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1 Introduction

Let H be a Hilbert space with inner product (-, -) and induced norm || ||.
Many important real-world problems can be formulated as the finding of
zero(s) of an operator. The variational inclusion problem seeks a point
a* € H such that

0 € (G1+ B)(a"), (1)

where G; : H — 2™ is a multivalued operator and B : H — H is a
single valued operator. For B = 0,(1) becomes the inclusion problem
introduced by Rockafellar [20]. Indeed, Problem (1) includes many im-
portant optimization problems like variational inequalities, minimization
problems, split feasibility problems, fixed point problems, Nash equilib-
rium problems in noncooperative games, and many more. Also, many
problems in signal processing, image recovery, and machine learning can
be formulated as (1); see, e.g, [2, 6, 7, 8, 10, 11, 18, 19, 22, 23, 25, 20]
and the references therein. The problem of finding common elements of
the set of solutions of variational inequality problems and the set of fixed
points of nonlinear operators has become an interesting area of research
for many researchers working in the area of nonlinear operator theory

see, €.g, [ ) “y ) 9 ) ) ) ]

In this paper, we consider the following split problem which aims to
find a* € H such that

a* € (G +B)1(0)NFix(S),  Ada* € G, 1(0), (2)

where Gi,Gs : H — 2" are multivalued operators, B,S : H — H are
single valued operators and A : H — H is a non-zero bounded linear
operator which A* is the adjoint of A. Also Fix(S) is the set of fixed
point of S and (G; + B)~1(0) denotes the solution set of the variational
inclusion of finding a point a* € H such that

0 € (G1+ B)(a"), (3)

and Go~1(0) is defined in a similar way. There are several ways to solve
the split problems, see [3-24].
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A valuable approach to solve variational inclusion Problem (3) is the
well-known forward-backward algorithm [14] defined by

i1 = jAg]l (I — )\jB)ﬂj, ap € 'H,

where the operator B is generally (inverse) strongly monotone. To relax
the strong monotonicity condition imposed on B, Tseng [21] suggested
a modified forward-backward method defined by

{ by = TV (T~ AB)(5),
¢i+1 = by — p(B(by) — B(g)),
where B is a monotone continuous Lipschitz operator. Cholamjiak et
al. [8] proposed the following Tseng-type method to solve Problem (3)
without the prior knowledge of Lipschitz constant of the operator B,

by = TV (I = AB)(5),

Gr1 = (1= 0)¢i + 050 + 6;A(B(c;) — B(by)),

. ul|w; b |
qu_mm{)\,Wm}'

By use of the Krasnoselskii-Mann theorem ([2]), Akram et al. presented
the following iterative algorithm for solving the common solution of split
variational inclusion problem and fixed point problem by using appro-
priate assumptions:

{ by = o — 7 | Ty + A (T - T2 Aa |
aj+1 = Oéjiﬁ(aj) + (1 — Oéj)Sbj,

where 7 = W, S is a nonexpansive mapping and 1 is a contraction.

Motivated and inspired by the works of [2, 8], we construct an it-
erative algorithm for finding a solution of the split Problem (2). This
method consists of forward-backward method, fixed point method, self-
adaptive method. Weak and strong convergence of the sequence gener-
ated by proposed algorithm are discussed.
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This work is organized as follows: In Section 2, we recall some lem-
mas, theorems, and definitions as preliminaries. In Section 3, we suggest
an algorithm and investigate its convergence and rate convergence anal-
ysis. Then we give an example to support our results. Finally, Section 4
is devoted to the conclusion.

2 Preliminaries

Let H be a Hilbert space with inner product (-, -) and induced norm || ||.
Let G : H — 2% be a multivalued operator. The graph of G is displayed
with G(G) and defined by

G(G) = {(5,t) L sEH, te g(s)}.
Recall that G is said to be
1. monotone if for all s,a € H , t € G(s) and b € H(a),
(s —a,t—b) >0;
2. maximal monotone if and only if for (s,t) € H x H,
(s —a,t—b) >0, V(a,b) € G(G),
implies that (s,t) € G(G);

3. p-strongly monotone if there exists a constant p > 0 such that
(s —a,t—b) > plls — a||?, Vs,aeH, teG(s), b eG(a).

