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1 Introduction

Information geometry is a branch of science to extract features from
objects which has fascinating applications in machine learning and evo-
lutionary biology. A statistical manifold is a differential manifold that
specifies each point with a probability distribution. In 1987, Lauritzen
defined the notion of statistical manifold as a generalization of a sta-
tistical model with the Fisher metric and the Amari-Chenstov tensor
[2]. Statistical manifolds are geometric objects viewed as a Riemannian
manifold which admits a torsion-free affine connection V and it’s dual
connection V* with respect to the metric g.

In lightlike submanifolds, the normal vector bundle and the tangent
bundle intersects each other which does not occur in non-degenerate
submanifolds [1, &, 11].

The theory of lightlike hypersurfaces has been subject of interest by

many of authors [5, 6, 12]. C. Atindogbe and K.L. Duggal investigated
screen locally conformal lightlike hypersurfaces and derived some clas-
sification theorems [3]. Lightlike hypersurfaces of a statistical manifold

were discussed by O. Bahadir, M.M. Tripathi [4].

However, the conception of Sasakian structures was presented by Shigeo
Sasaki and further H. Furuhata developed this idea for statistical mani-
folds [9]. K.L. Duggal and B. Sahin surveyed real lightlike hypersurfaces
of an indefinite quaternion Kaehler manifolds [7, 14]. The main proper-
ties of a para-quaternionic hermitian manifold were given in [10, 13]. We
intend to use these conceptions to achieve equivalent results for lightlike
hypersurfaces of a para-hyperhermitian statistical manifold whose holo-
morphic sectional curvature is constant.

The present work is organized as follows: Section 2, contains some
basic definitions about statistical manifolds and manifolds with mixed
3-structures. In Section 3 we study lightlike hypersurfaces of an al-
most para-hyperhermitian manifold. The relations between the induced
objects of such lightlike hypersurfaces are obtained in Section 3. In par-
ticular, we review screen locally conformal lightlike hypersurfaces of an
almost para-hyperhermitian statistical manifold of constant holomorphic
sectional curvature. Also, the last section is concluded with an example.
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2 Preliminaries

2.1 Statistical manifolds

Suppose that (M, g) is a semi-Riemannian manifold and V is an affine
connection on M associated with the semi-Riemannian metric g. We
will review some main definitions about statistical manifolds based on

[9]-

Definition 2.1. The triple (M, V, g) is termed as a statistical manifold
if V is torsion free and the equalization

(Vea)(F,C) = (Vrd)(E,C) (1)

is satisfied for all E, F,C € T'(TM).

The dual affine connection V* of V is indicated by
Eg§(F,C) = §(VgF,C) + §(F, Vi), (2)

Denote by V = 2(V + V*) the Levi-Civita connection associated with
the metric g.

Remark 2.2. For a statistical manifold (M, V,g), we define a tensor
KeT(TMB2) by KpF = $(VgF — V3 F) which satisfies

KpF =KrFE, 9(KpF,C)=g(F,KgC). (3)
for all E, F,C € T'(TM).

Let R, R* be the curvature tensor fields of V and V*, respectively.
Then the statistical curvature tensor field of the manifold (M, V,g) is
characterized by S(E, F)C = 3{R(E, F)C+R*(E,F)C} forall E, F,C €
L(TM).

A (1,1)-tensor field X which satisfies X2 = —Zd is called an almost
complex structure on M. Let X € T(TM®D) be an almost complex
structure such that g(XE,XF) = g(E,F). We put 6 as a 2-form on
M defined by 0(E,F) = g(E,XF). A statistical manifold (M, g, V)
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furnished by an almost complex structure X satisfying V6 = 0, is called
a holomorphic statistical manifold. In addition, the following relations
VEXF = XV4LF and R(E,F)XC = XR*(E, F)C are deducible for all
E F.C eI(TM).

Definition 2.3. A holomorphic statistical manifold (M, g, V, X) is sup-
posed to be of constant holomorphic sectional curvature ¢ € R if

S(E,F)C = E{Q(F, C)E — §(E,C)F (4)
+§(XF,C)XE — §(XE, C)XE + 2§(E, XF)XC}

holds for all E, F,C € T(TM).

