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1 Introduction

The calculation of differential calculus and fractional integrals is the
same as generalizing the correct orders to the desired rankings. With the
development and the breadth of fractional differential (FD) calculations,
fraction equations (FDE), and inclusions (FDI) in modeling engineering,
physical and medical disciplines have many applications, such as use in
mechanics, heat, chemistry, genetics and so on [1, 5, 11, 12, 21, 23, 34,
]. There are papers of interest called FDEs with different boundary
conditions [2, 3,9, 10, 13, 14, 16, 17, 18, 19,20, 24, 25,29, 30, 33]. Among
these papers, we can name the FDEs with the p-Laplacian operator and
integral boundary conditions [4, 6, 7, 8, 15, 22, 27].
Han et al. in [17] investigated the following problem with derivative
boundary conditions on cones using the p-Laplacien operator,

D¢ (6p(DF3())) = AF(B(),  m A €3 :=[0,1),
B(0) =0, 7(0) =0, F(1) =0,
oy (D(0)) = ¢, (D3(0))" =0,

where 1 < ( < 2, 2 < 8 < 3. They obtain new results for the FDE
with the above boundary conditions. Using the Leggett-Williams fixed
point theorem, Giinendi and Yaslan examined the existence of positive
solutions to the following problem

(D2 (5" (n)) + £ (5(n) = 0, ned,
25//(0) _ 13///(0> _ ﬁ(—Q 1) — 07 ]3/”(1) _ 0’

h—2 ”
mmm—amanzg;%A 7(s) ds,

h—2 »
BMUMwUZ;MAMWM

where k — 1 <v <kk>3,a;,06;>0,1=1,2, a;, by > 0 are considered
as fixed [15]. In 2021, Aydogan et al. studied the k-dimensional hybrid
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system of FDIs

(1, (CDS * 7721CD3_1> {gl(j,ﬁl(%,(f@f%(j>>} €B (j’ﬁl&---vk(j)) ’
( )

¢ (-1 P2(j) 5
M2 (CD 6 T 72:°Dg ) [gz(j,ﬁz(jiRIﬁﬁz(j))} € B,

my (D5 + 1 D5 [ filives o] € B (it )

where

B.(j. B, x(5)) = Bi (. 51(5). - e (3), BL ()5 - - B (5))

here » = 1,2,...,k, under three-point hybrid boundary conditions

pi(J) _
{gi(j,ﬁi(j)»RIﬂﬁi(j))} ’jzo =0,

cnl pi(4) cn2 pi(J) —
D} | s bz ‘j:ﬁ D3 | sy bz ’jzo =90,

st | o T ey | e =Y

where 1 <i<k,jeJ, (€ (2,3],8€(0,1), My sy M205---5 025

B,6>0, 9, € C(IxRxR) with g # 0 and B € C(J x R* ,P(R))
multifunction [3].

We state essential definitions and lemmas in Section 2. Using
idea of the above problems, in Section 3, we intend to investigate
existence of a solution for the FDI system:

~

cDgl :q)a (CDglul(j))] + g1 (J,u1(4)) € B1 (4,01, k(7)) ,

~

"Dt | ®u (“DfPua(3)) | + 92 (5,u2(4)) € Ba (3, 1,..3)).

~

DS }1>a <0D8kuk<y‘>>] +gx (G, (7)) € Br (4,01, (7)) +

where

E%(jvﬁl,...,k(j)) = B, (]a Ul(j)v s ,Uk(j),’l)i(j), Tt 7U;c(])) )

is a

the
the

(1)
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»=1,2,...,k, under a combination of integral and fractional derivative
boundary conditions

o (‘D ui(1)) =0, Pa(“Dgiui(n)) = Db,
" (2)
uf (0) = F17b,  wj(1) = FI%b+ D2, us(e) _/ sds,

0
for j,s € J, where 2 < 0; < 3, 1 < (; < 2, ®,(5) = [j|*72J, ,b,n €
(0, 00), CDg and ¢Dg are the fractional derivative Caputo sense and ¥
is Riemann-Liouville (R-L) integral of order o, B,, € C(J x R%* P(R))
is a multifunction and g,, : J x (0,00) — (0, 00) is continuous for each
1 < <k. A few examples are illustrated which guarantee the validity
of our outcomes in Section 4. Finally, with the conclusion, we introduce
the views of the future works.

2 Preliminaries and Notations

At the beginning of the work, we will state the definition of integrals,
derivatives with fractional order, and will state the fixed point theorems
that we use [28, 32].

Throughout this article, we consider the following assumptions:

(S1) g(j,u(y)) : J x (0,00) — (0,00) is continuous;

(S2) a+ b= aband Py(s) is inverse P, (s);

(S3) (S3) €,b,n € (0,00) and D'? is the R-L fractional derivative.
Assuming that ¢ > 0, ¢ € (m —1,m) and m = [(] + 1. The R-L integral
for p: R>g — R is defined by

S (g — ¢—1
RpCp(s) = /0 (F(?)p(t)dt,

whenever the the integral exists [28, 32]. If p € BC™(Rxq), the frac-
tional Caputo derivative is defined by

s (g— m—_—1
“Dp(s) = /0 (F(ng)_op(m)(@)d@,
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provided that the integral is finite-valued [28, 32]. Also, smooth enough
for the function p : R>9 — R, the sequential fractional derivative is
expressed by

Dép(s) = (DClDCQ e DC’”") p(s),

for a multi-index ¢ = ((1,(2,...,Gn) [20]. First, we note that the se-
quential derivative operator D¢, can be versions such as R-L, Caputo,
or any other copy of the fractional derivative operator. In this article,
we use Caputo’s ordinal derivatives of different orders. Caputo’s ordinal
fractional derivative for m —1 < { < m where p: R>¢9 — R is a smooth
function is expressed by