Let B : H — H be an operator, B is called

1. Lipschitz continuous if there exists a constant £ > 0 such that

1B(a) = B(b)[| < Llla—bll,  Va,be?;

2. monotone if the following relation holds:

(B(a) — B(b),a —b) >0, Va,be H;
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3. firmly nonexpansive if the following relation holds:

(B(a) — B(b),a — b) > ||B(a) — B(b)|?, Va,beH,

4. demiclosed if Fix(B) # @ and {a;} is a sequence in H and weakly
convergent to a € H such that (Z — B)a; — 0 where 7 is identity
mapping in #H, implies B(a) = a.

The resolvent mapping J /\g : H — H associated with the maximal mono-
tone operator G is defined by

TV (@) = (Z+XG)(z), VacH,

for some A > 0, where 7 is identity mapping in H. It is known that for
all A > 0, the resolvent mapping 7, )\g is single valued, nonexpansive and
firmly nonexpansive.

There exist two basic concepts of convergence rate of a sequence [17,
Chapter 9]. Let {a;} be a sequence in H and a € H. The sequence {a;}
is called

(i) convergent R-linearly to a if

limsup ||a; — af|/ < 1;
j—00

(ii) convergent Q-linearly to a if there exist constant numbers v € (0,1)
and jg > 1 such rhat

lajtr —all < vllgg —al, Vi >jo.

It is known that Q-linear convergence implies R-linear convergence [17,
Section 9.3]. The inverse in general is not true.

Lemma 2.1 ([5]). Let H be a real Hilbert space. Let G : H — 2%
be a mazimal monotone operator and B : H — H be a monotone and
Lipschitz continuous operator. Then G 4+ B is a maximal monotone
operator.
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Lemma 2.2 ([1]). If B: H — H is nonexpansive, then T — B is demi-
closed at zero. Moreover, if B is firmly nonexpansive, then T — B is
firmly nonexpansive.

Lemma 2.3 ([1]). IfG : H — 27 is a mazimal monotone operator, then
j/\g and T — j/\g are firmly nonexpansive.

Theorem 2.4 (][9], Theorem 3.1). If B : H — H is a nonexpansive
mapping and b € Fix(B). Then for all x € H,

(a — Ba,b — Ba) < i|ja— Ba|*

3 Main Results

In this section, we introduce the proposed algorithm. Then we establish
the weak convergence of the sequence generated by the algorithm. By
additional assumption of strong monotonicity of the operator, the strong
convergence of the sequence is attained. Then, we discuss on the rate
convergence of the generated sequence. The proposed algorithm con-
sists of forward-backward method, fixed point method and self-adaptive
method. In addition it uses a simple step-size rule without the prior
knowledge of Lipschitz constant of the operator.

Algorithm 3.1.
Initialization: Choose arbitrary initial point ag € H and X', \g > 0.
Take a,n € (0,1], u € (0,1), and € € (0, 1] such that

2
T3 <f<l (4)
Iterative Steps: Calculate a;;1 and Ay as follows

Step 1. Assume that a; € H, and \j are given. Put 7 = HjHQ, compute

u = —7A" (I— jg/2> Aaj,

fj = (1 — Oé)Clj + au;.
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Step 2. Compute
bj = TV (Z — AB)F;
t = (1 — 0)f; + 0b; + OX (B(F) — B(b;)), (5)

and
a1 =1t + (1 —1)Sh.

Step 3. Update
M = min {5, el (6)
Define the set
T = {a €H :ac (G +B)(0)NFix(S), Aac g;l(())}.

Now, we prove if T # @, then under some conditions on operators, the
sequence generated by Algorithm 3.1 is weakly convergent to a point
in T. To prove the main result, we need the following lemma.

