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1 Introduction

In recent times, fuzzy lattice-ordered algebraic structures have intensi-
fied the attention of many researchers [24, 25]. Consequently, numerous
applications and methodologies have been developed under the fuzzy
lattice ordered structures [13, 14]. Vimala [27] proposed the theory of
fuzzy lattice-ordered group which combines the characteristics of fuzzy
sets [28] and lattice-ordered groups [5]. Likewise, many concepts were
developed [3, 11, 12] based on [27].

1.1 Review of related literature

In 2007, Aktas et al. [l] introduced the concept of soft groups, which
includes the idea of soft sets [10] in group structures. Sezgin and Atagun
[26] presented the normalistic soft groups and interpreted its homomor-
phism as an expansion to soft groups. In 2009, the concept of fuzzy
soft groups is originated by Aygunoglu et al. [1]. Also, Aygunoglu et al.
defined the fuzzy soft function, fuzzy soft homomorphism, homomorphic
image and pre-image. Then, many researches are done in extensions of
fuzzy sets with group structure [3, 20, 15].

In the field of electrical engineering, complex numbers has the ability
to solve many problems that cannot be solved by using the real num-
bers. Complex numbers can be used to model the periodicity of the
elements by its phase term. In 2002, Ramot et al. [21] proposed the
new idea called complex fuzzy set (CFS), which is a natural extension
of fuzzy set theory. CFS is characterized by a membership function
whose range extends from [0, 1] to the unit circle in the complex plane,
which includes the amplitude and phase terms. The CFSs can able to
solve the two-dimensional uncertainty problems by its phase term, these
CF'Ss have received extensive attention from researchers in the decision-
making field.

Alkouri et al. [2] pioneered the concept of complex intuitionistic fuzzy
sets (CIFSs), which are distinguished by belongingness and non- be-
longingness. Based on this idea, the notion of complex intuitionistic
fuzzy soft sets [] have been developed. Since then, the extensions of
CFSs have become a vigorous area of research in different disciplines
such as engineering, medical science, social science, physics, statistics,
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graph theory, artificial intelligence, signal processing, multiagent sys-
tems, pattern recognition, computer networks, decision making and so
on [9, 7, 22, 23]. In 2019, S. G. Quek et al. [15] introduced the con-
cept of complex intuitionistic fuzzy soft group and investigated its alge-
braic structures. In continuation, the concept of complex intuitionistic
fuzzy soft lattice ordered group (CZFSL-G) is bestowed in [19, 18]. Fur-
ther, some new operations on CZFSL-G such as sum, product, bounded
product, bounded difference and disjoint sum, and also CIFS-COPRAS
method are presented in [17] and then, CIFS SWARA-COPRAS method
is developed in [0]. Followed by that, here we introduce the concept of
lattice ordered group homomorphism (¢- homomorphism) and normality
on CZFSL-G.

1.2 Main Contribution

Many researchers have developed the complex intuitionistic fuzzy soft
set theory. In the existing works, the theory of complex intuitionistic
fuzzy soft set over the lattice ordered group have yet to be investigated.
Thus, motivated by this, we bestowed the concept of complex intu-
itionistic fuzzy soft lattice ordered group (CZFSL-G) and studied its

pertinent properties in [18]. Since then, CZFSL-G have been widely
developed in [6, 16, 17, 18, 19]. This paper is a continuation of the
study in CZFSL-G [19, 18, 17, 16] and we want to get more properties

in this structure. In this paper, we develop homomorphic image (inverse
image) of CZFSL-G under classical /—homomorphism. Also, we have
discussed various fundamental properties. These properties are based on
both classical /- homomorphism and complex intuitionistic fuzzy soft set
structure. Moreover, we define the concept of normal complex intuition-
istic fuzzy soft lattice ordered group and verify some of its properties.

1.3 Paper outline

The rest of this paper is organized as follows: Section 2 contains some
relevant basic concepts. Section 3 provides the concept of complex in-
tuitionistic fuzzy soft ¢- homomorphism and its several characteristics.
Section 4 presents the concept of normality on CZFSL-G and interprets
its properties.
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2 Preliminaries

In this section, we review the basic concepts of lattice-ordered groups
and complex intuitionistic fuzzy soft lattice-ordered groups.

Throughout this paper V and A are the maximum and minimum
operators, respectively and

(i) p > v, if both r > 7 and w > 1 and

(i) u < v, if both r < 7 and w < v, where u = re’” and v = ¢,
with 7,7 € [0,1] and w, ¢ € (0, 27].

Definition 2.1. [5] The system G = (G, *, <) is called a lattice ordered
group (¢- group), if
(i) (G, ) is a group
(i) (G,<) is a lattice
(iii) a<b=z*xaxy <xzxbxy, forall a,b,z,y € G.
Definition 2.2. [5] Let H and K be ¢ - groups and ¢ : H — K
be a group homomorphism from H into H such that (a Vb)¢p = a¢ V

bp, (a Nb)p = a¢ Abg, for all a,b € H, then ¢ is known as an /¢ -
homomorphism.