°D<p(s) = D~(m=9 (%)mp(5)>

where D~(m=Op(s) = B1m=0p(s) is the fractional R-L integral of or-
der k — ¢ [28]. It is definitely proved that the general solution for the
homogeneous FDE CDg +p(s) =0 is given by

m—1
fr¢ (CDCp(8)> =p(s)+ Y dns’ = p(s)+do+drt+dat’+- - +dp 15",
n=0

where do,...,dn_1 € R with m = [(] 4+ 1 [26]. Consider (W, dy) is a
metric space where dyy is the meter of this space. Pompeiu-Hausdorff
metric can be expressed as follows ([11]):

P-Hdw : Pc.l.s(W) X ,Pc‘l.s(w) —-R*=RU {00}7

in the way that

P.Hg,, (R, R2) = max { sup dyy(ri, Re), sup dW(Rl,rg)},
r1€R ro€R2

where

dw(Ry,m2) = miglle dw(r1,72), dw(ri, Ra) = mig]f%g dw(r1,72).

Assuming that OV, || - |lw) be a normed space. For convenience, we can
use symbols. Pe; (W), P(W), Pemp(W), Ppp.a(W), and Pc, (W) for
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the sets of all closed, all subsets, all compact, all bounded and all convex
subsets of the space W, respectively. An element like p* € W is called
a fixed point for mapping S : W — P(W) with the value of the given
set whenever p* € S(p*) [11]. Using the symbol FIX (S) to express the
point [11]. A multifunction & : W — P.; (W) is Lipschitzian with a
positive constant such as 6 exists such that we have

P.Hy,, (S(h), S(h)) < bdw(h,h),  Yh.heW.

If  exists for a Lipschitz mapping such that § € (0,1) is, we say there is a
contraction [ 1]. In the following, 7 is said to be completely continuous
if T(Q) is relatively compact for each @ € Py, 4(W), with T : §J —
P.;s(R) is called measurable if

s — dy (v, T (s)) = inf {|’U —z|:x € T(s)},

is measurable for any v € R [1, 11]). At the end, T is an upper semi-
continuous if for w* € W, the set T (w*) belongs to P.; s(W) and also,
for each open set ) of W containing 7 (w*), there is a neighborhood
Qp of w* provided that 7(Qg) € V [I1]. We denote the graph of the
multifunction 7 : W — P.; 5(Y) by

Graph (T) = {(m,n) EWxY:pe T(m)}.

The Graph (7)) is closed whenever there are two arbitrary sequences
{Pmtm>1, {Tm}m>1 iIn W, X respectively, such as with conditions m —
oo, we have g € T(po) [!, 11]. Therefore, the results that if the mul-
tifunction 7 : W — P.;s(X) It has a upper semi-continuous property,
then Graph(7) is a closed subset of W x X [L1]. Suppose that T is a
property of graph continuity, closed and complete, in this case S is upper
semi-continuous [11]. Also, T has convex values if T(E) € P, (W) for
all E C W. In addition to, a set of choices T at a point such as p € Cr(J)
for each s € J is represented by ([!, 11]),

(S.E£.L)7p = {@ e LL(3) : (s) € T, p(s))}.

Consider 7 is an arbitrary multifunction, so for p € Cy(J), we have
(S.£.L)7p # 0 whenever dim(W) < oo [31]. We state that 7 : J x
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R — P(R) is expressed Carathéodory if ¢t — T (s,p) is measurable for
each p € R and p — T (s, p) is an upper semi-continuous for almost all
p € J[l, 11]. A Carathéodory multifunction 7 : J x R — P(R) is called
L!-Carathéodory whenever for each ¢ > 0 there is ¥, € L (J) with

1T (s )| = sup {Juwl : we T(s,p)} < V(o).
SEYJ
for all |p| < ¢ and for almost any ¢t € J [1, 11].

We need to use the case. following key famous theorems.

Theorem 2.1 ([23]). Consider YW be a separable Banach space, D :
IXW = Pempeva(W) an L'-Carathéodory set-valued map and ji :
Li,(3) = Cw(J) a linear continuous map. Then the map

{ no (S.g.ﬁ)p : Cw(fj) — Pc.m.p,c‘v.a:(cW<3))7
prr (o (S.E.L)p) (p) = pu((S-£.L)Dp),
is an operator in Cyw(J) x Cw(J) and has the closed graph property.

Theorem 2.2 ([12]). Consider that F is an open subset of a closed con-
vex subset Q of Banach space W, with0 € F and H : F — P pew.z(Q)
is a upper semi-continuous compact map, where Pe., p cv.o(Q) represents
the family of compact, nonempty, and convex subsets of Q. Therefore
either H has a fized point in F or there exist u € OF and 0 € (0,1) such
that v € H (u).