Lemma 3.2. If 0, u are real numbers in [0, 1] satisfying
2 1
3 < 0 < T p#1,

then (1)
0(1— 1-6
soron + g <L (7)

Proof. The inequality (7) is equivalent to
(1% + 21— 3) 6% + (5 — p)o —2 >0,

that is a quadratic equation in term of #. Since the discriminant of this

equation is equal to A = (3u + 1)2. So this equation has two roots as

0, = ﬁ and 6y = ﬁ Considering (12 + 2i — 3) < 0, it suffices to
2 1

assume that 3 < 0 < it (]

Theorem 3.3. Let ‘H be a real Hilbert space. Let G1,Go : H — oH
be mazimal monotone operators and B : H — H be a monotone and
Lipschitz continuous operator. Also assume that S : H — H is a non-
expansive operator and A : H — H is a bounded linear operator which
A* is the adjoint of A. If T is not empty, then the sequence generated
by Algorithm 3.1, converges weakly to a solution of the Problem (2).
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Proof. Since T is not empty, let £ € T. By the definition of {t} in
Algorithm 3.1, we have

16— &% = 1(1 = 0)(f; — &) + 0(b; + N (B(F;) — B(by)) — &I°
= (L= 0)[If; — €I* + 01165 + N (B(F;) — B(by)) — ]I
—0(1 = 0)[|b5 — f; + A (B(F;) — B(y))|1*. (8)

Also, we have

16 + A (B(f;) — B(by)) — &1

= [|b5 + § — f; + A (B(;) — B(by)) — &]1°

< [lbs — K11 + 11y — &I1* + N2 1IB(F) — B(oy)||?
+ 2(b; — fj, fj — &) + 2Xi(b; — fy, B(f;) — B(by))
+2X0i(f; — &, B(f;) — B(b;))

= [Ify — &II” + 1| — §[1* + 2{b; — i, f; — b))
+2(b; — fj, by — &) + N2 B(f;) — B(by)[|?
+ 2Xi(b; — fj, B(f;) — B(b;))
+ 20 (f; — &, B(f;) — B(b;))

< |l = &I = 116y = §lI” + A2 1B() — B(oy)|?
+ 20i(b; — &, B(f;) — B(b;)) + 2(bj — fj, bj — )

< [Ify — &I1> - Hb;—’f1||2+A I1B(5;) — B(by)||?
—2(b; — &, fj — bj — N(B(f;) — B(b)))). 9)

From b; = j)\gjl (Z — N\B)fj, we get
fi — b — A(B(f;) — B(bj)) € Aj(G1 + B)b;. (10)

By Lemma 2.1, G; + B is monotone. This together with 0 € A (G1 + B)¢
imply that

(fi — b — Ai(B(f;) — B(bj)), b; — &) > 0. (11)
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Using (6), (9) and (11), we conclude that

16+ A (B(F;) — B(by)) - €||°
< IIf5 — €01 = 11ty = 1% + N2 (1B(fy) — B(oy)[|?
< i = €07 = o5 = 512+ 2wl — o

2
<l - €l = (1= 307} 1, - w2 (12)
By (5), (8) and (12), we obtain

It — €17 = (1 = )1y — &II* + 016y + N(B(;) — B(by)) — €]
= 0(1 = 0)][b; + N(B(5;) — B(by)) — €]
< (1= 0)llf — €lI* + ol — €17

- (1= 5 1 - wP
~ 61~ 0)y + X (B() - B(ey) - €
— 1€l =6 (1= ¥ ) 1~ w2
—0(1 = 0)|Iby — Fi + X (B(F;) — B(by))[|”
— - €l = 8 (1= 352 I - P
- 52— 17, 13

it follows from (5) and (6) that

16 — bl = [I(1 = O)(F; — bj) + OA(B(F;) — B(by)) |
< (X =) — Byl + ONI(B(F) — B(by))|
< (=0 = o)l + 51015 — bl

_ ((1 9+ ﬁue) 15 — b1l (14)
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which gives
It = Fill <11t — bl + 116y —
< (1= 0+ 2500) IIfy - b+ 1If - b
= (2= 0+ 210) Il — f,

