a Noetherian module M and the integral
closure of an ideal I relative to an injective module E on Noetherian
rings are defined differently in [13] and [3], they fundamentally originate
from the same concept.

2 The Asymptotic Prime Divisors of a Filtra-
tion Relative to a Module

In this section, we obtain some new facts about both the weak integral
closure of a filtration relative to a module and the asymptotic prime
divisors of a filtration relative to a module. In the remainder of this
paper, for every R−module N , the symbol E(N) denotes the injective
envelope of N .

The following lemma is proven for special rings (for example, a
Noetherian ring or a local ring), while the same proof can be stated
without those special conditions (see [12, 2.1]).

Lemma 2.1. Let R be a commutative (not necessarily Noetherian)
ring and M be an R−module. Suppose E =

⊕
m∈Max(R)

E(R/m), where

Max(R) is the set of all maximal ideals of R. If D(M) = HomR(M,E),
then

(0 :R M) = (0 :R D(M)).

Proof. This is clear (0 :R M) ⊆ (0 :R D(M)). So it is enough to show
that (0 :R D(M)) ⊆ (0 :R M). Let t ∈ (0 :R D(M)). The inclusion
map ι : tM → M induces the R−homomorphism ι∗ : HomR(M,E) →
HomR(tM,E) defined by ι∗(f) = fι for every f ∈ HomR(M,E). Since
t ∈ (0 :R D(M)), we have ι∗(f) = 0 for every f ∈ HomR(M,E). We
know from [1, 18-16], E =

⊕
m∈Max(R)

E(R/m) is a cogenerator. Then by

[1, 18-14], we have ι = 0 and so tM = 0. Therefore t ∈ (0 :R M) and so
(0 :R D(M)) ⊆ (0 :R M). □

Proposition 2.2. Let f = {In}n≥0 be a filtration on R and M be
an R−module. Let E =

⊕
m∈Max(R)

E(R/m) and as above D(M) =



SOME REMARKS ON THE WEAK INTEGRAL CLOSURE ... 5

HomR(M,E). Then f−(M) = f−(D(M)). Further, if R is a Noethe-
rian ring, then

A−(f,M) = A−(f,D(M)).

Proof. This is clear by 2.1. □

Remark 2.3. Let f = {In}n≥0 be a filtration on R and S be a mul-
tiplicatively closed subset of R. It is easy to see that, {S−1In}n≥0 is a
filtration on S−1R. We will show this filtration on S−1R by S−1f .

Proposition 2.4. Let f = {In}n≥0 be a filtration on R and M be a
finitely generated R-module. Then

S−1ClosR(f,M) = ClosS−1R(S
−1f, S−1M).

Proof. Since M is a finitely generated R-module, it is easy to see that

S−1ClosR(f,M) ⊆ ClosS−1R(S
−1f, S−1M)

by [5, 2.6].
For converse inclusion, Let x

s ∈ ClosS−1R(S
−1f, S−1M). Then there

exists a positive integer m such that

(xs )
m + a1

s1
(xs )

m−1 + · · ·+ am
sm

∈ (0 :S−1R S−1M),

where ai
si

∈ S−1Ii for every 1 ≤ i ≤ m. Without loss of generality, we can
assume that ai ∈ Ii for every 1 ≤ i ≤ m. Since M is a finitely generated
R-module, we can choose an element t ∈ S such that t(s1 · · · sm)x ∈
ClosR(f,M). Then

x
s = t(s1···sm)x

t(s1···sm)s ∈ S−1ClosR(f,M).

Thus ClosS−1R(S
−1f, S−1M) ⊆ S−1ClosR(f,M) and so the proof is

completed. □

Corollary 2.5. Let f = {In}n≥0 be a filtration on R and M be a finitely
generated R-module. Then

S−1f−(M) = (S−1f)−(S−1M).

Proof. This is clear by 2.4. □
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Theorem 2.6. Let f = {In}n≥0 be a filtration on a Noetherian ring R
and M be a finitely generated R-module. Then

A−(S−1f, S−1M) = {S−1P : P ∈ A−(f,M), P ∩ S = ∅}.

Proof. Let k ≥ 1. By 2.4, we have ClosS−1R(S
−1f (k), S−1M) =

S−1ClosR(f
(k),M). Since

S−1R
S−1ClosR(f (k),M)

≃ S−1( R
ClosR(f (k),M)

),

we have

AssS−1R(
S−1R

ClosS−1R(S−1f (k),S−1M)
) = AssS−1R(S

−1( R
ClosR(f (k),M)

)).