3 Main Results

First, we state the key Lemma 3.1.
Lemma 3.1. Let p € Q. Then u(j) is a solution for the FDE,

°D§ [®a (<Dgu(i)] + 9(j, u(5)) = 5(j), (3)

fort j €3, 0 € (2,3], and ¢ € (1,2], with a combination of integral and
fractional derivative boundary conditions

B, (*Dgu(1)) =0, ®.(°Dg(n)) = D',

n
u"(0) = B1°b, /(1) = BI°b + D'/, u(e):/ tdt,
0
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iff w(j) is a solution for the integral equation

i (5 _ \o—1 1 _ \o—2
u(j) = /0 "0 sydet (e ) / 00" 50 do

I(o) o To-1)
€ o o—1 2
- [ o+
W9 hre+1)+57Gm " G+9]. )

2(m) "D (o + 1)

o 1T S\ s R N 1—j K NC=1 /s N s
#0) = [ TG g0 ) i+ i | [ =g ) i),
and fort,j €3,

—-[A=n)G—0) " +(-n)(1-0)° "] ,
=N N

(=) (1—0)¢~? :
A—n)T(©) 0>

T(j,0) = (6)

Proof. It is observed
RIC (oD [ @0 (D§u(i)) |) = —"190u(i)),

and so, ®,(°Dgu(j)) = —1°9(j,u(j))+co+c1j. Since the ®,(°Dgu(1)) =
0, we conclude

1
_p)¢—1
—/ Cr8—g(0,u(0)) do+co+ 1 = 0.
0

The first and second conditions imply that

1
_0)¢—1
wter = [ 058 g(o ulo) de

¢pg 112 " (n=t)¢?
®q (“Diu(n)) = D7"?b = — T(C) g(0,u(0)) do+ co + c1n.
0

Now, we can get the value of D"/2b according to the conditions of the
problem

Yop _ 1 a\" [ n—o—1 d
D= iy (&) | G =t ar



INVESTIGATION OF THE SOLUTION FOR ...

which we have for n = 1, D'/?b = b(jx)~"/2. Thus,

K (n—o)°! . \—1/2
—/ o 9(e,ule)) do + co + e = b(jm) ™"
0

Hence,

O SN
01—/0 T(0) g(2,u(1))di — co,

— 361
%:1177[/0" =D 6, u) i
1

I'(¢)
7 o I'(Q)

(1—2)¢1t

g(h,u(2)) di + b(jﬂ)l/ﬂ .

Thus

1 Tt
S G

1 —3 ¢—1 L
- “m))g@, u(2)) di — b(jm)~ /2} ,

and so, we get

41
o (‘Dfu / (n—2) u(2))di + co + c1n
" (

I(Q)
/
Pl

(p—2)°st

3 g(1,u(i))di

I(
[ it ; u(1)) di

0

/ F(l) lg (1)) di + b(nm)~ 1/2]

¢)
T(p—1)°t
*1—77[ o T

1 —3 ¢—1 )
+/0 (1 F(C)) g(,u(2)) di — b(jm)~ /2}

1
- /0 T(, )90, u(t)) i

g, u(r))di
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B Ul ) L hu®))dd
+(1—77)F(C)[/0 (=1 g, ”)‘”b]‘

The inverse of the Laplacian operator implies that
1
o (@, Dfuti) =0 [ TG Dg0 )@
0
A n
1— WC—1 /s N N
+ % [/0 (n— Z)C 1g(z,u(z)) di + b])

We can now calculate u(j). “Dgu(j) = p(j), and so

o (cTYo . j(j_g)071~ . )
17 0gu) = [ UL i0) ot do+ o+ .
0 ['(o)
Given that *Dgb = ﬁb‘j“ and Db = b(jm)~"/?, we obtain
2 1 o—2
_n (1—0)77%_
“(e—0)7 ' N—1/2 be? 52
_ do—b _
/0 F—ie) do —belim) ™ = g
1 1 — 9)072 bj2
dy = b(j —1/2—/ 1=0"" 5 a dy = ————.
1= b(jm) . To-1) p(o) do, S NCEY

Therefore u(j), in relation (5), should be obtained. O

At this point, we can examine the next k-dimensional system with
derivative and integral boundary conditions (1)-(2). At the beginning,
we need to defined the space W; = {v;(t) : vj(t) € C()},i=1,2,...,k,
endowed with the norm

[vllw; = sup [vi(0)] + sup [v;(0)]-
0€J 0€J

In this case, the product space W, | - ||), W = W1 x Wa x -+ x W}
endowed with the norm

k
(or, 02,y o)l =D vl (7)
=1
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is a Banach space. More on that, we define the set Wp, , as follows:

~

Wa,, = {p € L'Q) : p(s) € Bils, b1p, (), Yo = (v1,...,0p) € W},
for almost all s € J and 1 < ¢ < k, where

Bi(s,012,. k(s)) = B; (s, v1(8), ..., vk(s),v](s),..., ’U;C(S)) . (8)

We say that (v1,v2,...,v;) is a solution for the system (1)-(2), whenever
there exists functions {pl,pg, . ,pk} € LY(J) with

/

pi(0) € Wa,, (0,v1(0),v2(0), .-, vi(0), v} (0),v5(0), ..., vi(0)), (9)

for each 7, almost all p € J and

J (i — p)oi—1 L1 p)oi—2
nii) = [ VT w@ e i) [ G ulode

(=0 n?

- /0 WW(Q) do+ o
b(j —e)

2(jm) /2T (0; + 1)

200+ 1) +57 (M PG +9] . (10)

for 1 < i < k, where

wilf) = /0 T.(, )90, pile)) do

1-7 K _ )61 .
+(1—77)F(<¢){/0 (n—o) g(Q,pz(Q))dQer],

and for p,j € J,

—[A=n) (-5 4 G—n)(1—0)7 ] .
T(] Q) — (1777)1‘((1’) ’ 0 < Js (11)
o (=) (1—g)% ! ,
TGy t>7

2<0;<3, 1< <2, ®4,(5) =7]"24. We are careful that, CDé+ = %

ep2 _ d*
and ‘Df, = 13-

11
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Theorem 3.2. Consider Carathéodory multifunctions
Bi,...,B : IJxR* 5 Pe oy cna(R),

continuous, bounded, nondecreasing map T : [0,00) — (0,00) and con-
tinuous functions by, ..., b : J — (0,00) with

1Bi(s. 01,..5())]| = sup {Iyl + y € Bils, in2,.4(5)) }
§bi(g)T(Hvl,vg,...,ka), (12)

forall1 <i <k, (vi,...,v) € W and almost all s € J. Let there exist
constants E; such that E; < €, + Q,, where

1
o=
0

(=07 n?
‘|‘/0 Whﬁ(é)ﬂdé’*l' >

b(1 —¢)
2'/2T (0 + 1)

[(1 —0)7 4 (e—1)(os — 1)(1 — Q)ai—z} yz’(g)

[Zbl“(ow +1)+ 7721 - 6)] ',

0, = b<1 + 2€> b((o; +2) — 2¢€2) (13)

2r'/2 MW(o;+1)

and ||b;|| = supyey [bi(s)| with i =1,...,k, y;(s) € B;. Therefore, the k-
dimensional FDI system (1) under boundary conditions (2) has at least
one solution.

