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1 Introduction and Preliminaries

We denote by D the open unit disc in the complex plan C and H(D)
the space of analytic functions on D. Every analytic function (self-map)
φ : D → D induces a linear operator via composition called composition
operator Cφ, Cφf = f ◦φ. A complete history of these operators on the
spaces of analytic functions can be found in [3]. Throughout the recent
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decades there has been a significant interest on investigating the operator
properties of composition operator and generalization of it while they act
on some spaces of analytic or measurable functions. The above operator
can be generalized by

(
Cg
φf
)
(z) =

∫ z

0
f ′(φ(ξ))g(ξ) dξ, f ∈ H(D), z ∈ D,

where g ∈ H(D), see [5]. Also, if we replace n-th derivative with 1-th
derivative, then we have

(
Cn
φ,gf

)
(z) =

∫ z

0
f (n)(φ(ξ))g(ξ) dξ, f ∈ H(D), z ∈ D,

where n ∈ N0. If n = 0, then C0
φ,g is the Volterra composition operator.

Also for φ(z) = z and g′ we have Volterra type operator Tg,

Tgf(z) =

∫ z

0
f(w)g′(w)dw.

Cn
φ,g is called generalized integration operator, see for example [4, 12]

and references therein. A natural question dealing with this kind of
operators or other classes of operators is that, under which conditions
they are bounded, compact, have closed range and · · · . Another aspect
is computing or estimating norm, essential norm, numerical range, · · ·
of the operator. All characterizations are in terms of symbols induce the
operators.

The aim of this paper is to estimate the essential norm of generalized
integration operators from mixed-norm spaces, which include some well-
known spaces of analytic functions, into weighted Zygmund space. As a
result, compactness criteria for the operator, has been proved in [4], is
obtained.

A positive continuous function ϕ on [0, 1) is called normal if there
are two constants b > a > 0 such that

(i) ϕ(r)
(1−r)a is non-increasing in [0, 1) and ϕ(r)

(1−r)a ↓ 0

(ii) ϕ(r)
(1−r)b

is non-decreasing in [0, 1) and ϕ(r)
(1−r)b

↑ ∞
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as r → 1−. For 0 < p, q < ∞ and ϕ normal, the mixed-norm space
H(p, q, ϕ) consists of all analytic functions in D for which

∥f∥pp,q,ϕ =

∫ 1

0
Mp

q (f, r)
ϕp(r)

1− r
dr < ∞

where

Mq(f, r) =

(
1

2π

∫ 2π

0
|f(reiθ)|qdθ

)1/q

.

If 1 ≤ p < ∞, then H(p, q, ϕ) becomes a Banach space equipped with
the norm ∥.∥p,q,ϕ. In the case 0 < p < 1, ∥.∥p,q,ϕ is a quasi-norm on
H(p, q, ϕ) and this space is a Fréchet space but is not a Banach space.
For α > −1, ϕ(r) = (1 − r)(α+1)/p is a normal function. If p = q, then
H(p, p, (1 − r)(α+1)/p) is weighted Bergman space Ap

α which is defined
by

Ap
α = {f ∈ H(D) : ∥f∥p

Ap
α
=

∫
D
|f(z)|p(1− |z|2)αdA(z) < ∞},

where dA is the normalized area measure on D.
A positive continuous function µ on D is called weight. For a weight

µ, the weighted Zygmund space Zµ, Zygmund-type space, is the space
of f ∈ H(D) such that

sup
z∈D

µ(|z|)|f ′′(z)| < ∞.

The weighted Zygmond space Zµ is a Banach space with respect to the
norm:

∥f∥Zµ = |f(0)|+ |f ′(0)|+ sup
z∈D

µ(|z|)|f ′′(z)|.

The weighted Bloch space Bµ defined by

Bµ = {f ∈ H(D) : ∥f∥Zµ = |f(0)|+ sup
z∈D

µ(|z|)|f ′(z)| < ∞}.

Note that if µ(z) = (1 − z2), then we obtain classical Zygmund space
Z and Bloch space B. For a complete information about classical Bloch
space, see [13].
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Hu in [6] has characterized those holomorphic symbols on the unit
ball for which the induced extended cesàro operator is bounded (com-
pact) on mixed norm space. The boundedness of cesàro operators on
mixed norm space is studied in [7]. Boundedness and compactness of
the generalized integration operator from a mixed norm space into a
weighted Zygmund space investigated by Guo and Liu in [4]. More re-
sults on integral type operators acting on mixed norm, Zygmond and
Bloch spaces can be found in [1, 5, 8, 9, 10, 11, 12].