Definition 2.3. [5] Let E be a set of parameters, CIF'S(U) denote the
set of all complex intuitionistic fuzzy sets on U and F' be a function from
E to CIFS(U). Then (F,FE), is a complex intuitionistic fuzzy soft set
(CIFSS)on U. For all ¢ € E,
(F,E) = {(e,F(e)):c € E,F(c) € CIFS(U)}, in which
Fle) = {(xvﬂﬁ(a)(x)vVﬁ(E)(x)) r e U}

= {(@rp (@m0, 5 (@) FO W) -z e U)
where gy 2 U — {a :a € C,la] <1} and Vi U — {d':d €
C,la'| <1}, |Nﬁ(€)($) + Vﬁ(g)(x” <L

Definition 2.4. [3] Let (Fy, Ay) and (F, Ay) be CIFSSs over U. Then
(F1, A1) C (Fy, Ag), if

(1) Al g A2a
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(i) Fi(ar) € Fola), that is pg (@) < gy, (@) and vy (@) <
Vﬁl(al)(l‘)’ for all z € U, a; € A;.

Definition 2.5. citerel Let (F,E) € CIFSS over the (-group G. Then
(F,E) is said to be a complex intuitionistic fuzzy soft lattice ordered
group (CZFSL-G) over G if for all a € p(F, E) and z,y,eq € G,

(i) HE(a) (xy_l) > HE(a) (w) A HE(a) (),
(ii) VE(a) (my_l) < VE(a) (z) v VE(a) (),
(iii) HE(a) (xVeg) > HE(a) (),

(iv) Vi (a) (xVeqg) < Vi (a) (),

where p(F, E) = {a € E : F(a) is non null} is the support set of (F, E)
and eg is the identity element of G.

3 1- Homomorphism on CIFSL- G

In this section, first we define the image and pre-image of a complex
intuitionistic fuzzy soft function. Furthermore, we propose the complex
intuitionistic fuzzy soft ¢- homomorphism (CZFS (-homomorphism)
and interpret the characteristics of CZFS ¢-homomorphism.
Throughout this paper G; and G denotes the ¢ - groups.

Definition 3.1. Let A; and A be the parameter sets for CIFSSs
over the universal sets Uy and Us, respectively. If ¢ : Uy — Uy and
¢ A] — Ay are two functions, then the pair (¢, ¢) is known a complex
intuitionistic fuzzy soft function (CIFS — Function).

Definition 3.2. Let (F1, A1), (Fy, Ay) € CIFSS over Uy and Us,
respectively and let (¢, ¢) be a CIFS-Function. Then

(i) The image of (F1, A1) under (¢, ¢), denoted by (¢, ©)(F1, Ay, is
CIFSS over Us, defined by (¢, p)(F1, A1) = (¢(F1),¢(A1)) such

5
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that
VoV ey @), E67) #0
#¢(F1)(a2) (y) = ¢(fﬂ)=y 50(111):(12 ’
0, Otherwise
AN V@) Ty D
Vg i) = § o@=yela)=a

0, Otherwise,

where a2 € (A1) and y € Us.

(ii) The pre-image of (ﬁQ, Ag) under (¢, ¢), denoted by ( go) I Fg, As),
is CIFSS over Uy, defined by (¢, ¢) 1 (Fy, Ag) = (¢~ 1 (Fy), ¢ (Az))
such that

Ho1(Fy)(an) () = Biy(p(an)) (%) A0 V1 5y () (T) = Vi ((0,)) P2

where a1 € ¢ 1(Ay) and 2 € U;.

Definition 3.3. The CIFS — Function (¢,¢) is known as a complex
intuitionistic fuzzy soft - homomorphism (CZFS {-homomorphism), if
¢ be a homomorphism of ¢- group from G; to Ga, where G; and G2 are
¢- groups. If ¢ and ¢ are injective (surjective), then (¢, ¢) is said to be
injective (surjective).