Proof. We express the operator L : W — 2"V by

L(vy,...,v) = (Ll(vl,...,vk),Lg(vl,...,vk),...,Lk(vl,...,vk)),
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where

Li(v, ..., vx)
( i \
yeWi|IpeWs,,, cy(d) = /0 (J}E()zfi) vi(0) de

1 o;—2
+e—0) [ Grulo e

e— o;—1 2
- [ S e do+ %

_ b—e) . o (i N\Y20
| oy 2P ) ) )

and we will show that L has at least one fixed point. First, we prove
the expression L(v1,vs,...,v;) is convex for all (vq,va,...,v) € W.
Consider (y1,...,Yk), Yj1s---,Yj.) € L(vi,v2,...,v;). Choose p;,pj, €
N with

Bi,(vb’vz ~~~~~ Vg

)0'1'—2

i (5 \oi—1 1 _
w) = [ U oo+ - [ G2

“(e—07! n?

—/0 W%’(@) do+ )
b(j —€)

2(5m) T (07 + 1)

vi(0) do

2o+ )+ 7 GG+ 9] (1

J (i — p)oi—1 L1 - p)oi—2
w = [ @ e [ G2

(03) [l =1
€ (e—1t)7 1 772
- /0 INGH) vile)de+ 2
. 2P(0i + 1) + 7 Gm) (G + )], (15)
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fori=1,2,...,k. Consider & € J. Then,

J (5 — p)oi—1
[ﬁyi +(1- ﬁ)yy;} (J) = /0 (‘jr(i)i) [hyi(0) + (1 — R)yj;,(0)] do

1 _ \oi—2
we=d) [ o o)+ (- mio) de

“(e—0)7! Lk
. /0 W [ﬁyi(g) + (1 - h)yji(g>] do+ ?
b(j —¢)

2(jm)’T (07 + 1)

2P+ )+ (m G+ ] (16)

Thanks to convex valued B;,
(i + (1= R)y; ] (0) € Li(vy, ... ve),  V1<i<h
Thus,

= (hyr + (1 = R)yjys - hye + (1 = h)y;,.) € L(va, -, vg).

Let p > 0,
Ap= {(m,...,vk) eEW : [(vr,...,vp)]| < p},

(vi,...,v5) € A, and (v1,...,v) € L(vy,...,v;). Choose

(Ul7 e 7/Uk3) € WBI,('UI ..... V) XX WBIC,(’UI ..... vg)?
such that
. I (j - o)t . /1 (1— )72
i = —V; do+ (e — ———U; dt
yi(J) /0 T(o7) (0)do + (€ —j) T - 1) (o)
“(e—o7! U
28 (o) do+ =
b(j —€)

o o (VY205 4 .
o D+ am G+ a]
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for 1 <i < k. Hence,

N J (] _ t)Ui_Q 1 (1 B Q)U¢—2
yi(J) —/0 T(o; — 1) vi(0) dQ—/O (o, = 1) v;(0) do

: i br joit2 (2,2

+ (2(j7) /2T (o; + 1))’ [21)1“(01 +1)+ 2m) 7 (4 )

+ ((O'i 4 2)7 ! — 262 (b(jﬂ)l/z)} [2 (jm) T (o + 1)]
! <7TF(‘71‘ +1)
(26m) T(o + 1)\ ()7

+b(jm) 2 (52 ~ 623'2)]

I N ) R G )
- (o 1) @& || ey o de

n b n bemr n b
2(jm)2  (jm)¥2  2@(oy + 1)

) [(j — (26T(; + 1)

((o; +2)57 ! — 2€%5) . (18)

So,
< [ e oo ) [ U oo
’ —Jo I'(0:) ’ o Dloi—1)""
€ € — O’i—l 2
b(j —€)

T D) ' [20(0i + 1) + 57 (jm) 2 + €)|

(1 — Q)Ji—l + (6 — 1)(01' — 1)(1 _ Q)ai—Q

< /01 Foy) Ui(@)‘dg
[ ;(ﬁj;”m(w]dﬁf
b(1— o)

[2bF(0i F1) + ()21 — e)}

2(m)*T(0; + 1)
< |billT (lvr, v2, -+ -5 vill) iy (19)
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_ -2 1 _ N\oi—2
lyi(7) ‘/ U 019—1 i(Q)dQ_/O (;mg)_l)vi(y)dg

ber
(m)l/? TG0 e+ )

7 (j — )72 L (1— )72
< /0 F(Ji_l)‘w(Q”dQ—/o mh}i(@)\dg
b ber b . ‘
2(jm) 2 + Gm)P + I (o; + 1) (07 4257+ — 2¢%)
14 2e b((o; +2) —262)
<2(7T)1/2> " 20 (0; + 1)
< |1l (o1, va, - - -, vil]) s, (20)

+ (07 +2)j7 T — 2€%]