2.2 Mixed 3-structure manifolds

An almost product structure X on a smooth semi-Riemannian manifold
M is a (1,1)-tensor field satisfying X2 = Zd, where Zd indicates the
identity tensor field on M.

Definition 2.4. [10] Let H = (X;)i=1,2,3 be a local basis of subbundle
of End(TN) of rank 3. Then, (M, g, X = (X;)i=1,23) is called an almost
para-hypercomplex manifold if X1, Xs are almost product structure on
M and ¥3 is an almost complex structure on M which satisfies X1 ¥, =
—XX| = Xs.

A semi-Riemannian metric g on M satisfying
§(X1E, X1 F) = g(XoF, XoF) = —g(X3E, X3F) = —g(E, F), (5)

is called compatible to the almost para-hypercomplex structure H =
(%i)i:1,2,3 for all E F e F(T./\/l).

Definition 2.5. [10] A triple (v, (;, 7:)i=12,3 of structures on (M, V, g)
satisfying

VP =ni(-T+m®3), nG)=1 mn=n=-m=-1 (6

is said to be a mixed 3-structure if (11, (1, 11) and (2, (2,72) are almost
paracontact structures with 7; = 1, and (13, (3,73) is an almost contact
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structure, that is 7; = —1. Here, les indicate the structure vector fields,
n;s are 1-forms on M and t;s are (1,1)-tensor fields. Moreover, (6)
yields

mi(G) =0, i(n;) = 7Ck, (7)
¥;(Gi) = —75Ck
nioY; = —njov; = Tin,
Vi — Tinj ® G = =i + 710 @ G = T
where (4,7, k) is an even permutation of (1,2, 3).

A semi-Riemannian metric g on the smooth manifold M is called
compatible to the mixed 3-structure (v, (;,7;)i=12,3, if the relation

8B, OiF) = 7i[8(E, F) — eimi(E)ni(F)] (8)
holds for any E, F € I'(T M), where ¢; = g(¢;,G) = £1,4=1,2,3.

2.3 Lightlike real hypersurfaces

Let (M,g) be an (n + 1)-dimensional semi-Riemannian manifold and
(M, g) be a hypersurface of M. If g is degenerate then the normal vec-
tor bundle T (M) and tangent vector bundle 7'M have an intersection
along a non-zero differentiable distribution tad(7TM) indicated by rad-
ical distribution. For a lightlike hypersurface M of a semi-Riemannian
manifold (M, g), we have tad(TM) = T+(M). Denoted by s(TM)
the complementary subbundle of TM to tad(T M), we have TM =
T+(M) @ s(TM) [7]. Denote by tr(T’M) the complementary (but not
orthogonal) vector bundle to TM in TM. We have the decomposition

TM = s(TM)L(TH(M) @ tr(TM)) = TM & tr(TM), (9)

The Gauss-Weingarten formulas for a lightlike hypersurface M of (M, g),
are given by

VgF =VpF +w(E,F), VpL=—-ArE+ V%L (10)

Here, {VgF, AcE} belong to I'(TM) and {w, VEL} € T(tr(TM)). We
set o(E,F) = g(w(E, F),¢) and s(E) = g(V5L, (). From (10), we have
the following formulas

VeF =VgF +0o(E,F)L, VgL=-AsE+s(BE)L  (11)
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for all E,F € I'(TM),L € T'(tr(T'M)) and ¢ € I'(tad(TM)). Here, o
denotes the second fundamental form associated with V and A, is the
shape operator on M. Let denote by P the projection morphism of 7'M
on §(TM). Then, the Gauss-Weingarten formulas for s(7M) are given
by

VEPF = VyPF +p(BE,PF), Vp(=-AE+5(E) (12)

Here, {V;PF, A, E} belong to I'(s(T'M)) and we have
p(E,PF)=g§(VgPF,L), s(E)=8(Ve( L), (13)
s(E) = —s'(E),

for all E,F € T(TM), ¢ € T'(vad(TM)) and L € T'(tr(TM)).

