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1 Introduction

Recently, the implication of MNC has been utilized in sequence spaces
for different classes of differential equations ([2, 6, 8, 9, 10, 11, 13, 15,
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16, 17, 18, 19]). Aghajani et al. [4] investigated the solvability of infinite
systems of second order differential equations in l1-spaces. Afterwards,
Mohiuddine et al. [14] and Banaś et al. [7] focused in these systems in
the lp spaces.

In this paper, we present the Hausdorff MNC in Hahn sequence
space. By applying this MNC, we consider the solvability of infinite
systems of a BVP fractional type by nonlocal integral boundary con-
ditions in the Hahn sequence space. Then, we present one example to
inquire about the performance of the main results.

Suppose that (℧, ∥ · ∥) is a real Banach space by zero element 0,
D(ν, σ) is the ball centered at ν by radius σ. For ∅ ≠ L ⊆ ℧, we denote
by L the closure and by ConvL the closed convex hull of L, ∅ ≠ N℧ ⊆ ℧
is the family of all relatively compact subsets and ∅ ̸= M℧ ⊆ ℧ is the
family of nonempty bounded subsets of ℧.

Definition 1.1. [1] The function µ̃ : M℧ → [0,∞) is a measure of
noncompactness (MNC) in ℧ if it fulfills:

1◦ N℧ ⊇ {L ∈ M℧ : µ̃(L) = 0} = ker µ̃ ̸= ∅.

2◦ L ⊂ R ⇒ µ̃(L) ≤ µ̃(R).

3◦ µ̃(L) = µ̃(L) = µ̃(ConvL).

4◦ µ̃(ζL+ (1− ζ)R) ≤ ζµ̃(L) + (1− ζ)µ̃(R) for 0 ≤ ζ ≤ 1.

5◦ If Ln ∈ M℧, Ln = Ln, and Ln+1 ⊂ Ln for all n ∈ N and

lim
n→∞

µ̃(Ln) = 0, then ∅ ≠ L∞ =
∞⋂
n=1

Ln.

Definition 1.2. [5] Let (L, d) be a metric space and A ∈ ML. The
Kuratowski MNC of A, is

β(A) = inf
(
0 < ε :

m⋃
ı=1

Kı ⊇ A,Kı ⊂ L, ε > diam(Kı)

(ı = 1, 2, . . . ,m); m ∈ N
)
,

where diam(Kı) = sup{d(υ, ν) : ν, υ ∈ Kı}.
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The Hausdorff MNC χ(A), is

χ(A) = inf
(
ε > 0 : A ⊂

m⋃
ı=1

D(νı, σı), νı ∈ L, σı < ε

(ı = 1, 2, . . . ,m); m ∈ N
)
.

Definition 1.3. [3] Let ℧ be a Banach space, ∅ ̸= Q ⊆ ℧, also, µ̃ is an
MNC in ℧. The operator H : Q → Q is called a Meir–Keeler condensing
operator if ∀ 0 < ε, ∃ 0 < δ so that

ε ≤ µ̃(L) < δ + ε implies µ̃(H(L)) < ε,

∀ bounded subset L ⊆ Q.

Theorem 1.4. [3] Let ℧ be a Banach space, ∅ ≠ D = D ⊆ ℧ is bounded,
and convex and µ̃ is an MNC in ℧. If H : D → D is a continuous Meir–
Keeler condensing operator and continuous, then H has a fixed point.

Proposition 1.5. [5] Let Υ be a subset of C(I,℧), equicontinuous,
bounded, and χ be an Hausdorff MNC. Then the function χ(Υ(.)) is
continuous and

sup
℘∈I

χ(Υ(℘)) = χ(Υ), χ
( ∫ ℘

0
Υ(ℑ)dℑ

)
≤

∫ ℘

0
χ(Υ(ℑ))dℑ.