_l’_

<b

for 1 <i < k. Thus, ||lyilli < (Qiy + Qiy)||bill .1 and

k k
ikl = D el <) (€ + Qi) [1bill 21
=1 i=1

Indeed, L maps bounded sets of W into bounded sets. Let (p1,...,pr) €

Apv j17j2 S 3 with jl S j2 and (ylv"'7yl€) € L(p17"‘7pk)' Then7
V1 <4<k, we have

]2 Yoo 0'7, 1
Ipi(j2) — pi(j1)| < '/ 7%(9) do

1  Noi—2
e i) /0 (;(Uf)_l)yi(g)dg

€ _ o;—1 2

—/0 %yi(g) do+ -
b(j2 — €)

2(jorr) T (0 + 1)

{2r(al- 1)

N (j1— o)t

w3 )+ 0] - | [ S 0 de

1 _ \oi—2
+(6—j1)/0 %w(e)dg

€ (e — o;—1 2
—/0 (F(i)i)yi(g)dwrz
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b(j1 — €)

2(j1m) T (e + 1)

+ 37 (am) 2 (g1 + G)H ‘

< 7(lJvrs vz, - vil]) Qi 163l 21,

[21“(01- +1)

and

2 (ja— 0% , /1 (1-07%2
V28 o) do— | % (o) d
/0 yi(0) do | Toi-1) yi(0) de
b bem

2(jom)"? * (jorr)¥>

o; +2)j7 T — 2€6%5)

pi(j2) — pi(i)| <

+

U CES) ((

M—on? L1-g?
— |:/0 m%(g) dQ_/O myl(g) do
.b n .bETI'
2(am)"2 - (jum)*?

_l’_

b
< T(thvQ? ) UZH) QiQHb;HEU
Indeed,
lim p1(j2) —pr(u)l,-- -, |pe(d2) — pr(51)| =0,
J2—J1
lim [p(j2) — pY(G1)ls - - -+ PR (G2) — Ph(51)| = 0.
J2—J1

According to Theorem Arzela-Ascoli for every bounded subset A, of
W, T(A,) is relatively compact, i.e L is completely continuous. We
will prove further L has a closed graph. Suppose (pf,...,p}) € W
and (y7,...,y;) € L(p(l),...,pg) with (p7,...,p}) — (p(l],...,pg) and
(Wi, ., yp) — (y?, .. .,yg). We will prove (y?, ... ,yg) € L(p(l), ... ,pg).
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For each n € N, choose (uf,...,u}) € Wg, , X --+ x Wp,  such that

J (7 — ¢)oi—1 L1 _¢)oi—2
i) = [ U5 e g) [ GO e a

(04) o D(o;—1)
€ o;—1 2
—/ (eg(t))vgl(t) dt + ’72
0 0
b(j —€)

2(jm) /T (o; + 1) PF(% +1) + 57 (m) (5 + 6)] - (21

Define the continuous linear operator r; : £L(J) — W; by

i (5 — p)oi—1 1 _ N\oi—2
o)) = [T oo+ - [ G e

o I'(oi—1)
“(e—o7! Ui
- /0 Ty V@det 3

b(j —¢)
(jm) /2T (o + 1)

3 [QF(@ + 1) + 59 () 2(4 +e)]. (22)

Theorem 2.1 implies that x; o Wg, , has a closed graph. Because y;' €
kiWa, . pk>)’ for each n, 1 <14 <k, and (p7,...,p¥) — (pY,...,pY),

there exists u? € Wa, (o) such that

J(i_ el 11 _ \oi2
y?(j)Z/O Ormvi(g)dgﬂe—j)/ %w(g)dt

(1) o T(oi—1)
€ o o;i—1 2
- [ u e
b(j —€)

TS R R A K (R0l B )

Hence, y? € L(p(l’,..., pg). This means that L; has a closed graph
V1 < ¢ <k and so L has a closed graph. Now, we consider the num-
ber A € (0,1) so that (p1,...,pn) € AL(p1,...,pn). Then there exists
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(p1, - ,pn) c WBL(m X oo X Vka,(p1 with

77777 PE)

J (5 _ p)oi—1 _
pli) =3 [T g de s e-i) [ o e
oy [le—e U
3 [ e e+ A
A )
2(jm) F (o 1)

20+ 1) +57Gm) G+ 9], (24)

for 1 < ¢ < k. Since Qlﬁl‘% lpill 16:]] < 1, |lpilli < E; for all i =

1,2,...,k. We put the set T like this,

k
T= {(pl,---,pk) EW  |(pr,.-,pe)ll <1 +ZEZ}

=1

So, there are no (p1,...,px) € OT and X € (0, 1) such that (¢1,...,qx) €
AL(p1,...,pk). Also, the operator L : T — Pepp.cvs(T) is upper semi-
continuous because it is completely continuous and has closed graph.
By using definition of L, there is no (p1,...,pr) € OT with (I1,...,lx) €
AL(p1,...,px) for some A € (0,1). Thus, Theorem 2.2 confirm that
L has a fixed point in 7 which is a solution of the k-dimensional FDI
system (1)-(2). O

4 Application with Illustrative Examples

In the following, we state a system for our results and show that it has
a solution according to Theorem 3.2. In the first example, all parts of
Theorem 3.2 were examined along with its proof.
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Example 4.1. Consider a two-dimensional sequential FDI system
V21 j(3.5+tan" (u1(5)))
15(v/T+ed)

1563 (j+In18) (v} (j)] cosv)(f)](sinvy (j)—sin va(5))
6[07 T4/ 72) < 510} () [ cos v (7] )}