Moreover, we have
(X0, Q) =8(XL, L) = 9(X:(, L) =0,  g(Xi(,XL) =7, (14)

X,TH(M) and X;tr(TM) are distributions on M of rank 3 such that
X TH(M)NTH(M) = 0 and Mtr(TM)NTH(M) =0, = 1,2,3. Thus,
X, TML @ Xitr(TM) is a vector subbundle of s§(T'M), where {e, f, g}
denotes an even permutation of {1,2,3}. Besides, we have g(X;(, X;£) =
0, which consequently implies that X,7-(M) @ X;tr(TM) is a vector
subbundle of s§(T'M) of rank 6. Thus, there exists a non-degenerate
distribution Ag on M such that s(TM) = {A1 @ Ax} LA, where A; =
X1( B Xo( P X3¢ and Ay = X1L B XoL & X3L. Thus, the following
decomposition

TM = {TH(M) Sortn, Do @ (A1 @ A2)}, A= {TH(M) DA} @ Ag(15)

are obtained. Considering X;( = ; and X;£ = &;, we define pu;,v; €
D(TxOD) by

wi(E) =8(E,G),  vi(E) =g8(E, &) (16)

Let S be the projection morphism of TM on A. Consequently, we may
write

E = SE+ pi(B)&, (17)
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and
XiE =i+ pi(E)L (18)

for any E € I'(T'M), where 1; E, imply tangent part of X;E. Applying
X, to (18) and using the fact that X? = —7;Z, we have

VIE = 7i(—E + pi(E);). (19)
From (16), (18) and (19), it concludes that

vi(&) = vi(G) = mi(&) = 0, ¥i(¢) = 75k,
WioY; = =00 = Trpig, Vit — Tifhy @ pi = =i + Tjpy @ pj = Tty
where (e, f, g) is regarded as an even permutation of (1,2,3) and 7 =

T = —T3 = —1. Then, the triple (Zl)i,Ci,lui)i:LQ’g is indicated as an
almost contact mixed 3-structure on M [7].

3 Lightlike Real Hypersurfaces of an Almost
Para-Hyperhermitian Statistical Manifold

Consider (M, g, X = (X;)i=1.23) as an almost para-hyperhermitian man-
ifold furnished by a statistical structure (g, V) on M. Supposing (M, g)
as a lightlike hypersurface of an almost para-hyperhermitian statisti-
cal manifold (M, g, V,X = (X;)i=123), we have the Gauss-Weingarten
formulas as follow

VpF =VgF+0(E,F)L, VpF=VpF+0o"(E F)L, (20)
Vel =—-AME +s(E)L, Vipl=-ArE+s*(E)L,

respectively. Here, the induced connections on M are indicated by V, V*
and o, 0* denote the second fundamental forms associated with V, V*.
Taking P as the projection morphism of T M on s(T'M), the Gauss and
Weingarten formulas for s(7'M) are given by

VEPF = V5PF 4 p(E,PF)¢, V4PF =V%PF + p*(E,PF)(,(21)
Vi(=-ACE+5(B)(,  Vi(=-AE+s*(E),
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{A' A’*} are shape operators on s(I'’M) and Vi PF, Vi PF, AgE, AIC*E
belong to I'(s(T'”M)). The induced geometric obJects are related to each
other in this way
p(E,PF) = §(AzE,PF),  p*(E,PF)=g(AcE,PF)  (22)
o(E,F)=g(AE,F), o"(E,F)=g(A(E,F),
for any E, F € I'(TM),( € T'(vad(TM)) and L € T'(tr(TM)).

Remark 3.1. Note that the induced connection on a non-degenerate
submanifold of a statistical manifold is statistical which is not true for
a lightlike submanifold of a statistical manifold.

Using (20) and the relation (2), it yields
Ved(F,C)+ VEa(F,C) = o(E,F)u(C) + o(E,C)u(F)  (23)
o*(E,F)u(C) + o*(E,C)u(F)
for all B, F,C € I'(T’M) where u is a 1-form such that u(E) = g(F, £).