Example 1.6. Let ℧ = C[0, 1] and I = [0, 1]. Next, take

Υ =
{
h(s) := sf + (1− s)g : f, g ∈ ℧, ∥f∥ ≤ 1, ∥g∥ ≤ 1

}
.

Therefore, clearly, Υ is a subset of C(I,℧), equicontinuous and bounded.
Also,

Υ(0) =
{
g : g ∈ ℧, ∥g∥ ≤ 1

}
and, . . .

Υ(℘) =
{
℘f + (1− ℘)g : f, g ∈ ℧, ∥f∥ ≤ 1, ∥g∥ ≤ 1

}
.

It is easy to prove that χ(Υ(℘)) = 1 for any ℘ ∈ I. Hence, by using
Proposition 1.5 we have

χ(Υ) = sup
℘∈I

χ(Υ(℘)) = 1,

χ
( ∫ ℘

0
Υ(ℑ)dℑ

)
≤

∫ ℘

0
χ(Υ(ℑ))dℑ =

∫ ℘

0
1 dℑ = ℘.
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Definition 1.7. ([21]) Let f : R+ → R, the Caputo fractional derivative
of order 0 < α is

cDαf(℘) =

∫ ℘

0

f(m)(κ)

(℘−κ)α−m+1 dκ

Γ(m− α)
,

where m− 1 = [α].

Definition 1.8. ([21]) Let h : (0,∞) → R, the R-L (Riemann-–Liouville)
fractional integral of order α is

1

Γ(α)

∫ ℘

0

h(℘)

(℘− κ)1−α
dκ = Iα0+h(℘).

Lemma 1.9. [20] Let ϑ, ξ ∈ R, 0 < ϑ < 1, ξ > 0, γ ̸= Γ(ξ+1)
ϑξ and

fı ∈ C([0, 1]). Then, the solution of the FDE{
cDα

0+
ν(℘) = fι(℘, ν(℘)), 0 ≤ ℘ ≤ 1, α ∈ (0, 1],

ν(0) = γIξ0+ν(ϑ) = γ
∫ ϑ
0

(ϑ−κ)ξ−1

Γ(ξ) ν(κ)dκ,
(1)

is

ν(℘) =
1

Γ(α)

∫ ℘

0

(℘− κ)α−1fι(κ, ν(κ))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
fι(κ, ν(κ))dκ.

2 Hahn Sequence Space

By ω = CN , (N = {0, 1, 2, . . .} and C is the complex field) we denote
the space of all complex-valued or real sequences.
Each linear subspace of ω is called a sequence space.

In [12] Hahn defined the Banach sequence space with continuous
coordinates (BK space) H of all sequences ν = (νk) so that

H =
{
ν :

∞∑
k=1

k|∆νk| < ∞ and lim
k→∞

νk = 0
}
,

where ∆νk = νk − νk+1, ∀ k ∈ N, by norm

∥ν∥H =
∞∑

k=1

k|∆νk|+ sup
k

|νk|.
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Hahn showed that H is a Banach sequence space and H ⊂ l1
⋂∫

c0,
where ∫

c0 =
{
ν = (νk) ∈ ω : (kνk) ∈ c0

}
.

Lemma 2.1. [16] Let A ⊆ L be bounded, where L is lp (p ∈ [1,∞)) or c0.
If Rn : L → L is an operator such that Rn(ν) = (ν0, ν1, . . . , νn, 0, 0, . . .),
so

χ(A) = lim
n→∞

{
sup
ν∈A

∥(I −Rn)ν∥
}
.