Guo and Liu in [4] have characterized compact generalized integra-
tion operators Cn

φ,g between mixed norm and weighted Zygmund spaces.
Indeed, they have proved that Cn

φ,g : H(p, q, ϕ) → Zµ is compact if and
only if

A = lim
|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

= 0

B = lim
|φ(z)|→1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

= 0

In this paper, motivated by the above results, we find an approximation
of the essential norm of the generalized integration operators Cn

φ,g :
H(p, q, ϕ) → Zµ and prove that

∥Cn
φ,g∥e ≈ max{A,B},

it means that there exists constants C,D such that CB ≤ A ≤ DB or
equivalently CA ≤ B ≤ DA.

Recall that for any operator T between two Banach spaces X and
Y , the essential norm of T is denoted by ∥T∥e,X→Y and is defined as
follows

∥T∥e,X→Y = inf{∥T − S∥ : S is a compact operator from X to Y }.

The operator is compact if and only if ∥T∥e,X→Y = 0.

2 Essential Norm of Cn
φ,g : H(p, q, ϕ) → Zµ or Bµ

In this section we give an estimation for the essential norm of the oper-
ator Cn

φ,g : H(p, q, ϕ) → Zµ or Bµ. First we recall a fundamental lemma
for later use in the paper.
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Lemma 2.1. [10] Assume that p, q ∈ (0,∞), ϕ is normal and f ∈
H(p, q, ϕ). Then for each n ∈ N0, there is a positive constant C inde-
pendent of f such that

|f (n)(z)| ≤ C
∥f∥p,q,ϕ

ϕ(|z|)(1− |z|2)1/q+n
, z ∈ D.

The following lemma can be obtained by a standard argument, see
[2].

Lemma 2.2. Let φ be a analytic self-map of D. Then Cn
φ,g : H(p, q, ϕ) →

Zµ is compact if and only if Cn
φ,g : H(p, q, ϕ) → Zµ is bounded and for

any bounded sequence {fk} in H(p, q, ϕ) which converges uniformly to
zero on compact subsets of D as k → ∞, we have ∥Cn

φ,gfk∥Zµ → 0 as
k → ∞.

By the above observations, in the next proposition, we get that every
bounded generalized integration operator Cn

φ,g with ∥φ∥∞ = supz∈D |φ(z)| <
1, is compact.

Proposition 2.3. Let p, q ∈ (0,∞), ϕ is normal, g ∈ H(D) and φ be a
analytic self-map of D. If ∥φ∥∞ < 1 and the operator Cn

φ,g : H(p, q, ϕ) →
Zµ is bounded then it is compact

Proof. Since Cn
φ,g is bounded, then there exists a positive constant C

such that for
∥Cn

φ,gf∥Zµ ≤ C∥f∥p,q,ϕ, (1)

for all f ∈ H(p, q, ϕ). Let f1(z) =
zn

n! . Then we have

sup
z∈D

µ(|z|)|g′(z)| = ∥Cn
φ,gf1∥Zµ ≤ C∥f1∥p,q,ϕ < ∞. (2)

Similarly for f2(z) = zn+1

(n+1)! , by using triangle inequality and the fact

that |φ(z)| < 1, we get that

sup
z∈D

µ(|z|)|φ′(z)g(z)| < ∞. (3)

Now assume that {fk}k∈N is a bounded sequence in H(p, q, ϕ) such that
converges to 0, uniformly on compact subsets of D, as k → ∞. This
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implies that {f ′
k}∞k=1 and {f ′′

k }∞k=1 converge uniformly to 0, on compact
subsets of D, as k → ∞. By (2) and (3) we obtain