Example 3.4. Consider the ¢- group G = (Z,+, V, A) and the parame-
ter sets A1 = {a1,b1,c1}, A2 = {az,b2}. Now, we define the CZFSL-Gs
(F1, Ay) and (Fy, Ay) over the ¢- group Z by

~ (z,0.8¢'17™) 0.2¢03m)) 7 =0
(z,0.45¢"™,0.55¢" (087 otherwise ,

Fl(bl):{(x 0.9¢i(15m) 0.1¢i(05m)  if g =0

(,0.2¢70-4™) 0.8¢/(1-67)) " otherwise

Fl(cl)z{(x 0760127, 0.2¢070) ifw=0
(z,0.65¢"(0- 1”), 0.3¢!(187)) " otherwise |

~ (,0.6e(057™) 0.35¢:09m)) - 5 =0

Fy(az) =

(z,0.2¢7(0-2™) 0.75¢/(1-87))  otherwise |
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Fo(by)= (2,0.7¢'™,0.2¢'™), ifr=0
S (x,O.Gei(O'”),0.4ei(1'3“)), otherwise.
Define ¢ : Z — Z and ¢ : A] — As such that ¢(x) = nz and

¢(a1) = p(b1) = az, p(c1) = bz, where ¢ is a £- homomorphisim. Then
(¢, )(F1, A1) is given by

(y,0.9¢"1T™ 0.1e103m) 4 =0

i ; and o(F)(by) =
(y70'456”r70'5561(0.8ﬂ-))7 otherwise ) QS( 1)( 2)

¢(F1)(az) :{

ﬁl (Cl). "
Also (¢, )~ (Fy, Ag) is given by,

U F)(a1) = ¢~ (F)(b1) = Fa(ap) and ¢~ (Fy)(c1) = Fa(by), for
a1, b1, 1 € o7 (Ag).

Theorem 3.5. Let (F1, A1), (Fb, Ay) € CIFSL-G over Gy and Gy,
respectively. Let (¢, @) be complex intuitionistic fuzzy soft function from
G1 and Go. Then

(9) Py an) W) :%(ﬁl)(m)(y)ef;ué(ﬁ1>(“2>((z’)) and
_ ~ U ¢
l/(]ﬁ(ﬁl)(az)(y) - T¢(F1)(a2)(y)€ é(F1)(az)
(i) prg— )(al)(x) = To-1(F) (al)(x) o1 ()™ gpd
”¢—1<F2><a1>(1") = ay (@) Ve @)
where a1 € p~ (Az) a2 6 <p(A ), € Gy and y € Gs.

Proof. Let x € G1, y € Ga,a1 € Ay and as € As.

()’U¢F1)(12 \/ \/ MF1a1

o(x)=y p(a1)=az

ﬁ( )(5”)
\/ \/ F1 (a1) e p

o(x)=y p(a1)=az

{ \/ \/ " Fi(ar) }iL(a}{—W(al\{_aQwﬁl(al)(w)

o(x)=y p(a1)=az2
() (ag) W)

= () (an) W)€

7
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Similarly, we can get V¢(F1)(a2)(y) = T¢(ﬁ1)(a2)(y)ewﬂfﬁ(%)(y) and also
we can prove (ii). O

Proposition 3.6. Let (ﬁl,Al), (ﬁg,Ag) € CIFSL-G over G1 and Ga,
respectively. Let ¢ : Gi — Go be a £ - homomorphism and ¢ : A1 —
Ao be a onto function. Then

(a) the image of (F1, A1) under (¢,¢) is CLFSL-G over Go,
(b) the pre-image of (Fy, A) under (¢, ) is CLFSL-G over Gy.

Proof. (a) Since, ¢ : G; — Gy is £ - homomorphism i.e., ¢ is a
group homomorphism from G into Ga such that for all z,y € G,

p(xVy) = ¢(x)Vé(y), oz Ay) = o(x) A o(y).

Let z,y,ec, € G2, where eg, is the identity element of Gs. (ﬁl,Al),
(Fy, Ag) € CZFSL-G,

i) Fo(Fy) (a2)(x Vea,)
= VOV kg (€07 @V eay)

P(z)= zVea, p(ar)=az

> V V {'uFl(al)(u \ €G1)|u S ¢_1(x)a ea, € ¢_1(602)}

d(uveg,)=zVeg, p(a1)=az

> VY @ e o7 @)

P(u)=z p(a1)=a
= Hy(Fy)(an) ()
Similarly, we can get (ii) V¢(ﬁ1)(a2)($\/eg2) < V¢(ﬁ1)(a2)(x), (iii) H(Fy) (az)
(@Y1 2 By az) () Mgy a) () 80D (V) V7 ) (T8 ) S Vi )
() V Vfb(ﬁ)(tzz)(y)' Hence, (¢(F1), (A1) € CIFSL-G(Ge). O

Proposition 3.7. Let (ﬁl,Al), (ﬁQ,Ag) € CZFSL-G over Gy and G,

respectively and (¢,¢) is a CZFS {-homomorphism from Gy to Ga.
Then

M¢(ﬁ1)(a2)(ea2) = “ﬁl(al)(eGl) and v, 5(F1)(a )(eGQ) = Vﬁl(al)(eGl)7

where ay € (A1) and e, and eq, are the identity elements of G1 and
Gy, respectively.
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Proof. Let e, and eg, are the identity elements of G; and Ga, respec-
tively. For as € ¢(A7),