Dy [®4 (°DG ui (5))] +

e/ cl?/s . ¥2(2.75+sin(ua(j
Dy [‘I)a ( D, Uz(]))] — 24 10(2+|j|() 2l2))

clo V5 (j+in4) [ vi() exp(|vh(j)]) (san—" vi(j)—tan—" va(j))
T 12(5746) 3(v] (4) exp(|v5 (5))+7) ’

for j € 3 = [0, 1] with three different cases

_g2 1429
o =1{%, 5 1) C

under integral and fractional derivative boundary conditions

( 12/5

O, ("D ur (1)) = @, (CDO us(1 )) —0,
% (DF! (1) = @ (D7 (7)) = DPVIL

R101r+ D1/2\/7 (26)

uf(0) = RI7'V14, wi(1) =
uf(0) = RI"4/14,  uh(1) = RI'4/14 + D214,
n 1) 3/7tdt s (1n21) 3/7tdt

u (*

Clearly, Cl = 71 (1 )7 CQ = % € (172)5 02 = ? € (273)7 b= \/ﬁa

9

€= ln21, n= % % We define continuous functions
. . V21 7(3.54+tan"1 (u1(5))
9 (]aul(])): ](15(ﬁ+ej) ! )7
. . ¥25(2.754sin(uz(j
g2 (J,u2(j)) = — V2 10(;.\]‘\() 2(])))’

and set-valued map

By (j,’Ul(j),UQ(j), Ull(])vvé(]))

B [0 1.5e7 (j+In 18) (vi(j)|Cosvé(j)\(sinvl(j)—sinvg(j)))}
L 14(4+2) 2+ (5)] cos vy (j)] ’

By (.77 Ul(j),’l)g(j), Ull(ﬂ)?”é(]))

_ {o. VBl V4 (4) exp(|vy (G)]) (tan ! v1(4) —tan—" va(5))
= |V 12(2%6) 3(v (4) exp(|v5 (5))+7) '
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Thus, we have

B (3,015), v2(3). 04 (3). 05(4) |

_ ‘1.5ej(j+ln18) (v’l(j)lCOSv'g(j)l(sinvl(j)—sinw(j)))‘
T 14(51+2) 2401 (4)| cos vy (7)]

. ‘1.5 ej(j-Hn 18)‘ v ()] cos vh ()| (sin vy (j)— smvz(j))‘
14(]j1+2) 2+v1 (4)] cos v5(5)]
< %;-lnls) } sinvy(j) — Slnvz(j)‘
< 1.5@7(%';-11’1 18) }Ul(]) _ ’1)2(])’
< 12U (juy ()] + o2 (5)]),
and
B (3,015), v2(3), 94 (3). 05(4) |
| VB G4+ma) [(v0) exp(vy () (tan—? m(a) tan—1 va(5))
| 12(2+6) 3(v} () exp(|v5 (5))+7)
_ | VEG+ma) | | i) exp(jvg()]) (tan ! vi () —tan " v2(j))
| 12(7+6) 3(h (5) exp(|vh(§))+7)
< 7\/5(3;“61114) | tan™" vy (j) — tan™! va(j)|
< YR 1, () — va(j)
< YD, (juy (7)) + [o2)]).
Hence,
|B1 G013, 020,05 (), 05)) || < 01 7).
| B2 (01, 20), 4 (9), v8) || < B2) (),
where
bi(j) = 1.567(;';-11& 18) bo(j) = \/5(514%1114)7

and according to Eq. (7), 7(j) = j. Hence, by using the given data and
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relations (13), we obtain

w= [ -0 s - -y - 077 4
In21/9 /10 op-1
9 0
+/0 %M(@’dg—i— o
VI4(1-2 2 i 1 In 21
+ 27r1/§1—\(0 +1) |:2 4T (01 + 1) +7 & ( T)}
5.7165, oy = 2,
~ ¢ 5.6707, oy =1,
5.6293, oy =2,
14221 VId( o +2—2(n21)?
912 =V 14( 271-1/92 > + ( 2F(O’1+(1)9 ) )
3.7752, oy =2,
~ ¢ 35914, oy =14,
3.4186, o =2,
and
1
Qo = / [(1 o)+ F (5 -1) (1~ 9)2/5] Fu(ig)) de
0 5
11121/9 In21 7/5
+/0 G i) do + &
_In21
T R G ) 2V () + 72 (1 - 21| | = 5.8821,
2m ﬂl"(@)
2In21 2
_ 1+ 5 \/ﬁ(g 72(11&21) N
Qo, = V14 < —% ) + Sy = 438TL,

for three cases o1 = %—(7), 15—4, %. One can see the calculated data in

Table 1 for different cases of the order o1 on j € J. It can be seen that as
the order of derivative o increases towards the number three, parameter
1, decreases and parameter {21, increases. The curves drawn in Figs. 1a
and 1b show these changes well. Note that the two parameters €2y, and
Q9,, because those do not depend on the order of the derivative o,
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Table 1: Numerical values of Q1,, Q1, and Qa,, Q2, with three cases of o for
system (25) in Example 4.1.