Aj+1

it turns out that

-1
oy = fill = [2 =0+ 28] Il — Fll

Aj+1

It follows from (13), (14) and (16), that

2
I €l < 15— 612 - {o (1- )

2
[o-0+ 2] " 50 i -

We put
w0122 2 a0y Mg e
= — i — =7
=0 (155 o]
Thus,

It — 1% < 115 — €l* — Hills — 511

Also, we have

15 — €17 = 11 = a)aj + avy — €|
=11 = a)(a — &) +aly - O
= (1 a)llgy — &)1 + ally — |°

—a(l— a)lle —uj|*.

(18)

(20)
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By Lemma 2.3, T — J52 is firmly nonexpansive. So, we get
(A (T T) Aa— A (T T%) Aa—¢)
= ((z- %) Aa— (- T%) Ag, Aa - A¢)
> |(z- 78) Aa - (- T) A€H2
= e P (2 - 782) Aa - (T - 72) “4§H2

> plAT (I - Jf/z) Aa — A* (I - Jfﬁ) Ag|?

A (1-98) Aa— e (1 78) 4c

T

Using the above relations, we have,
Juy = €12 = ||y — 74" (7~ T8 Ag; - 5”2
= llay — €17 + 72 A" (T - T ) A
—or <aj A (I - jfﬁ) Aaj>
= lloy = €I + 724" (T - 7)Ao
(2 ) A
—27 (o — £, A" (T - %) Ag
(- a7) 40
<l — €l = 72 |a* (- 7) Ag
()
< flos — €%
By definition of {fj}, it follows that

16— 12 = It — (1 — a)a; — ony 2

= — ay — a(y — o))

(21)

11
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= It — > + o[l — ajl|* — 2a(t; — aj, 15 — )
> It — ql* + &l — ai]* — allty — q]|* — oy — q?
=(1-a)llt — o> — (1L — ) [y — > (22)
From (17), (20),(21) and (22), we get
I —€IIP < (1 —a)llay — &[I° + ally — &7

—a(l = a)lla — w2 = # (1 - )l — )

—a(l - a)u; - )
< (1= a)lla — &)1 + allg — €|
+a(l—a)(H; - DI§ - ail* = H;(1 - @)l — o5
= [l = &)1* + a1 — ) (H; — 1)l — a5
—H(1 - o)l — %, (23)
Now, we show that limj_,oc Aj = A. If for some j, B(b;) = B(jj), then

Ai+1 = Aj. Otherwise since B is Lipschitz continuous, then

1B(bs) = B(j)ll < Li[b; — ill-

Thus
pllo=fill > p o=fill _op
1B(6;)=-B()I = L [loj—fll — L~

The above relation shows that the sequence {\;} is bounded from below.
Since {\j} is nonincreasing, then it is convergent. Let limj_,o Aj = A.
Considering ﬁ < 0 < 1, for enough large j we have

-2
ogﬁjze(l—ﬁi;ﬁ) [2—9+lw0 + 10

Aj+1

< gl y 190 <, (24)
Now, by definition of {1} and from nonexpansivity of S, we get
lajrr =&l = lInty + (1 —n)St ¢

= lIn( = &) + (1 = n)(St =S¢
<l =&l + A =n)liy =&l = It — &I (25)
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From Egs. (23), (25) and considering (24), for enoughlarge j, we get

lajen = &l < flaj = €]

So the sequence ||a; — &|| is noninceasing and bounded from below. We
can assume that lim;_, [|a; — £|| = . Also, again by (23) and (25), we
conclude that

a1 = €01* < lloy = €1* + a1 — @) (M = Dl —aif*. (26)

By taking liminf of both sides of inequality (26) and that H < 1, we
observe that

7 <y +a(l—a)(H - limsup fu; — o).

j—00
and so
limsup ||yj — a;/| = 0.
j—o00
By a similar way, limsup;_, . [|tj — a;|| = 0. Also
Iy = aill = [I(1 = @)ay + ar; — ajf| = affuy — a]].