By (€G2) =V Vo 1F (0 (€61) = 17 (4, (€cy) and
d(eg, )=ec, plar)=az

V¢(ﬁ1)(a2)(6G2) = A A Vﬁl(al)(eGl) = Vﬁl(al)(6G1)'

d(ec,)=ec, plar)=az

Since, “ﬁl(al)(eGl) > Mﬁl(al)(x> and l/ﬁl(al)(e(;l) < Vﬁ1(a1)(x)’ for all
z,eq, € G1 and ¢(eq,) = eq,. Hence the proof. [

Proposition 3.8. Let (151,/11), (ﬁ’g,Ag) € CIFSL-G over Gy and Ga,
respectively and (¢, ) is a onto CZFS {-homomorphism from Gy to
Go. Then the inverse image of (¢, ) is a CZFSL-G of G1, which is a

constant on ker ¢.

Proof. Let x € ker ¢ and p(a;1) = az € p(A1). Then

1) (an) @) = Biy(o(ar)) (€G2) = By (p(ar)) (9(€61)) = Hg1(Fy)ay) (€61)
Vo1 () an) (%) = Vhy(o(an)) (6G2) = Vhy(p(an) (P(661)) = Vo By @) (€61);

where e, and eg, are the identity elements of G1 and G, respectively.
By Proposition 3.6, (¢, )1 (Fy, A3) € CZFSL-G(G1). This completes
the proof. O

Proposition 3.9. Let (F1, A1), (Fy, Ay) € CIFSL-G over the (-group
G and (F{, A)),(F5, AY) € CZFSL-G over the {-group G’ and let (¢, )

is a complex intuitionistic fuzzy soft function from G to G'. Then

(i) (F1, A1) C (Fp, A2) = (0(F1), 9(A41)) € ($(F2). 9(A2))

(ii) (F{,A}) C (F3,45) = (071 (F), ¢ (A) € (67(F3), 07 (45)).
Definition 3.10. Let (F}, A1) € CIFSL-G of Gy and (¢, ) be CIFS—
Function from G to Go. Then (Fy, A;p) is called (¢, p)- invariant if
d(u) = ¢(v) implies that
Mﬁl(al)(u) = Mﬁl(al)(v) i.e., rﬁl(al)(u) = Tﬁl(al)(v)vwﬁl(al)(u) = wﬁl(al)(v)
Vﬁ(al)(u) = Vﬁl(al)(v)’ i.e.,Tﬁl(al)(u) = Tﬁl(al)(v), wﬁl(al)(u) = wﬁl(al)(v),

for all u,v € G1 and a1 € A;.
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Proposition 3.11. Let (F’l,Al), (ﬁg, Ag) € CZFSL-G over Gy and G,
respectively and (¢, p) is a complex intuitionistic fuzzy soft function from
Gy to Gy. Then (¢, ) L (Fa, Ag) is an invariant complex intuitionistic
fuzzy soft function with respect to (¢, ).

Proof. Let 2,y € G1 such that ¢(x) = ¢(y). Then for all a; € p~!(As),
M¢—1(ﬁ2)(a1)(x) = Mﬁ1(¢(a1))(¢(x)) = Mﬁ1(¢(a1))(¢(y)) = /1(75—1(}?2)(%)(3/)'
Similarly, we get V¢,1(ﬁ2)(a1)(m) = V¢>*1(F2)(a1)(y)' Hence, (¢, p) "1 (Fh, Ag)

is an invariant complex intuitionistic fuzzy soft function with respect to

(f,0). O

Proposition 3.12. Let (F}, A;) € CIFSL-G of Gy and (¢, ) is a onto
CZFSt-homomorphism from Gy to Ga. If (F1, A1) be (¢, p)- invariant,
then (¢, )1 [(¢, ©)(F1, A1)] = (F1, A1).

Theorem 3.13. Let (F,E), (F',E') € CIFSL-G over G and G, re-
spectively and (¢, ) is a onto CZFS (-homomorphism. Then there is
a one to one order preserving correspondence between the CZFSL-G of
G and those of G' which are (¢, p)- invariant.

Proof. Let x(G) denote the collection of all CZFSL-G of G and x(G')
denote the collection of all CZFSL-G of G'. Define f : x(G) —
x(G@") and g : x(G') — x(G) such that f(F,E) = (¢,¢)(F,E) and
g(F',E') = (¢~1,¢~ 1) (F',E'). By Proposition 3.6, f and g are well-
defined. Since (¢, ) is invariant, then (¢, ©)[(¢~ L, o~ 1)(F', E')] = (F', E')
and (¢, 0 Y)[(¢, 0)(F,E)] = (F,E). Therefore, f and g are inverse
to each other, hence there is one to one correspondence. Moreover, by
Proposition 3.9 we have, (F,E) C (F',E') implies (¢(F), p(E)) C
(6(F"), p(E")). Hence the correspondence is order preserving. [