Using (20) and (21), we have the following formulas for the statistical
curvature tensor fields

2S8(E,F)C = S(E F)C —o(F,C)A;E+o(E,C)A-C  (24)
o*(F,C)ALE + 0" (E,C)ALF
+{UFC) "(B) —o(E,C)s*(F)
o* (F,C)s(E) - o* (I, C)s(F)
+(VE0)(F70) — (Vro)(E,C)
+(VEa")(F,C) = (Vo) (E, C)}L,

28(E, FYPC = 28'(E, FYPC + p(E, PC) A F — p(F, PC) A" E(25)

(B, PC)ALF — p*(F, PC)ALE

H(Vep)(F,PC) = (Vrp)(E,PC)

+(VEp*)(F,PC) — (VEp*)(E, PC)}C
where

((Vgo)(F,C)=Vgo(F,C)—o(VgF,C
(Vo) (F,C) =Vgo(F,C)—o(VE5F,C) —o(F,V5C),
(Vep)(F,C) = Vep(F,C) — p(VeF,C) — p(F,VEC),
(VEp")(F,C) = Vgp*(F,C) = p"(VeF,C) — p*(F,VEC)

) - U(Fv VEC), (26)
)
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with S(E, F)C = {R(E,F)C + R*(E,F)C)} and S'(E, F)C =
HR/(E,F)C +R*(E,F)C)} for all E,F,C € T(TM).

Furthermore, from (20), we derive

VEé = —0iALE + 5" (B)&,  Vi&i = —0iALE + s(E)E;
VG = —0iACE 4+ 8" (E)G, VG = —0iATE + 5 (E)

Definition 3.2. [3, 4] Let (M,g,V) be a lightlike real hypersurface
of an almost para-hyperhermitian statistical manifold (M,g,V,X =
(Xi)i=1,2,3). It is said that (M, g) is

1. totally umbilical with respect to V and V* if there exist smooth
functions x and k* on a neighborhood U such that o(E, F) =
kg(E, F) and o*(E, F) = k*g(E, F), respectively.

2. totally geodesic with respect to V and V* if 0 = 0* = 0

3. screen locally conformal with respect to V and V* if the shape
operators {Ag, A¢} and {A}, A7} are related by

ALE =~A(E, ApE=~"ACE, (28)

for all E, F € T'(TM). Here, 7,v* are smooth functions on a neighbor-
hood U in M which do not vanish.

Definition 3.3. It is said that (M, g, V,X = (X;)i=1.23) of real dimen-
sion 4n > 8 is of constant holomorphic sectional curvature ¢ if and only
if

8(B, F)C = {{8(F,C)E ~ §(B,C)F (29)
+ 32 n[g(X:F, C)%,E — g(X,E,C)X%,;F + 2§(E, X, F)%;C]}

holds for E, F,C on I'(M).
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Lemma 3.4. Let (M,g,V) be a lightlike real hypersurface of an al-
most para-hyperhermitian statistical manifold (M, g, V,%X = (X;)i=1,2,3)
of constant holomorphic sectional curvature ¢. Then, we conclude that

(F)B(XE, C) — m( E)a(X:F, O) — 2 O)B(E, i)} (30)
=2§(S(E, F)C,() = o(F,C)s*(E) — o(E,C)s*(F)
+0*(F,C)s(E) —o*(E,C)s(F)

+ (Vpo)(E,C) — (Vpo)(E,C)

+ (Vgo™)(F,C) = (VEo™)(E,C)

and

SA8(P.C)u(E) — a(B.C)u(F) + (XE,Cm(F)  (31)
— 3(XF, C)vi(E) — 28(E, X, F)vi(C)}

= 24(S(E, F)C, L) = 29(S(E, F)C, L)
= —o(F,O)§(ALE, L) + o(E,C)§(ALF, L)
— 0" (F,C)§(ALE, L) + 0 (E,C)§(A.F, L)

forall E,F,C € '(TM), L € ltr(TM) and ¢ € I'(rad(TM)).