Above inequality implies that lim;_, ||fj—a;|| = 0 and so {f;} is bounded.
In addition,
I1fi = &l = I — aill + llay = ]].

Hence, the above inequality implies that lim;_, ||f; — || = 0 and so {t}
is bounded. Next, we show that {b;} is bounded.

H@—QP:WﬁﬁI—N@ﬁ—Jgﬂ—AﬁKW
< (T = AB)f; — (T — AB)E|)?
< |Ify = &I1° + A7) Bf; — BE|)?

A2
<If = &l* + 572l - €1 (27)
Above inequality shows that {b;} is bounded. From (14), we observe
I~ bl < (1 -6+ 52 8) [~ by

< (1—0+2500) (i — 61+ 16 —5l).  (28)

13
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Since (1 — 0 + pf) < 1 and {b;} is bounded, by taking limsup of both
sides of above inequality, we see that limj_, || — bj|| = 0. Since {a;}
is bounded, it has a weakly convergent subsequence, take {a,,} is a
subsequence that is weakly convergent to ¥ € H. In the sequel, we show
that ¥ € T. For the convenience, we divide the rest of the proof into
four steps.

Step 1. ¥ € (G + B)71(0). Since {a,,} is weakly convergent to ¥
and |la,, — byl — 0, so b,, — J. Let (u,0) € G(G1 + B), that is,
v — B(u) € G1(u). On the other hand, the equality

E’m — \.7/\gjl (Z - AmB)fma

leads to
ﬁ (fm - )\mem - bm) S glbm

Maximal monotonicity of G; leads to
<n — Bu— 3~ (Fn — ABi — byn)yu — bm> > 0,
thus
(0,1 — by) > <Bu + 3 (i — AnBF — b ) — bm>
= 3= (fm — b, 4 — by) + (B(u) — B(by), 1 — byy)
+ (B(bm) = B(fm), u — by)

> _)\1m [Fm = bl = bim |
— [1B(bm) = B(fm) [t = b . (29)
Since ||by, —fm || — 0, {b,,} is bounded and B is Lipschitz, so (b, u—1) >

0. Maximality of (G1+B) leads to 0 € (G1+B)9, that is 0 € (G1+8B)71(0).
Step 2. ¥ € Fix(S). Note that

llay =&l < llaj — &[] + It — &Il < 2la5 — | + [Jay — £,
the relation limj_, ||a; — £|| = 7 leads to limj_, || — ¥|| = 7. Also,
o1 — €17 < nllt; — €17 + (1 = )[4 — S¢|I°
— (1 =)l — S|
< It —¢€l1> = n(1 =)l — 541> (30)
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Taking lim inf of the both sides of (30), we get

7 < 4% = (1 = n)limsup || — S|,

j—r00

Then
limsup || — S| = 0.

)—o0

Since § is nonexpansive, it follows by Lemma 2.2 that Z—S is demiclosed,
therefor ¥ = S9.
Step 8. A9 € G5 1(0). Note that

lim ||y — ;]| = 7 lim HA* (I - ng) AajH —0.
j—00 j—00

By Theorem 2.4, we can deduce that

(am = €A (T T ) Aan)

(Aay, — Ag, (T - T5) Aan)

(Aap — A + (T - ) Ay,

— (- 9%) Aan, (T~ T%) Aan)

= (T Aan — A8, (T - T Aam )

58 e

= — (Ag -~ T Aap, (T - T) Aap)
e o)

> 3 |[(z- 7%) Anu| + [ (7 - 7) Av|

= 3||(z - %) Aan|” (31)

Since {a,,} is weakly convergent to ¢, so Aay, is weakly convergent to
Ad. By (31) and (31), we obtain

I(Z = T3#) Aay|| = 0.

15
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Since (Z—J, g,Q) is nonexpansive, so is demiclosed, by Lemma 2.3, 7, 92 Ay =
AV, that is A9 € G5 *(0). Note that we established ¥ € Y.