Theorem 3.14. Let (ﬁl,Al), (FVQ,AQ) € CILFSL-G over Gy, respec-
tively and (¢, ) is a onto CZFS l-homomorphism. Then

(6, ) (F1, ADA(F, A2)) C [(6,9) (Fr, AN [(8, ) (F, Ag)]

and the equality holds if at least of (F1, A1) or (Fy, Ag) is (¢, ¢)- invari-
ant.
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Proof. Let (}?’1,511) and LﬁQ,Ag) be two CZFSL-G over G. Then the
intersection of (Fy, A1), (Fz, A) and is denoted as (Fy, A1) N (Fy, As),

where 'u(flﬁﬁz)(a)(x) = ,uﬁl(a)(x)/\,ué( )( x) and V(Fsz)(a)( x) = Vﬁl(a)(x)\/
VEy(a) (x), for all a € A; N Ay and z € G.

Since, (Fy, Ay)N(Fy, A2)C(F1, A1) and (Fy, A))N(Fy, A2)C(Fh, Ay).
By Proposition 3.9,
@) [(F1, A)A(F2, A2)] C(6, ) (F1, Ar) and
©) [(Fr, AN (Fy, A2)] S (9, ) (Fo, As)
o) [(F1, ADA(F2, A2)] € (¢, 9) (Fr, ADA (¢, 9) (Fo, As).
Next, if (FQ,AQ) is (¢, ¢)- invariant, then we have to prove that:
(6, 0) (F1, AD)D(¢, 9) (Fa, A2) C (6, 0) [(F1, ADA(F, Ag)].

Let h = %(ﬁ%al)( Y) N ey Foy(ar)¥) 20K =ty 0y o) (9), Tor €1 €
AiNAs, x €

= h= \/ \/ I ( 61) ,uqs(é)(al)(y), by Definition 3.2

d(x)=y p(e1)=a1

= h< \/ \/ 'LLFl(e )and b < ’u¢(F2)(a1)( y)-
o(x)=y p(e1)

Then, for § >0, 4z € gf) L(y) such that h — 6 < W

1(61)(:v) and h — 6 <

u¢(ﬁ2)(a1)(y)-
wh =0 <y e W)
= h =0 < by () (D(2) = By1 (5B () () = BEy(er) ()
since (ﬁg,Ag) is (¢, )
=h-0< ,uﬁl(el)(x) A Nﬁg(el)(x) - M(ﬁlmﬁ2)(el)(x)

h=3< NV iEamye)®) = o nme) ®) =k
o(x)=y p(e1)=a1
Since § > 0 is arbitrary, h < k.

Hence, “¢(f1)(a1)(y) A u¢(152)(a1)(y) < M¢(ﬁlmﬁ2)(a1)(y) (1)

- invariant.
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Next, let i = vy 7 (a,) (W) V(B (a1) () B0 T = Vg 72y oy (0), fOr a1 €
Al N Ag, Yy e G.

=1i= /\ /\ Fl(el) ¢(ﬁ2)(a1)(y), by Definition 3.2
d(x)=y p(e1)=

=i> /\ /\ F(el) andz>y( )(al)( Y).
d(x)=y p(e1)=a1

Then, for § > 0, 3 x € ¢~1(y) such that i —§ > Vﬁl(el)(li) and ¢ — & >
“olFie o)

0>y Fyan ¥)

1= 0> V) en (P8 = Vomro(F)en @) = Vhy(en) ()
since (ﬁg,AQ) is (¢, ¢)- invariant.

= 0> V55 (0)) (@) V Vi) (@) = Y ny) o) (©)

i=0> /\ /\ V(RinEy)( al) ) = V¢(ﬁ1mﬁ2)(a1)(y) =J-
#(@)=y p(e1)=a

Since 6 > 0 is arbitrary, i > 7.

Hence, vy 7)) W)V Vi By ¥) 2 V(ini (an) ¥) (2)

From (1) and (2), (¢, ) (F1, A1)7(¢, 0)(F2, As) € (¢, 9)[(F1, A1)1(Fy, As)].

This completes the proof. O

4 Normality on CIFSL-G

In this section, we define the notion of normal complex intuitionistic
fuzzy soft lattice ordered group and verify its algebraic properties.

Definition 4.1. Let (F, E) € CZFSL-G(G). Then (F, E) is said to be

normal complex intuitionistic fuzzy soft lattice ordered group on G, if
forall a € F, and z,y € G,

uﬁ(a)(:cyx_l) > Mﬁ(a)(y) and VE(a )(xym ) < Vp(a)( Y)

and it is denoted by (F, E) € NCIFSL-G(G).