Theorem 2.2. Let A ⊆ H be bounded. So the Hausdorff MNC χ in the
Banach space H is defined by:

χ(A) := lim
n→∞

{
sup
ν∈A

{∑
k≥n

(k|∆νk|) + sup
k

|νk|
}}

. (2)

Proof. Define the operator Rn : H → H by
Rn(ν) = (ν1, ν2, . . . , νn, 0, 0, . . .) for ν = (ν1, ν2, . . .) ∈ H. Then

A ⊂ RnA+ (I −Rn)A. (3)

From (3), we get

χ(A) ≤ χ(RnA) + χ((I −Rn)A) = χ((I −Rn)A)

≤ diam((I −Rn)A) = sup
ν∈A

∥(I −Rn)ν∥,

where

∥(I −Rn)ν∥ =

∞∑
k=1

(k|∆νk|) + sup
k

|νk|,

when n is sufficiently large. So

χ(A) ≤ lim
n→∞

sup
ν∈A

∥(I −Rn)ν∥. (4)

Reciprocally, suppose that ε > 0 and {z1, z2, . . . , zj} be a [χ(A)+ε]-net
of A. So

A ⊂ {z1, z2, . . . , zj}+ [χ(A) + ε]D(H),

where D(H) is a unit ball of H. So

sup
ν∈A

∥(I −Rn)ν∥ ≤ sup
1≤ι≤j

∥(I −Rn)zι∥+ [χ(A) + ε],

then
lim

n→∞
sup
ν∈A

∥(I −Rn)ν∥ ≤ χ(A) + ε. (5)

Since ε is arbitrary, by (4) and (5), relation (2) holds. □
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3 Application

Now, we study the solvability of infinite system (1) in the Hahn sequence
space. We give one example to show the performance of main results.

Consider:
(a) Let fι ∈ C(I × R∞,R), (ι ∈ N) be a function. The function f :
I ×H → H is defined by

(z, ν) → (fν)(κ) = (f1(κ, ν(κ)), f2(κ, ν(κ)), f3(κ, ν(κ)), . . .),

so that the family of functions ((fν)(κ))κ∈I is equicontinuous, where
I = [0, 1].
(b) The following inequalities hold:

|fι(κ, ν(κ))| ≤ |aι(κ)||νι(κ)|,

|∆fι(κ, ν(κ))| ≤ |aι(κ)||∆νι(κ)|,

where aι : I → R are continuous and (aι(κ))ι∈N is equibounded.
Put

A = sup
ι∈N

sup
κ∈I

|aι(κ)|.

Theorem 3.1. By having the hypotheses (a), (b) and(
1

αΓ(α)
+ γ(Γ(ξ+1))ϑξ+α

(Γ(ξ+1)−γϑξ)ξ+α

)
A < 1, the E.q (1) admits at least one solution

ν = (νk) ∈ C(I,H) for each ℘ ∈ I.

Proof. Define the operator F : C(I,H) → C(I,H) as

(Fν)(℘) =
1

Γ(α)

∫ ℘

0

(℘− κ)α−1fι(κ, ν(κ))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
fι(κ, ν(κ))dκ.

Also, C(I,H) is equipped by norm

∥ν∥C(I,H) = sup
℘∈I

∥ν(℘)∥H .

By, using our assumptions, we get
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∥(Fν)(℘)∥H

=

∞∑
k=1

k|∆(
1

Γ(α)

∫ ℘

0

(℘− κ)α−1fk(κ, ν(κ))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
fk(κ, ν(κ))dκ)|

+sup
k

| 1

Γ(α)

∫ ℘

0

(℘− κ)α−1fk(κ, ν(κ))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
fk(κ, ν(κ))dκ|

≤
∞∑

k=1

k|ak(κ)||∆νk(κ)|
( 1

Γ(α)

∫ ℘

0

(℘− κ)α−1dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
dκ
)

+sup
k

|ak(κ)||νk(κ)|
( 1

Γ(α)

∫ ℘

0

(℘− κ)α−1dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
dκ
)

≤
( ℘α

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

) ∞∑
k=1

k|∆νk(κ)|+ sup
k

|νk(κ)|A.

Taking the supremum on ℘ in [0, 1], we get

∥Fν∥C(I,H) ≤
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
A∥ν∥C(I,H).