Step 4. Whole sequence {a;} is weakly convergent to ¥. Let {a,,} and
{ax} be two subsequences of {a;} that weakly converge to ¥; and 1,
respectively. Note that

2(aj, 91 — U2) = [[91]* — [[92]|* + fla; — 91[|* — fla; — Ja|.
Since limj_, o ||aj — Y1 and limj_,« ||aj — Y2 exist, so we can let

Alim <Clj, 191 — 192> = C
j—ro0
Consequently
(V1,01 — ¥2) = (¥,01 — ¥9).

Thus ¥ = ¥, that is, whole sequence {a;} has weakly unique limit. So
{a;} is weakly convergent to ). This completes the proof. [

In the sequel, by adding the assumption of strongly monotonicity on
B, we consider the rate convergence of Algorithm 3.1. Now, we have the
following result.

Theorem 3.4. Under the hypothesis of Theorem 3.3, in addition, let
B is strongly monotone. Then the sequence generated by Algorithm 3.1
converges at least R-linearly to the unique solution of Problem (2).

Proof. We have

165 — i + Ay (B(w; — B(b;))|]
> [[b; — §ill — Al B(wy) — B(by)||

)\.
> |16y = fill — T] ulF = bl
+1
= (1= xu) I - b (32)

‘)‘L,u) > 0. In addition, arguing

Note that for enough large j, (1 — pv)
)
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similarly to the proof of Theorem 3.3, we get

Il = €2 < I = €12 = 0 (1= $25502) I, — byl
—0(1 = O)][by — fi + N (B(F) — Boy))]”
< I =€l = 0] (1= 52550)
+1-0) (1= 20) [l -l (33)

)+1

Now, because
Ai(B(f;) — B(by)) € Aj(G1 + B)b,

0 € A\(G1+B))¢ and \j(G1+B)) is vAj— strongly monotone, we conclude
that

(5 — b — N(B(5;) — B(b;)), by — &) > vil[b; — ]2 (34)
So

VA6 — €| < (Fy — by, bj — &) — A((B(F;) — B(by)), b; — &)
< Iy — b;ll116; — &Il + r?ﬁﬂ”fi — byll[[6; — &
= (1 2501) IF = wyllle; — €1l (35)
which one deduce that

1§ — &Il < [If; — bl + (155 = &

{H“(HAH )] i — bl (36)
it turns into
If; — bl > [H—ﬁ(H—A#+1 )]71 I — €|l (37)

It follows from (33) and (37) that
2 A2 2 2
Iy -6 < {1-[o (1= 2%2) + 1-0) (1= 254)]
+

(e (s ﬁu))g]_l bi-an @

17
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by (21) and (22), we observe that ||f; — &[|? < |la; — £||2. From (30) and
that [Jaj11 — &[|* < ||ty — &]|* and (38), it is deduced that

a1 — EI1° < pyllay — €)%,

where

41
1 (14 5)]
It is clear that, limj_,o, pj = 1 — k, where
k= (9(1 ) (- 01— u)2) [(1 + 1;“)2} .

Since ﬁ <0<1,u#1,s01—260<0. Therefor

1= [o (1 2) + 0200 (1= 20
1+

01—+ (1 -0 —p)> =1 —20)p> +200 —Dp+1 < 1.

Thus, 0 < k < 1 that means 0 < limj,o p; < 1. So the sequence
{llaj — &]|} is Q—linearly convergent. O

The following corollary is obtained by Theorem 3.3 with # = 1 and
S=1

Corollary 3.5. Suppose that the hypothesis of Theorem 3.3 are satisfied.
Take X', Ao > 0 and three numbers pi, o € (0,1) andn € (0,1]. Let {a;} be
the sequence defined by the following iterative algorithm. Choose ag € H
and compute

W = o) — TAY(Z - J372) Ay,
fi = (1 — o)y + oy,
bj = j)\gll (I - /\jB)fb
t = by + N (B(F) — B(by)),
and
g1 =0t + (1 —n)t,
: b,
Aj+1 = min {)‘i’ %&'w} '
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Then the sequence {aj} converges weakly to a point in
{a L ae (G +B)L(0), Aa € 951(0)}.