Example 4.2. Consider the ¢- group R x R under addition with the
ordered relation < is defined as (z,y) < (u,v) < = = u,y = v or
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z < u,y <. _
Now, we define the CIFSS (F, E) of the ¢- group R x R by

(z.5) 0.5¢27(0-7T) " if 4y =0 (z.5) 0.5e727(0:3) " if ¢y =0
= xZ, = . Vi x, = P .
BE@\* Y 0, otherwise =~ (@) Y lei2m(1), otherwise
(z.5) 0.3¢2704) " if y =0 (z.5) 0.7¢?27(0:6) "~ if y =0
= (z,y) = , VEp (T, Yy) = , .
HEw Y 0.1e27(02)  otherwise HOR 0.9¢727(08) " otherwise,

for E = {a,b} and (x,y) € R x R.
It is easy to verify that (F, F) € NCIFSL-G.

The proof of the following theorems are easy to verify from Definition
4.1.

Proposition 4.3. Let (F,E) € CIFSL-G(G). Then the following are
equivalent, for all a € E, and z,y € G,

(i) (F,E) € NCIFSL-G(G)

(it) 1y (@ya™") = g () and v, (@yz™") = v, ()
(1) ) (2Y) = Wi (yz) and vy, (2y) = pg ) (yz).

Proposition 4.4. Let (F1, A1), (Fy, Ay) € NCIFSL-G(G). Then

(i) (F1, A)N(Fy, A3) € NCIFSL-G(G),
(i) if Ay Ay =0, then (Fy, A1)O(Fy, As) € NCIFSL-G(G).

Definition 4.5. [17] Let (F1, Ay), (ﬁg,x‘}g) € CIFSL-G(G). Then their
sum (Fl,Al) D (FQ,AQ) is defined as (Fl,Al) D (FQ,AQ) = {(C, (Fl D
F>)(c)) : ¢ = (a,b) € Aj x Ay}, where

I Fy @ Fy) (o) (x) = Is:g;\)/q{min{rﬁl(a) (p), Tﬁz(b)(q)}ei mi’ﬂ{wﬁl(a)(p)v’wﬁQ(b)(Q)}} and

e ® = L {maa{r, ) () T (@)’ " R0 O VR 0)),

forall z € G.

Theorem 4.6. The sum of two NCLZFSL-G of G is again a NCLZFSL-G
of G.
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Proof. Let (ﬁl,All and (Fy, Ay) € NCIFSL-G(G). By Theorem 3.2
in [17], (F1, A1) ® (Fy, As) € CZFSL-G(G). Let t =pVgandy =rVs
be two elements in G and ¢ = (a,b) € A; x Ay. By using Definition

4.5,
H(FeF) () (zy)

= Sllp {min{T~ a ((p\/Q)T),’I”~ ((p\/q)s)}
zy=(pVq)(rVs)=(pVa)rV(pvq)s Fi(a) Fy(b)

ei min{wﬁl(a) ((p\/q)r),wﬁ2(b)((qu)s)}}
= sup {min{pg o ((PV OT), 1g 4 (P V 9)s)}}
zy=(pVq)rV(pVe)s Fi(a) ()

= sup {min{pg (V@) 1z 4, (s(pVq)}}
yx=r(pVq)Vs(pVq) Fi(a) F2(0)

=M FeR) () (yz) (3)

Similarly we can get, V(o) () (xy) = V(E@ﬁg)(c)(yx) (4)
From (3) and (4), (F1, A1) & (Fh, As) € NCIFSL-G(G). O

Definition 4.7. [17] Let Sﬁl,Al), (Fy, Ay) € CIFSL-G(G). Then

their BrOdliCt (ﬁl,Al) X (FQ,AQ) is defined as: (Fl,Al) X (ﬁg,Ag) =
{(c,(F1 ® F3)(c)) : ¢ = (a,b) € A1 x Az}, where

o) (®) = s {min{r g (), 7y (@) e ™ RO PR 0T} ang
T>p/Ag

V(ﬁ1®ﬁ2)(c) (ZU) _ migrll)f/‘\q{mam{Tﬁl @ (p)7 TﬁQ o (q)}ez mam{wﬁl(a) (P)v¢ﬁg(b) (@)} }7

for all z € G.

Theorem 4.8. The product of two NCLZFSL-G of G is again a NCLZFSL-G

of G.
Proposition 4.9. Let (F,E) € CIFSS(G) where (F, E) is non- null.
Then the following are equivalent
(i) (F,E) € NCIFSL-G(G).
(i) For all a € E and for arbitrary o, € O1 with ﬁ(aﬂ)(a) + 0,
Fiqo.p)(a) is normal £-group.
Proposition 4.10. Let (Fy, A1), (Fy, Ay) € NCIFSL-G over Gy and

Go, respectively. Let ¢ : G1 — Gg be a £ - homomorphism and ¢ :
Ay — As be a onto function. Then
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(i) the image of (F1, A1) under (¢,¢) is NCIFSL-G over Ga.

(ii) the inverse image of (Fy, As) under (¢,¢) is NCIFSL-G over Gy.