∥Cn
φ,gfk∥Zµ =|(Cn

φ,gfk)
′(0)|+ sup

z∈D
µ(z)|(Cn

φ,gfk)
′′(z)|

≤|f (n)
k (φ(0))g(0)|+ sup

z∈D
µ(|z|)|(Cn

φ,gfk)
′′(z)|

≤|f (n)
k (φ(0))g(0)|+ sup

z∈D
µ(|z|)|f (n+1)

k (φ(z))φ′(z)g(z)|

+ sup
z∈D

µ(|z|)|f (n)
k (φ(z))g′(z)|

=|f (n)
k (φ(0))g(0)|+ sup

|φ(z)|≤ρ
µ(|z|)|f (n+1)

k (φ(z))φ′(z)g(z)|

+ sup
|φ(z)|≤ρ

µ(|z|)|f (n)
k (φ(z))g′(z)|,

which tends to 0, as k → ∞. Here ρ = ∥φ∥∞, ρ ∈ (0, 1). Hence by
Lemma 2.2, Cn

φ,g is compact. □
Now, in the next theorem we estimate the essential norm of Cn

φ,g :
H(p, q, ϕ) → Zµ. We use ∥Cn

φ,g∥e for the essential norm of Cn
φ,g :

H(p, q, ϕ) → Zµ instead of ∥Cn
φ,g∥e,H(p,q,ϕ)→Zµ

.

Theorem 2.4. Let p, q ∈ (0,∞), ϕ is normal and φ be a analytic self-
map of D. If the operator Cn

φ,g : H(p, q, ϕ) → Zµ is bounded then

∥Cn
φ,g∥e ≈ max{ lim sup

|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

,

lim sup
|φ(z)|→1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

}.

Proof. If ∥φ∥∞ < 1, then by the Proposition 2.3, the operator Cn
φ,g is

compact and therefore ∥Cn
φ,g∥e = 0. Also by Theorem 2.7 of [4], we have

lim sup
|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

= 0

and

lim sup
|φ(z)|→1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

= 0.
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Now assume that ∥φ∥∞ = 1. Let {zj}j∈N be a sequence in D such that
|φ(zj)| → 1, as j → ∞. Since ϕ is a normal function, then we have a
positive constant b from the definition. Put α = 1/q + b+ 1 and define
the sequence {fk} as follows

fk(z) =
(1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)

(
1

(1− φ(zk)z)α
− α(1− |φ(zk)|2)

(α+ n)(1− φ(zk)z)α+1

)
.

Direct calculations shows that

f
(n)
k (z) =

(1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)
α(α+ 1) · · · (α+ n− 1)φ(zk)

n

(1− φ(zk)z)α+n

− (1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)

× α(α+ 1) · · · (α+ n− 1)(α+ n)(1− |φ(zn)|2)φ(zn)
n

(α+ n)(1− φ(zk)z)α+n+1

f
(n+1)
k (z) =

(1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)
α(α+ 1) · · · (α+ n)φ(zk)

n+1

(1− φ(zk)z)α+n

− (1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)

× α(α+ 1) · · · (α+ n− 1)(α+ n)(1− |φ(zk)|2)φ(zk)
n

(α+ n)(1− φ(zk)z)α+n+1
.

It is not difficult to show that {fk} is a bounded sequence in H(p, q, ϕ),
i.e., there exists a positive constant C such that

sup
k

∥fk∥p,q,ϕ ≤ C. (4)

Also, it is convergent to zero uniformly on compact subsets of D. More-

over, we have f
(n)
k (φ(zk)) = 0 and

f
(n+1)
k (φ(zk)) = −α(α+ 1)(α+ 2) · · · (α+ n− 1)φ(zk)

n+1

ϕ(|φ(zk)|)(1− |φ(zk)|2)1/q+n+1
.

Therefore for any compact operator T : H(p, q, ϕ) → Zµ we have

lim
n→∞

∥Tfk∥Zµ = 0.
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By these observations we get that

∥Cn
φ,g − T∥ ⪰ lim sup

k→∞
∥Cn

φ,gfk − Tfk∥Zµ

⪰ lim sup
k→∞

∥Cn
φ,gfk∥Zµ − lim sup

k→∞
∥Tfk∥Zµ

⪰ lim sup
k→∞

µ(|zk|)|φ′(zk)g(zk)||φ(zk)|n+1

ϕ(|φ(zk)|)(1− |φ(zk)|2)1/q+n+1
.

And so

∥Cn
φ,g∥e = inf

T
∥Cn

φ,g − T∥ ⪰ lim sup
|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

. (5)

Now we define the sequence {hk} as follows

hk(z) =
(1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)

(
α+ n+ 1

(1− φ(zk)z)α
− α(1− |φ(zk)|2)

(1− φ(zk)z)α+1

)
.