Proof. By taking the inner product with ¢ and £ to (24) and using
(29), we get (30) and (31), respectively. O

Proposition 3.5. Let (M, g,V) be a lightlike real hypersurface of an al-
most para-hyperhermitian statistical manifold (M, g, V,X = (X;)i=1,2,3)
of constant holomorphic sectional curvature ¢, then we obtain

SAui(F)A(B) — i BYi(F)} = p(F, ALB) — (B, ALF) (32)
+p*(F, A'E) — p*(E, AL'F)
— o(F,Q)§(ALE, £) + o(E,O)a( AL F, £)

- U*(Fv C)Q(AﬁEa ‘C') + O-*(Ea C)g(ALF> ‘C)
— 2ds(E, F) — 2d*s*(E, F)

for all E,F € I'(TM).
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Proof. Putting C' = ( into relation (31), we get

S (F)(B) — pi( Bya(F)} = 28(S(B, F)C, £) (33)
—o(F,Q8(ALE, L) + o (E, Q)8(ALF)
- U*(Fa g)ﬁ(ALE, ﬁ) + U*(Ev C)Q(AEF7 'C)
— 2ds(E, F) — 2d*s*(E, F)

for all £, F' € I'(T'M). However, using (20) and (21), we obtain

where ds(E,F) = Vgs(F) —Vps(E) — s[E, F|.

Similarly,
§(RY(E, F)(, L) = §(AF, ALE) — §(ALE, ALF) — 2d"s™(E, F)  (35)
with d*s*(E, F) = V8" (F)—V5s*(E)—s*[E, F]. Then, from (33), (34)
and (35), the assertion follows. [

Theorem 3.6. Let (M,g,V) be a lightlike real hypersurface of an al-
most para-hyperhermitian statistical manifold (M,g,V,X = (X;)i=12,3)
of constant holomorphic sectional curvature ¢. If &, (i = 1,2,3), are
eigenvectors of A and A7, then we get

Hu(FYu(B) - pi(E)u(F) — 2mg(B, X:F)} (36)
= E(B; + B )vi(F) — F(Bi + B )vi(E)
+ Big(E, (YiAL + Acyyi) F)
+ Bia(E, (VAL + ALY F)
— 20(E, (AL A + AL A7) F)
+2(8; = BO{s(E)i(F) — s(F)vi(E)}
for all E, F € T(TM) where 3; = rim-(A’Cgi) and Bf = Tmi(A’C*&).
Proof. From A’C*ﬁi = B7&, i =1,2,3 and using relation (27), we obtain
8(VEASF.&) = (EB])vi(F) — Bio(F,hiALE) (37)
+ 8(AFF, i ALE),

11
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Similarly, we have

8(VEANF, &) = (EB)vi(F) — Big(F, i ALE) (38)
+ 9(ACF, i ALE)

So, putting C' = &, ¢ = 1,2,3 into (30) and using equations (37) and
(38), the assertion follows. O

Theorem 3.7. Let (M,g,V) be a screen locally conformal lightlike
real hypersurface of an almost para-hyperhermitian statistical manifold
(M,5,V, X = (X;)i=123) of constant holomorphic sectional curvature e.
If the vector fields &;,(; i+ = 1,2, 3 are eigenvalues of the shape operators
Ap, A then, we have

c MNAE — \ok MNAE — Ao
g i U i 7 39
2 gl v (39)
— 2(d8 + d*s*)(Ci, fl)
where
Ap& = N&, ARG = NG, (40)

ApG = oG, ApG = oG-

Proof. Putting F' = & and E = (;, ¢ = 1,2,3 into relation (32) and
using (28), we get

AmOW(G) — m(GInE)} = pl6 ALG) — ol ALE)
+ 0" (& ACG) — p" (G AT,
— (& QB(ALG, £) + (G, Oa(Az £)
— 0(6 O8(ACG £) + 0" (G 8l Ak, £)

—2ds(Gi, &) — 2d7s* (G, &)
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Using relations (22) in the above equation and taking into account that
M is screen conformal, we have

N 1 ., 1, 1 1
(6= ALG = "G, G = ALl = —ag
Y 8 Y Y
Since &, (; are eigenvalues of Az, A%.. From two last equations and the

fact that g(&,G) = 1, 9(&,&) = 9(L£, L) = 0 = §(Gi, G) = 8(¢,Q), we

can state

c A — TiNiB(ALG, & A — TN ir&i
£ AN S TABUAZGLE) | AN - TG ) ()
2 gl gl
— 2(ds + d*s")(Gi, &)
So, we get the assertion. O