Definition 4.11. [15] Let U; and Us be two universal sets, ¢ : Uy —

Uz be a function, Ay, Az be two set of parameters, (ﬁl, A1) e CIFSS(Uy)
and (EQ,AQ) S CIFSS(UQ) Define ((p(Fl),/h) S CIFSS(UQ) and
(¢~ (Fy), Ag) € CIFSS(Uy) as follows:

(i) (p(F1),Aq) is such that for all y € Uy and a1 € Ay,
Ho(Fyan W) = Vg o) (@) s 2 € U, p(x) = y} U{0}} and
Ve @) = M{VE, (@) 2 € Un,pl@) = y} U{L})

(ii) (o~ 1(Fy), Ag) is such that for all z € Uy and ay € Ay,
/’chfl(ﬁ2)(a2)(x) = Nﬁ2(a2)(§0($)) and V@fl(ﬁz)(@)(x) = Vﬁ2(a2)(g0((13)).

Proposition 4.12. Let ¢ : G —>~G/ be surjective £ - homomorphism.
Let (Fy, Ar) € CZFSL-G(G) and (Fh, A2) € CZFSL-G(G'). Then
(a) (p(F1), A1) € CIFSL-G(G') provided that

_ _ . PaeG _ _
\/ {/ipl(al)(p) A Npl(al)(Q) Colp) =a,0(q) =y } 2 /‘Fl(al)(x) A Npl(al)(y)a

paeG
A {Vﬁl(‘“)(p) VR@@ o) =200 = y } S VE o) (®) VY VR ) W)

forallz,y € G’
(b) (¢~ (F»), As) € CIFSL-G(G).

Proof. For (a): By Definition 4.11, we have (¢(F}), A1) € CIFSS(G').
For all a1 € Ay and z,eq € G', where e is the identity element of G.

@ M‘P(ﬁl)(al)(x Vea)
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= V{15, (o) ®) 1y € Gop(y) =z V e} U{0}}
= Vg o) 1y € Groly) = 2V ear}
[." ¢ is surjective]
> \/{,uﬁl(al)(u Veg):u,eq € G,o(u) =z,0(eq) = eq}
[." ¢ is £ — homomorphism)]
> Vg (o) (@) A B 0y (66) 2 us e € Gyp(u) = 2, 0(eq) = ecr}
[ (F1, Ay) € CIFSL-G(G)]
= Mﬁl(al)(x) A Nﬁl(al)(eG’)
(11) V@(ﬁl) al)(l' V 601)
SRV 0 1)1 € Goply) = 2V et U 1T
= A\ i) 1y € Gooly) = 2V ear}
[ @ is surjective]
< /\{Vﬁl(al)(u Veg):u,eq € G,o(u) =z,0(eq) =eq }
[." ¢ is £ — homomorphism]
< /\{Vﬁl(al)(u) v Vﬁl(al)(eG) tu,eq € G, QO(U) =z, ‘P(eG) = eG'}
[ (F1, A)) € CIFSL-G(Q)]
— VFl(al)( x)V Vﬁl(al)(eG’)

For (b): By Definition 4.11, (¢~*(F,), A3) € CIFSS(G) and also by

using Definition 4.11 we obtain the following;:

() 1By (ay) (2 V €0)

= 1y () (P2 V €5))
= U, ag)w( z) V plea)) [ ¢ is £ — homomorphism)]
> i) @@ A oy (0ec)) [ (FaAy) € CIFSL-G(G))

= 'u’gp_l(Fz)(az)( x) A uw_l(ﬁQ)(az)(eg) [By Definition 4.11]
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(ii) V(p,l(ﬁz)(@)(x Vega)

= Vﬁz(@)(@(x Vea))

= z/ﬁQ(GQ)(QO(IL‘) Voleq)) [ ¢ is £ — homomorphism]
< Vi) (P@) V Vi o (0(ec) [ (2, A2) € CIFSL-G(Q)]
= g9_1(};2)((12)(910) v Vw_l(ﬁz)(@)(eg) [By Definition 4.11]

Similarly, we can verify that (iii) ,uso_l(g)(@)(:vy_l) > “50—1(152)(@)(:6) A

1 () (az) ) A0 () ¥ 0 (@) S Vo (B 0 OV 1 (7 a) W)-
(o U (Fy), Ag) € CIFSL-G(G). O

Proposition 4.13. Let ¢ : G — G’~ be surjective £ - homomorphism.
Let (F1, A1) € NCIFSL-G(G) and (F», A2) € NCZFSL-G(G'). Then
(a) (p(F1), A1) € NCZFSL-G(G') provided that

P,q€G

op)=x,0(q) =y } 2 L, (ay) (BN, (o) (¥) and

V {“E(al)(p) A B (ay) (@)

p,q€G
Mo ® V@ 207 =y bR @ Vo)

for all x,y € G’
(b) (¢~ (F), As) € NCIFSL-G(G).