The following corollary is obtained by Theorem 3.3 with § =n = 1.

Corollary 3.6. Suppose that the hypothesis of Theorem 3.3 are satisfied.
Take X', Ao > 0 and two numbers p,a € (0,1). Let {a;} be the sequence
defined by the following iterative algorithm. Choose ag € H and compute

Uy =0 —7'./4* (I—J)jf‘aj),
fj = (1—a)aj—|—auj,
by = 9 (T~ AB)

and

a1 = b+ A (B(f;) — B (b)),

Aj+1 = min {)\j, ﬁ%&gw} .
Then the sequence {aj} converges weakly to a point in

{a a€ (G +B)H0), da e g;l(())}.
Example 3.7. Let H = R? with the inner product defined by
(z,y) = 191 + T2y + T3Y3,
and
[2]? = 21 + 22 + 23%, V@ = (v1,22,23), y = (41,92, y3) € R’
We define the operators G; and Go by
/3 0 0 s 0 0

2 0 |, Go=1| 0 Y3 0
0 0 1 0 0 1/

@)

G =
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Clearly G; and Go are maximal monotone operators and their resolvents
are defined by

3 0 0
g . 34X 5
I =Z+NG)" = 0 ox 0 |,
0 0 L
T+
_4 0 0
4+ )N 3
JE=@aNg) = | 0wy )
0 0 =%

Now, consider a bounded linear operator A and its adjoint operator A*

1 3 2 1 4 1
A=114 2 1 |, A*=1 3 2 3
1 3 5 2 15
Not that ||A|l2 = 7.56 and so 7 = 0.0175. We define the mappings B and
S by
3 00 100
B=|0 3 0|, S=|(010
00 % 001

Clearly B is monotone and Lipschitz continuous and S is nonexpansive.
Choose the scalars in Algorithm 3.1 as \' = %, MN=1n=01a= i,
p=0.9, 0 =0.6. So all conditions of Theorem 3.3 are satisfied. Now,
we consider arbitrary initial points

a=(1,1,1)T, (2,2,3)7, (3,4,3)T,

in Algorithm 3.1. Then, the sequence generated by the proposed algo-
rithm converges to a solution (0,0,0)T. The convergence graph of ||a;||
and ||a;4+1 —a;|| is shown in Figs. 1 and 2. Moreover, Table 1 shows that
the numerical results for the three initial points. All of the codes are
written in MATLAB r2015a.

4 Conclusion

In this paper, we investigated an iterative algorithm for solving split
variational inclusion problem and fixed point problem in real Hilbert
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Table 1: Table of Figs. 1 and 2.

ao [|a; ] llaj+1 — ajl|
1.91x107% 1.17x107¢
(1,1,1)T | No. Iter. 58 52
CPU Time(s) 0.00007 0.00002
122x10° 1.15x10°°
(2,2,3)T | No. Iter. 61 55
CPU Time(s) 0.0002 0.00002
111x10°° 1.19x10°°
(3,4,3)T | No. Tter. 62 56
CPU Time(s) 0.00037 0.00002

a.
lla I

100

. . .
10 20 40 60
number of iterations

Figure 1: Convergence graph of ||a;|].

spaces. We proposed an iterative method which consist of fixed point
method, Tseng-type splitting method and self-adaptive method for find-
ing a solution of the considered problem. In addition the algorithm
used a simple step-size rule without the prior knowledge of Lipschitz
constant of the operator and without any linesearch procedure. The
step-sizes were updated at each iteration. Also, weak and strong con-
vergence results of the proposed algorithm are obtained under some mild
conditions. In addition, we established the convergence rate of the pro-
posed algorithm. Finally, we provided a numerical example to illustrate

21
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:
ag=[LL1’
— T
aF2.23]
— T
a=3.4,3]

lla,-a_, I

. . .
1 10 20 40 60
number of iterations

Figure 2: Convergence graph of |a;+1 — a;|.

the computational performance of the new algorithm.
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