We know
AssS−1R(S

−1( R
ClosR(f (k),M)

)) = {S−1P : P ∈ AssR(
R

ClosR(f (k),M)
)),

P∩S = ∅}
and so the proof is completed. □

Theorem 2.7. Let f = {In}n≥0 be a filtration on R and M an R−module.
Then

(f−(M))− = (f−)−(M).

So ClosR((f
−(M))(k)) = ClosR((f

−)(k),M) for every k ≥ 0.

Proof. This immediately follows from [7, 2.6]. □

Remark 2.8. (See [15, 1.5].) Let I be an ideal of a commutative Noethe-
rian ring R and M be a finitely generated R−module. We consider the
I−adic filtration fI = {In}n≥0 on R. Then by 2.7, we have

(I−(M))− = ClosR(((fI )
−(M))(1)) = ClosR(((fI )

−)(1),M) = (I−)−(M).

Theorem 2.9. Let f = {In}n≥0 be a filtration on a Noetherian ring R
and M be an R−module. Then

A−(f−(M)) = A−(f−,M).

Proof. By 2.7, we have



SOME REMARKS ON THE WEAK INTEGRAL CLOSURE ... 7

ClosR((f
−(M))(k)) = ClosR((f

−)(k),M)

for every k ≥ 1. So

AssR(
R

ClosR((f−(M))(k))
) = AssR(

R
ClosR((f−)(k),M)

)

for every k ≥ 1. Now the proof is clear. □

Remark 2.10. Let M be an R−module. The ring R/(0 :R M) is a
commutative ring. This ring is denoted by R̃. Also for every ideal I of
R, the ideal (I + (0 :R M))/(0 :R M) of R̃ is denoted by Ĩ. It is useful
for us to remember that if f = {In}n≥0 is a filtration of ideals on R,
then {Ĩn}n≥0 is a filtration of ideals on R̃. This filtration is denoted by
f̃ .

Theorem 2.11. Let f = {In}n≥0 be a Noetherian filtration of ideals
on a Noetherian ring R and M be an R−module. Then there exists a
positive integer e such that

A−(f,M) = {(P̃ )
c
: P̃ ∈ Â∗(Ĩe)}

which (P̃ )
c is the contraction of the ideal P̃ under the natural epimor-

phism R → R/(0 :R M).

Proof. At first, we note that P ∈ A−(f,M) if and only if P̃ ∈ A−(f̃).
Now, since (0 :R M) ⊆ ClosR(f

(k),M) for every k ≥ 1, we have
(0 :R M) ⊆ P for every P ∈ A−(f,M) and so (P̃ )

c
= P for every

P ∈ A−(f,M). Thus we have

A−(f,M) = {(P̃ )
c
: P̃ ∈ A−(f̃)}.

Since, f = {In}n≥0 is a Noetherian filtration of ideals on a Noetherian
ring R, then f̃ = {Ĩn}n≥0 is a Noetherian filtration of ideals on the
Noetherian ring R̃. Now the proof is completed by [8, 3.3.3]. □

3 The Asymptotic Prime Divisors of a Filtra-
tion Relative to an Injective Module

In this section, we use the notation I(P) for an ideal I and a subset P of
Spec(R), where Spec(R) is the set of all prime ideals of R. To recall the
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concept of I(P), we refer to [3]. In [6], it is shown that if f = {In}n≥0 is
a filtration on R and P is a subset of Spec(R), then {In(P)}n≥0 is also
a filtration on R. This filtration is denoted by f(P).

Theorem 3.1. Let f = {In}n≥0 be a filtration on a Noetherian ring R
and E be an injective R−module. Then

ClosR(f
(k), E) = (ClosR(f

(k)))(AssR(E)),

for every k ≥ 0.

Proof. For k = 0, it is clear that

ClosR(f
(0), E) = R = (ClosR(f

(0)))(AssR(E)).

So, let k > 0. Let E =
⊕
λ∈Λ

E(R/Pλ). As we know, the set {Pλ : λ ∈ Λ}

is AssR(E). Let x ∈ ClosR(f
(k), E). Then there exists a positive integer

m such that

xm + a1x
m−1 + · · ·+ am ∈ (0 :R E),

where ai ∈ Iki for every 1 ≤ i ≤ m. But this is valid if and only if

xm + a1x
m−1 + · · ·+ am ∈ (0 :R E(R/Pλ))

for every λ ∈ Λ. But by [14, 2.26] and [10, 18.4], xm + a1x
m−1 +

· · · + am ∈ (0 :R E(R/Pλ)) if and only if there exists an element s ∈
R− Pλ such that s(xm + a1x

m−1 + · · ·+ am) = 0. But this means that
(x1 )

m+ a1
1 (

x
1 )