It is easy to see that

h
(n)
k (z) =

(1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)
α(α+ 1) · · · (α+ n− 1)(α+ n+ 1)φ(zk)

n

(1− φ(zk)z)α+n

− (1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)

× α(α+ 1) · · · (α+ n)(1− |φ(zn)|2)φ(zn)
n

(α+ n)(1− φ(zk)z)α+n+1

h
(n+1)
k (z) =

(1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)
α(α+ 1) · · · (α+ n+ 1)φ(zk)

n+1

(1− φ(zk)z)α+n+1

− (1− |φ(zk)|2)b+1

ϕ(|φ(zk)|)

× α(α+ 1) · · · (α+ n+ 1))(1− |φ(zk)|2)φ(zk)
n+1

(1− φ(zk)z)α+n+2
.

Then {hk} is a bounded sequence in H(p, q, ϕ) converging to zero uni-
formly on compact subsets of D and

h
(n)
k (φ(zk)) =

α(α+ 1)(α+ 2) · · · (α+ n− 1)φ(zk)
n

ϕ(|φ(zk)|)(1− |φ(zk)|2)1/q+n
, h

(n+1)
k (φ(zk)) = 0.
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Hence

lim
n→∞

∥Thk∥Zµ = 0,

for any compact operator T : H(p, q, ϕ) → Zµ. By definition of the
operator norm we have

∥Cn
φ,g − T∥ ⪰ lim sup

k→∞
∥Cn

φ,ghk − Thk∥Zµ

⪰ lim sup
k→∞

∥Cn
φ,ghk∥Zµ − lim sup

k→∞
∥Thk∥Zµ

⪰ lim sup
k→∞

µ(|zk|)|g(zk)||φ(zk)|n

ϕ(|φ(zk)|)(1− |φ(zk)|2)1/q+n+
.

Therefore, using the definition of the essential norm we obtain

∥Cn
φ,g∥e = inf

T
∥Cn

φ,g − T∥ ⪰ lim sup
|φ(z)|→1

µ(|z|)|g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

. (6)

From (5) and (6), the lower estimate of the essential norm is achieved.

Suppose that {rj} be a sequence in (0, 1) and rj → 1 as j → ∞.
Since Cn

φ,g : H(p, q, ϕ) → Zµ is bounded, then it is clear that Cn
rjφ,g :

H(p, q, ϕ) → Zµ is also bounded. Also, since ∥rjφ∥∞ < 1, then by
Proposition 2.3, we get that Cn

φ,g : H(p, q, ϕ) → Zµ is a compact operator
for any j. Thus

∥Cn
φ,g∥e ≤ ∥Cn

φ,g − Cn
rjφ,g∥ = sup

∥f∥p,q,ϕ≤1
∥(Cn

φ,g − Cn
rjφ,g)f∥Zµ , j ∈ N.
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Now let f ∈ H(p, q, ϕ) and ∥f∥p,q,ϕ ≤ 1. Then

∥(Cn
φ,g − Cn

rjφ,g)f∥Zµ = |((Cn
φ,g − Cn

rjφ,g)f)(0)|
+ |((Cn

φ,g − Cn
rjφ,g)f)

′(0)|+ sup
z∈D

µ(|z|)|((Cn
φ,g − Cn

rjφ,g)f)
′′(z)|

≤|(f (n)(φ(0))− f (n)(rjφ(0)))g(0)|
+ sup

z∈D
µ(|z|)|φ′(z)g(z)(f (n+1)(φ(z))− rjf

(n+1)(rjφ(z)))|

+ sup
z∈D

µ(|z|)|g′(z)(f (n)(φ(z))− f (n)(rjφ(z)))|

=|(f (n)(φ(0))− f (n)(rjφ(0)))g(0)|
+ sup

|φ(z)|≤δ
µ(|z|)|φ′(z)g(z)(f (n+1)(φ(z))− rjf

(n+1)(rjφ(z)))|

+ sup
δ<|φ(z)|<1

µ(|z|)|φ′(z)g(z)(f (n+1)(φ(z))− rjf
(n+1)(rjφ(z)))|

+ sup
|φ(z)|≤δ

µ(|z|)|g′(z)(f (n)(φ(z))− f (n)(rjφ(z)))|

+ sup
δ<|φ(z)|<1

µ(|z|)|g′(z)(f (n)(φ(z))− f (n)(rjφ(z)))|, (7)

where δ ∈ (0, 1), is fixed. Since frj → f uniformly on compact subsets
of D, where fr(z) = f(rz), then

|(f (n)(φ(0))− f (n)(rjφ(0)))g(0)| → 0

as j → ∞. Also

lim sup
j→∞

sup
|φ(z)|≤δ

µ(|z|)|φ′(z)g(z)(f (n+1)(φ(z))− rjf
(n+1)(rjφ(z)))| = 0

lim sup
j→∞

sup
|φ(z)|≤δ

µ(|z|)|g′(z)(f (n)(φ(z))− f (n)(rjφ(z)))| = 0.