We recall that the elements x and y of G are conjugates if there exists
z € G such that x = zyz~'. From this point of view, we can extend the

notion to CZFSL-G.

Proposition 4.14. Let (ﬁ,E) € CIFSL-G of a L-group G. Then
(F,E) € NCIFSL-G(G) if and only if (F, E) is constant on the conju-
gacy classes of G.

Proof. Suppose that (F, E) is normal. Then 1 E(a) (y~lzy) = HE () (x)
and Vﬁ(a)(y_lxy) = Vﬁ(a)(.%'), for all z,y € G, and a € E. Hence
(F,E) is constant on the conjugacy classes of G. Conversely, Suppose
(F, E) is constant on each conjugacy classes of G. Then, ﬁ(a)(:cy) =
i (@yzae™t) = g, (yo) and vg, (vy) = vp, (@yze™") = vg, (yo),
for all x,y € G, a € E. Hence (F,E) € NCIFSL-G(G). O Next, we
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define the commutators of CZFSL-G(G). In group theory, the commu-

tators of x and y of G (is denoted by [z,]) is the element z 1y~ lzy.

Proposition 4.15. Let (ﬁ,E) € CIFSL-G of a L-group G. Then
(F,E) € NCIZFSL-G(G) if and only if uﬁ(a)([x,y]) > Mﬁ(a)(x) and
Vﬁ(a)([x,y]) < Via) (x), for allz,y € G and a € E.

Proof. Suppose that (ﬁ, E) is normal. Let z,y € G. Then for all
a € B, pg o ([2,9]) = np @y 2y) = pp (@7 A ppg (v ey) =
HF(a) (x). Similarly, we get Vﬁ(a)([x,y]) < Vi (x). Conversely, assume
that (ﬁ,E) satisfies the inequalities, then for all @ € E and z,y € G,
iy (@7 120) = lpggy (2271071 22) > g (2) A b ([2,2]) = 1 (2)
;nd similarly, v, (x71z2) < Vﬁ(a)(z). Then (F,E) € NCIFSL-G(G).

Proposition 4.16. Let (F, E) € CLFSL-G(G). If pij o ([2,]) = g
(eq) and Vﬁ(a)([x, y]) = Vﬁ(a)(e(;), for all z,y,eq € G and a € E. Then
(F,E) e NCIFSL-G(Q).

Definition 4.17. Let (Fy, E) and (Fy, E) € CIFSL-G(G). Then the
commutator of (F1, E) and (F», E) is the CZFSS(G) denoted by
[(F1, E), (F», E)] and is defined as follows

(71, B), (B, E)] = {< @5, 7)) V[ B (3) > 0 € B 2 €
G}, where
)}ei min{wﬁl(a> (w),w;b(a)(y)} }7

N[ﬁhﬁQ](a)(Z) = sup {min{rﬁl(a)(x), TFy(a) (y
z=zyx—ly~1

inf 1 {max{Tﬁl(a) (2), TFy(a) (y)}e

z=zyxr—ly

imam{wﬁl(m(l’),w}?ﬂn,) (y)} }7

VIF, () (?)
for all z,y € G.

Theorem 4.18. Let~(ﬁ1,E)~cmd (Fy, E) € NCIFSL-G(G). Then
[(FlaE)a(F27E)] - (FlaE)m(F2aE)
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Proof. Suppose that z = zyz~ty~!, for z,y € G. For all a € E,

H(E i) (a) ()
= B a)(2) A BEy @ (2)
= i @y Y /\u@,( J(aya~ty™h)
> (M7 () (@) A 15 ) WY ) A (B (@92 ™) A gy (V7))
= (15 @) AN g @ (@) A (B0 @) A g 6 H)
= By (0) (@) A gy ) ()
> sup uFl(a)(:v)AuﬁQ(a)(y)

z=zxyxr—ly—1

- S o ~ i(wg a (z)Aw a)
B z:x;;lgy_l(rf’l(a)(x) /\TFQ(Q)(Q))e Fi(a) Fy(a)

% [ﬁhﬁQ] (a) (Z)
Similarly, V(F\ AR (a )( z) <v [F F]( )( z), for all @ € E. Then by Defini-
tion 2.4, [(Fy, E), (Fy, B)] C (Fi, E)A(Fy, B). O

5 Conclusion

In this present work, we proposed the complex intuitionistic fuzzy soft ¢
- homomorphism on CZFSL-G. Also, the concept of invariant complex
intuitionistic fuzzy soft function is constructed. Some of the desirable
characteristics of invariant complex intuitionistic fuzzy soft function are
investigated in detail. In addition, this work focused on NCZFSL-G and
its related properties. To extend this work, we can study the algebraic
structure of CZFSL-G associated with £ - congruence relation.
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