J Q1 Q1, Ineq. (27) Q1 Q1, Ineq. (28)
=2
0.00 5.5161  3.7752 0.5056  5.5956  4.3872 0.0222
0.10 5.5690  3.7752 0.5059  5.6638  4.3872 0.0222
0.20 5.6122  3.7752 0.5062  5.7216  4.3872 0.0223
0.30 5.6465  3.7752 0.5064  5.7693  4.3872 0.0223
0.40 5.6727  3.7752 0.5066  5.8076  4.3872 0.0223
0.50 5.6918  3.7752 0.5067  5.8371  4.3872 0.0223
0.60 5.7046  3.7752 0.5068  5.8585  4.3872 0.0223
0.70 5.7123  3.7752 0.5068  5.8725  4.3872 0.0223
0.80 5.7160  3.7752 0.5068 5.8802  4.3872 0.0223
0.90 5.7169  3.7752 0.5068  5.8827  4.3872 0.0223
1.00 5.7166  3.7752 0.5068  5.8821  4.3872 0.0223
1=
0.00 5.4940  3.5914 0.5042  5.5956  4.3872 0.0222
0.10 5.5421  3.5914 0.5045 5.6638  4.3872 0.0222
0.20 5.5810  3.5914 0.5048 5.7216  4.3872 0.0223
0.30 5.6114  3.5914 0.5050  5.7693  4.3872 0.0223
0.40 5.6343  3.5914 0.5051  5.8076  4.3872 0.0223
0.50 5.6506  3.5914 0.5052  5.8371  4.3872 0.0223
0.60 5.6614  3.5914 0.5053  5.8585  4.3872 0.0223
0.70 5.6676  3.5914 0.5053  5.8725  4.3872 0.0223
0.80 5.6704 3.5914 0.5054  5.8802  4.3872 0.0223
0.90 5.6710 3.5914 0.5054  5.8827  4.3872 0.0223
1.00 5.6708  3.5914 0.5054  5.8821  4.3872 0.0223
=2
0.00 5.4739  3.4187 0.5028  5.5956  4.3872 0.0222
0.10 5.5175  3.4187 0.5031  5.6638  4.3872 0.0222
0.20 5.5623  3.4187 0.5034 5.7216  4.3872 0.0223
0.30 5.5791  3.4187 0.5036  5.7693  4.3872 0.0223
0.40 5.5990  3.4187 0.5037  5.8076  4.3872 0.0223
0.50 5.6129  3.4187 0.5038  5.8371  4.3872 0.0223
0.60 5.6219  3.4187 0.5039  5.8585  4.3872 0.0223
0.70 5.6269  3.4187 0.5039  5.8725  4.3872 0.0223
0.80 5.6291  3.4187 0.5039  5.8802  4.3872 0.0223
0.90 5.6295  3.4187 0.5039  5.8827  4.3872 0.0223
1.00 5.6293  3.4187 0.5039  5.8821  4.3872 0.0223

remain constant. Furthermore, by definition of functions b;, g;, i = 1, 2,
we got

* . ) 73
g1 = sup g1(4,0) = % g5 = sup ga(j,0) = —2BV2,

JET JEJ
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. 1.5e(1+In 18

o]} = sup b1(5)] = Lot 1) - q,
. 5(14+In4

[bal] = sup [ba(j)] = YELHD g

JEJ
Thus, by choosing Ey < 8.4917, 8.2621, 8.0479 for oy = 2&, 1 28
respectively, and Fo < 9.2692, we have

0.5067, oy = 2,

aray il 1ol = 3 05054, o1 =%, & <1, (27)
29
0.5039, oy =2,

array; [pill 16| = 0.0223 < 1. (28)

We plot the numerical results of inequality (27) in Fig. 2 for three cases
of derivative order o1, which nicely shows that as o1 increases towards

three, the inequality decreases, but is still smaller than one. By using
575 38 T
——— I %
a7l | —o—rmtem 875
n‘:ZQHO

37

5.65
3.65

& 56 R R R N R
355

555 ——0,=2710
35 0,145

55, 7,-29/10
3.45
[ |

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
J )

(a) Qll (b) 912

Figure 1: 2D plots of Q1, and Qi, with three cases of o1 when j € J for sys-
tem (25) in Example 4.1.

the theorem 3.2, the 2-dimensional FDI system (25) with the condi-
tion (26) has at least one solution.

In the next example, we show that our results are correct with dif-
ferent cases of the order oy in System (1)-(2).
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0.507
0.5065

llpill s < 1

11 ]
Qir + Qg

0.506

0.505
0.5045

0.504

0.5035 ——0,=27110
——0,=14/5

0,=29/10

0.503

0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
J

Figure 2: 2D plots of Ineq. (27) with three cases of o1 when j € J for system (25)
in Example 4.1.

Example 4.2. We consider the same two-dimensional sequential FDI
system (25) in Example 4.1 as form

c /e c /3 . \/ﬁj(3.5+tan_1(u1(j)))

1567 (j+In18) (v} (j)] cos)(5)](sinvy (j)—sin va(5))
E[Ov TA(7172) ( 5107 () [cos v (7] )]

(29)

2 V25 sin(ug(J
D" (20 (“DFtua())] — GO

c o, V8Gma (iG)exp(u()D) (tan~ va(G)—tan~ 2(5))
» 12(5716) 3(v} () exp([v5 ()N+7) ’

for j € J = [0, 1] with three different cases

o= {1, 12 131 (2,3,

25
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under integral and fractional derivative boundary conditions

/

o, CD8/3U1(1)> — 3, (CD52/5UQ( )) — 0,
® (‘D5 (3)) = 0 (D (3)) = DVVIL

W0) = BIVST4, (1) = RI¥3\/14 + D214, (30)
( — Rjozf u/2(1) — RIO’Z\/ﬁ_i_ Dl/Q\/ﬁ’

ur (B2) = [ vt s (B2) = [ tar,

Clearly, ¢ = ¥ € (1,2), @ = 3 € (1,2), o1 = § € (2,3), b = V14,
€ = 1n921, n = %, v = % Also, we consider the functions g; and set-
valued maps B; (j,v1(j),v2(4),v1(4),v5(4)), i« = 1,2 in Example 4.1. We

have show that

LOETGIS) (14, ()] 4 [va(4)]),

| /\

‘31 3,01(4), v2(4), v1(4), va(J ’