m−1+ · · ·+ am
1 = 0

1 where ai
1 ∈ IkiRPλ

for every 1 ≤ i ≤ m.
Then x ∈ ClosR(f

(k), E) if and only if x
1 ∈ (IkRPλ

)w for every λ ∈ Λ.
By [6, 2.7], we have (IkRPλ

)w = (Ik)wRPλ
. Since (Ik)w = ClosR(f

(k)),
we have x ∈ ClosR(f

(k), E) if and only if x
1 ∈ ClosR(f

(k))RPλ
for every

λ ∈ Λ. So x ∈ ClosR(f
(k), E) if and only if x ∈ (ClosR(f

(k)))(Pλ) for
every Pλ ∈ AssR(E). This implies that

ClosR(f
(k), E) =

⋂
Pλ∈AssR(E)

(ClosR(f
(k)))(Pλ)

= (ClosR(f
(k)))(AssR(E)).

□
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Corollary 3.2. Let f = {In}n≥0 be a filtration on a Noetherian ring R
and E be an injective R−module. Then

f−(E) = f−(AssR(E)).

Proof. This is clear by 3.1. □

Remark 3.3. Let f = {In}n≥0 be a filtration on a Noetherian ring R
and E be an injective R−module. For every n ≥ 0, let Un contains all
x ∈ R such that

(0 :E
t∑

i=1
xt−iIni) ⊆ (0 :E xt)

for a positive integer t. Then {Un}n≥0 is a filtration on R by [6, 2.8].
This filtration is called the integral closure of the filtration f = {In}n≥0

relative to E and is denoted by f∗(E). But we know from [6, 3.1],
f∗(E) = f−(AssR(E)). Thus by 3.2, we have f−(E) = f∗(E) and so
ClosR(f

(k), E) = Uk for every k ≥ 0.
Now, let I be an ideal of R and fI = {In}n≥0 be the I−adic filtration

on R. Concerning this situation we have

ClosR(fI
(k), E) = Uk = (Ik)∗(E)

for every k ≥ 0.

Theorem 3.4. Let f = {In}n≥0 be a filtration on a Noetherian ring R
and E be an injective R−module. Then

A−(f,E) = {P ∈ A−(f) : P ⊆ Q for some Q ∈ AssR(E)}.

Proof. We know

A−(f,E) = {P : P ∈ AssR(R/ClosR(f
(k), E)), for some k ≥ 1}.

By 3.1, we have

AssR(R/ClosR(f
(k), E)) = ass(ClosR(f

(k), E))

= ass((ClosR(f
(k)))(AssR(E))),

for every k ≥ 1. This shows that



10 F. DOROSTKAR

AssR(R/ClosR(f
(k), E)) = {P ∈ ass(ClosR(f

(k))) : P ⊆ Q for some

Q ∈ AssR(E)}

for every k ≥ 1. Thus

A−(f,E) = {P ∈ A−(f) : P ⊆ Q for some Q ∈ AssR(E)}.

□

Corollary 3.5. Let f = {In}n≥0 be a Noetherian filtration of ideals on
a Noetherian ring R and E be an injective R−module. Let e be a positive
integer such that Ie+i = IeIi for all i ≥ e. Then

A−(f,E) = {P ∈ Â∗(Ie) : P ⊆ Q for some Q ∈ AssR(E)}.

Proof. Since f = {In}n≥0 is a Noetherian filtration, we have A−(f) =
Â∗(Ie) by [8, 3.3.3]. Now the proof is clear by 3.4. □

Corollary 3.6. Let f = {In}n≥0 be a Noetherian filtration on a Noethe-
rian ring R and E be an injective R−module. Let e be a positive integer
such that Ie+i = IeIi for all i ≥ e.

(a) For every q ≥ 1 and for every n ≥ e, we have

AssR(R/ClosR(f
(qe), E)) ⊆ AssR(R/ClosR(f

(qe+n), E)).

(b) For every q ≥ 1 and for every fixed r that 0 ≤ r ≤ e− 1

AssR(R/ClosR(f
(qe+r), E)) ⊆ AssR(R/ClosR(f

((q+1)e+r), E)).

(c) AssR(R/ClosR(f
(n), E)) = A−(f,E) for all large n. In other

words the sequence (AssR(R/ClosR(f
(n), E)))n∈N is ultimately con-

stant.

Proof. (a) By [8, 3.4.1], we have

ass(ClosR(f
(qe))) ⊆ ass(ClosR(f

(qe+n))),

for every q ≥ 1 and for every n ≥ e. Now (a) is clear by 3.1.
(b) By [8, 3.4.2], we have
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ass(ClosR(f
(qe+r))) ⊆ ass(ClosR(f

((q+1)e+r))),

for every q ≥ 1 and for every fixed r that 0 ≤ r ≤ e− 1. Now (b) is clear
by 3.1.