Here we use (2) and (3) and the fact that f
(n+1)
rj → f (n+1) and

f
(n)
rj → f (n) uniformly on compact subsets of D. Also by (7) and Lemma
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2.1 we have

∥(Cn
φ,g − Cn

rjφ,g)f∥Zµ

≤ sup
δ<|φ(z)|<1

µ(|z|)|φ′(z)g(z)(f (n+1)(φ(z))− rjf
(n+1)(rjφ(z)))|

+ sup
δ<|φ(z)|<1

µ(|z|)|g′(z)(f (n)(φ(z))− f (n)(rjφ(z)))|

≤ sup
δ<|φ(z)|<1

µ(|z|)|φ′(z)g(z)f (n+1)(φ(z))|

+ sup
δ<|φ(z)|<1

µ(|z|)|φ′(z)g(z)rjf
(n+1)(rjφ(z))|

+ sup
δ<|φ(z)|<1

µ(|z|)|g′(z)f (n)(φ(z)))|

+ sup
δ<|φ(z)|<1

µ(|z|)|g′(z)f (n)(rjφ(z))|

≤2C sup
δ<|φ(z)|<1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

+ 2C sup
δ<|φ(z)|<1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

. (8)

So

∥Cn
φ,g∥e ≤ sup

∥f∥p,q,ϕ≤1
∥(Cn

φ,g − Cn
rjφ,g)f∥Zµ

≤2C sup
δ<|φ(z)|<1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

+ 2C sup
δ<|φ(z)|<1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

.

Therefore as δ → 1 we obtain

∥Cn
φ,g∥e ⪯ max{ lim sup

|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n+1

,

lim sup
|φ(z)|→1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

}.

This completes the proof. □
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If we set n = 1 in the Theorem 2.4, then we have the following
corollary.

Corollary 2.5. Let p, q ∈ (0,∞), ϕ be normal and φ be a analytic
self-map of D. If the operator Cg

φ : H(p, q, ϕ) → Zµ is bounded, then

∥Cg
φ∥e ≈ max{ lim sup

|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+2

,

lim sup
|φ(z)|→1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+1

},

and as a result, Cg
φ : H(p, q, ϕ) → Zµ is compact if and only if

lim sup
|φ(z)|→1

µ(|z|)|φ′(z)g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+2

= 0,

lim sup
|φ(z)|→1

µ(|z|)|g′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+1

= 0.

When n = 1 and g(z) = φ′(z), then C1
φ,φ′ = Cφ, the well-known

composition operator, and we have the next corollary.

Corollary 2.6. Let p, q ∈ (0,∞), ϕ is normal and φ be a analytic self-
map of D. If the operator Cφ : H(p, q, ϕ) → Zµ is bounded then

∥Cφ∥e ≈ max{ lim sup
|φ(z)|→1

µ(|z|)|φ′2(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+2

,

lim sup
|φ(z)|→1

µ(|z|)|φ′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+1

},

and as a result, Cφ : H(p, q, ϕ) → Zµ is compact if and only if

lim sup
|φ(z)|→1

µ(|z|)|φ′2(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+2

= 0,

lim sup
|φ(z)|→1

µ(|z|)|φ′(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+1

= 0.
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With different choices on ϕ and g and the other parameters of the
operator and space, we can obtain some other results.

Theorem 2.7. Let p, q ∈ (0,∞), ϕ is normal and φ be a analytic self-
map of D. If the operator Cn

φ,g : H(p, q, ϕ) → Bµ is bounded then

∥Cn
φ,g∥e ≈ lim sup

|φ(z)|→1

µ(|z|)|g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

.

The proof is similar to the proof of Theorem 2.4.

Corollary 2.8. Let p, q ∈ (0,∞), ϕ is normal and φ be a analytic self-
map of D. Then the operator Cn

φ,g : H(p, q, ϕ) → Bµ is compact if and
only if

lim sup
|φ(z)|→1

µ(|z|)|g(z)|
ϕ(|φ(z)|)(1− |φ(z)|2)1/q+n

= 0.
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