1 .
@2%m0>wowq 5(3) | < G (01 ()] + e ) ),
ans so
bl(]) _ 158](;;-1’118)’ bg(j) _ \/g(gi‘%lnél)7

and according to Eq. (7), 7(j) = j. Now, by using the given data and
relations (13), we have Q, ~ 5.7328, 1, ~ 3.8388 and

601737 g2 = %7 48345, o9 = %,
g, ~ < 5.8821, o0y =2, (g, ~{ 4.3871, 09 =12,
5.7669, 02 = 3, 3.9696, o3 = 13,

One can see the data in Table 1 for different cases of the order oy on
j € J. It can be seen that as the order of derivative oo increases towards
the number three, parameters €27, and €2, decrease. The curves drawn
in Figs. 3a and 3b show these changes well. The values b;, g;, 1 = 1,2,
were calculated earlier in Example 4.1. Thus, by choosing F; < 8.5717,
and Fy < 9.8519, 9.2692, 8.7365 for g9 = %, %, % respectively, we
have

e lpall ]l ~ 0.5073 < 1, (31)
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Table 2: Numerical values of Q1,, Q1, and Qa,, Q2, with three cases of o3 for
system (29) in Example 4.2.

J Q1 Q1, Ineq. (27) Q1 Q1, Ineq. (28)
op=14
0.00 5.5240  3.8389 0.5060  5.6600  4.8346 0.0223
0.10 5.5785  3.8389 0.5064 5.7388  4.8346 0.0224
0.20 5.6232  3.8389 0.5067 5.8071 4.8346 0.0224
0.30 5.6588  3.8389 0.5069 5.8651  4.8346 0.0224
0.40 5.6862  3.8389 0.5070  5.9132  4.8346 0.0224
0.50 5.7063  3.8389 0.5072  5.9516  4.8346 0.0224
0.60 57199  3.8389 0.5073  5.9808  4.8346 0.0224
0.70 5.7282  3.8389 0.5073  6.0012  4.8346 0.0224
0.80 5.7322  3.8389 0.5073  6.0134  4.8346 0.0224
0.90 57332  3.8389 0.5073  6.0182  4.8346 0.0224
1.00 5.7328  3.8389 0.5073  6.0174  4.8346 0.0224
oy =12
0.00 5.5240  3.8389 0.5060  5.5956  4.3872 0.0222
0.10 5.5785  3.8389 0.5064 5.6638  4.3872 0.0222
0.20 5.6232  3.8389 0.5067 5.7216  4.3872 0.0223
0.30 5.6588  3.8389 0.5069 5.7693  4.3872 0.0223
0.40 5.6862  3.8389 0.5070  5.8076  4.3872 0.0223
0.50 5.7063  3.8389 0.5072  5.8371  4.3872 0.0223
0.60 57199  3.8389 0.5073  5.8585  4.3872 0.0223
0.70 5.7282  3.8389 0.5073  5.8725  4.3872 0.0223
0.80 5.7322  3.8389 0.5073  5.8802  4.3872 0.0223
0.90 5.7332  3.8389 0.5073  5.8827  4.3872 0.0223
1.00 5.7328  3.8389 0.5073 5.8821  4.3872 0.0223
o =1
0.00 5.5240  3.8389 0.5060 5.5404  3.9697 0.0221
0.10 5.5785  3.8389 0.5064 55983  3.9697 0.0221
0.20 5.6232  3.8389 0.5067 5.6461  3.9697 0.0221
0.30 5.6588  3.8389 0.5069 5.6845  3.9697 0.0221
0.40 5.6862  3.8389 0.5070  5.7144  3.9697 0.0222
0.50 5.7063  3.8389 0.5072  5.7366  3.9697 0.0222
0.60 57199  3.8389 0.5073  5.7519  3.9697 0.0222
0.70 5.7282  3.8389 0.5073  5.7614  3.9697 0.0222
0.80 5.7322  3.8389 0.5073  5.7661  3.9697 0.0222
0.90 5.7332  3.8389 0.5073  5.7673  3.9697 0.0222
1.00 5.7328  3.8389 0.5073  5.7669  3.9697 0.0222
0.0224, oy =4,
oy il llbi]l = ¢ 0.0223, 0p =2, » <1. (32)
0.0222, oy = 2.

We plot the numerical results of inequality (31) in Fig. 4 for three cases
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of derivative order o9, which nicely shows that as o9 increases towards
three, the inequality decreases, but is still smaller than one.

—¥—0,=115

(a) Q21

»*

*—F

*
*»*
*
*
*
*

—— 0,115
——o,-125

7,135

PN D Y G G G G G
————0—0—0¢—0—

0.1

Figure 3: 2D plots of Q2, and 2, with three

tem (29) in Example 4.2.

02 03 04 05 06 07 08 09 1
J

(b) Q22

cases of oo when j € J for sys-

0.0224

0.0224
Ll <1
0.0223: 5 o P > |
Qg+ Qg
0.0223 F D
0.0223 1
L
0.0222 1
——0,=2710
0.0222 ——o0,=145 |
o, =29/10
S el S S B B B e e
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

J

Figure 4: 2D plots of Ineq. (28) with three cases of o2 when j € J for system (29)

in Example 4.2.
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Therefore, all conditions of theorem 3.2 hold. hence, the 2-dimensional
FDI system (29)-(30) has at least one solution.

5 Conclusion

In today’s world, solving fractional differential devices and checking the
solution for these devices has become very important. We can check the
successive derivatives of fractions with different integral conditions. In
this article, we first found a solution for fractional differential inclusion.
Then we checked that this solution could be a solution for the frac-
tional differential inclusion device. In the end, we gave some illustrative
examples to clarify our case.
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