(c) By 3.1, we have

AssR(R/ClosR(f
(k), E)) = ass((ClosR(f

(k)))(AssR(E))),

for every k ≥ 0. By [8, 3.4.3], ass(ClosR(f
(n))) = Â∗(Ie) for all large n.

Then for all large n,

ass((ClosR(f
(n)))(AssR(E))) = {P ∈ Â∗(Ie) : P ⊆ Q for some

Q ∈ AssR(E)}.

Now (c) is clear by 3.5. □
The following remark indicates a well known result for the integral

closure of an ideal relative to an injective module.

Remark 3.7. (See [2, 3.2].) Let I be an ideal of a Noetherian ring
R and E be an injective R−module. Let fI = {In}n≥0 be the I-adic
filtration on R. By 3.3, we have

ClosR((fI )
(k), E)) = (Ik)∗(E),

for every k ≥ 0. Using each 3.6(a) or 3.6(b), can imply that

AssR(R/(Iq)∗(E)) ⊆ AssR(R/(Iq+1)∗(E)),

for every q ≥ 1. Then the sequence of sets (AssR(R/(In)∗(E)))n∈N is in-
creasing. Also 3.6(c), shows the sequence of sets (AssR(R/(In)∗(E)))n∈N
is ultimately constant with the ultimately constant value A−(fI , E). But

A−(fI , E) = {P ∈ Â∗(I) : P ⊆ Q for some Q ∈ AssR(E)},

by 3.5.

Acknowledgements
The author would like to sincerely thank the referee for the careful read-
ing of the manuscript and for the valuable and insightful suggestions that
have greatly contributed to improving the quality of this work.



12 F. DOROSTKAR

References
[1] F. W. Anderson and K. R. Fuller, Rings and categories of mod-

ules, Springer-Verlag, New York, no. 13, Graduate Texts in Math.,
(1992).

[2] H. Ansari Toroghy, Asymptotic stability of some sequences related
to integral closure, Honam Math. J., (1) 24(2002), 1-8.

[3] H. Ansari Toroghy and R. Y. Sharp, Integral closure of ideals rela-
tive to injective modules over commutative Noetherian rings, Quart.
J. Math., (2) 42(1991), 393-402.

[4] H. Dichi, Integral dependence over a filtration, J. Pure Appl. Alge-
bra, 58 (1989), 7-18.

[5] H. Dichi, Integral closure of a filtration relative to a module, Comm.
Algebra, (8) 23 (1995), 3145-3153.

[6] F. Dorostkar, Integral closure of a filtration relative to an injective
module, J. Math. Ext., (4) 15 (2021), 1-15.

[7] F. Dorostkar and M. Yahyapour-Dakhel, The weak integral closure
of a filtration relative to a module, J. Math. Ext., (1)18(2024), 1-14.

[8] J. S. Okon and L. J. Ratliff, Jr., Filtrations, closure operations, and
prime divisors, Math. Proc. Cambridge Philos. Soc., 104(1988), 31-
46.

[9] J. S. Okon and L. J. Ratliff, Jr., Reductions of filtrations, Pacific
J. Math., (1) 144 (1990), 137-154.

[10] H. Matsumura, Commutative ring theory, Cambridge Univ. Press,
Cambridge, UK, (1986).

[11] L. J. Ratliff, Jr., On asymptotic prime divisors. Pacific J. Math.,
111(1984), 395-413.

[12] R. Y. Sharp, Some results on the vanishing of local cohomology
modules, Proc. Lond. Math. Soc. (3) 30 (1975), 177-195.



SOME REMARKS ON THE WEAK INTEGRAL CLOSURE ... 13

[13] R. Y. Sharp, Y. Tiraş and M. Yassi, Integral closures of ideals rel-
ative to local cohomology modules over quasi-unmixed local rings,
J. Lond. Math. Soc. (2) 42 (1990), 385-392.

[14] D.W. Sharpe and P. Vámos, Injective Modules, Cambridge Univer-
sity Press, (1972).

[15] Y. Tiraş, On integral closure and asymptotic behaviour, Comm.
Algebra, (10) 28 (2000), 4927-4939.

Farhad Dorostkar
Assistant Professor of Mathematics
Department of Pure Mathematics
University of Guilan
Rasht, Iran
E-mail: dorostkar@guilan.ac.ir


	1 Introduction
	2 The Asymptotic Prime Divisors of a Filtration Relative to a Module
	3 The Asymptotic Prime Divisors of a Filtration Relative to an Injective Module
	References