Corollary 3.8. Let (M,g,V) be a screen locally conformal lightlike
real hypersurface of an almost para-hyperhermitian statistical manifold
(M,g,V, X = (X4)i=1,2,3) of constant holomorphic sectional curvature €.
If the vector fields (;,(; i+ = 1,2,3 are eigenvalues of the shape operators
Ag, A}, such that

A& = N&i, A& =N (42)
ApGi = G, ARG = oG

then we have
2(ds + d*s*) (&, CJ) =0. (43)

Proof. Putting F' = & and E = (; into relation (32) and using (20),
we get the assertion. O

Example 3.9. Let consider M = Ri equipped with para-hyperhermitian
structure X = (X1, X2, X3) as follows

X1y, 2, Y3, ¥, Y5, Y6, Y7, ¥8) = (—Y3, Yas —Y1, Y2, —Y7, Y8, —Y5, Y6)
Xo(y1, Y2, Y3, Y4, Y5, Y6, Y7, ¥s8) = (Y45 Y3, Y2, Y1, Y85 Y7, Y6, Y5)
%3(y17y27y3ay4)y57y67y77y8) = (—927917—.@4:937—%7%,—3/8797)‘

13
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with Cartesian coordinate (y1, Y2, Y3, Y4, Y5, Ys, Y7, ys) with the metric g
§ = —dyi — dy3 — dy3 — dyi + dy3 + dyg + dyF + dyg.

By taking a%_ = w;, we define statistical connections V,V* on M as
follows

_ )
Vu,wi = w; = =V, w;, 1=1,..,8

and other components are zero. Then, M is an almost para-hyperhermitian
statistical manifold.

Let M be a hypersurface of (R, g, X = (X1, X2, X3)) such that

y1 =t +cosals, Y2 =14
yz = —t2, ys=t3+17
Y5 = cosaty — sinaty + ts, Ye = sinaty + cosaty

Y7 = —cosaty + sinats + tg, ys = sinate + cosats
where o € R — {7 + km, k € Z}. Then, T M is spanned by

Ey = 0yy + cosadys + sinadyg, Ey = —0ys — cosadyr + sinays,
E3 = 0yy + sinadyr + cosadys, Ey = 0ys — sinadys + cosadyg,
E5 = cosady; + Oys, E¢ = 0yr,
E7 = 0yy

and we can see that X1 F1 = FEs, XoF| = Fs and X3F) = F3. Considering

E' = cotadys+cscadyg, we get L = cotadys—3(9y1+cosadys)+(csca—

%sina)ay@ Thus, we have

1 1 1
& = cotadyy + 583/3 + 50050«93/7 + (esca — §sina)8yg,

1 1 1
&9 = cotadys — 583/4 — 5003(183/8 + (esca — §sina)8y7,

1 1 1
&3 = —cotady; — iayg — Ecosaayﬁ — (esca — §5ina)8y5

(1 = —0ys — cosadyr + sinadys,
(o = Oy4 + cosadyg + sinadyr, (3 = Oya + cosadyg — sinadys.
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Using the Gauss formulas for M and s(7'M), we obtain

Ve, B1 = -0y + cos*adys + sin’adyg,

Ve,E2 = Oys+ cos®adyr + sin*adys

Ve, B3 = Oys+ sin*ady; + cos?dys,

Ve, Eir = Oy + sinadys + cos®adys,

Ve, Es = cos’ady, + Oys,

VeEs = 0Oy,

Ve, Er = Oy,
Ve & = cot’adyy + i(’?yg + 300820@97 + (esca — %sina)@yg
Vel = %cos2oz8y7 + sina(csca — %sina)@yg.

Moreover, we have

o(Fy, Ey) = cos®a + sin’a, o(E2, E) =0,

0(E3,B3) =0, o(Ey, Ey) = sin*acosa + cos*asina,
0(Es, E5) = —cos*a + cosa,  o(Es, Bg) = 0,
U(E7, E7) =0.
We compute
) 1 1, 1
Ve &t = cot®ady + Z(‘)yg + 1608 adyr + (esca — §szna)8y8(44)
1 1
Vet = 56082058?/7 + sina(csca — §sina)8y8

p(é.l?é.l) = P(flv(l) = 0.
Thus, M is a real lightlike hypersurface of (R, g, X = (X1, X2,X3), V).
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