The above inequality can be written as

σ ≤
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
Aσ. (6)

Let σ0 be optimal solution of (6). Take

D = D(ν0, σ0) = {ν = (νι) ∈ C(I,H) : ∥ν∥C(I,H) ≤ σ0}.

Clearly, D = D is convex, bounded and F is bounded on D.
Let y ∈ D and ε > 0. By applying (a), ∃ 0 < δ so that if ν ∈ D and

∥ν − y∥C(I,H) ≤ δ then ∥(fν) − (fy)∥C(I,H) ≤ ε(
1

αΓ(α)
+

γ(Γ(ξ+1))ϑξ+α

(Γ(ξ+1)−γϑξ)ξ+α

)
A

. Hence,

for each ℘ in [0, 1], we have
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∥(Fν)(℘)− (Fy)(℘)∥H

=

∞∑
k=1

k|( 1

Γ(α)

∫ ℘

0

(℘− κ)α−1∆(fk(κ, ν(κ))− fk(κ, y(κ)))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
∆(fk(κ, ν(κ))− fk(κ, y(κ)))dκ)|

+sup
k

| 1

Γ(α)

∫ ℘

0

(℘− κ)α−1(fk(κ, ν(κ))− fk(κ, y(κ)))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
(fk(κ, ν(κ))− fk(κ, y(κ)))dκ|

≤
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
sup
℘∈I

( ∞∑
k=1

k|∆(fk(℘, ν(℘))− fk(℘, y(℘)))|

+sup
k

|(fk(℘, ν(℘))− fk(℘, y(℘)))|
)

=
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
∥(fν)− (fy)∥C(I,H) ≤ ε.

Then
∥(Fν)− (Fy)∥C(I,H) ≤ ε.

So, F is continuous.
Now, we prove that (Fν) is continues in (0, 1). Let ℘1 ∈ (0, 1),

℘ > ℘1 and ε > 0, so that |℘− ℘1| < ε, then, we can write

∥(Fν)(℘)− (Fν)(℘1)∥H

≤
∞∑

k=1

k| 1

Γ(α)
∆
(∫ ℘

0

(℘− κ)α−1fk(κ, ν(κ))dκ−
∫ ℘1

0

(℘1 − κ)α−1fk(κ, ν(κ))dκ
)
|

+sup
k

| 1

Γ(α)

(∫ ℘

0

(℘− κ)α−1fk(κ, ν(κ))dκ−
∫ ℘1

0

(℘1 − κ)α−1fk(κ, ν(κ))dκ
)
|

≤ 1

Γ(α)

∞∑
k=1

k|ak(κ)||∆νk(κ)||
(∫ ℘

0

(℘− κ)α−1dκ−
∫ ℘1

0

(℘1 − κ)α−1dκ
)
|

+
1

Γ(α)
sup
k

|ak(κ)||νk(κ)||
(∫ ℘

0

(℘− κ)α−1dκ−
∫ ℘1

0

(℘1 − κ)α−1dκ
)
|

≤ A

Γ(α)

( ∞∑
k=1

k|∆νk(κ)|+ sup
k

|νk(κ)|
)(℘α

1

α
− ℘α

α

)
,

since ℘ > ℘1 and 0 ≤ α < 1 we have
℘α
1
α − ℘α

α ≤ 0. This proves that
(Fν) is continues on (0, 1).

Finally, we show that F satisfies in Theorem 1.4. By Proposition 1.5
and (2), Hausdorff MNC for D ⊂ C(I,H) is defined by

χC(I,H)(D) = sup
℘∈I

χH(D(℘)),
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where D(℘) = {ν(℘) : ν ∈ D}. Therefore, we get

χH(FD)(℘)

= lim
n→∞

{sup
ν∈D

(∑
k≥n

k|∆(
1

Γ(α)

∫ ℘

0

(℘− κ)α−1fk(κ, ν(κ))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
fk(κ, ν(κ))dκ)|

+sup
k

| 1

Γ(α)

∫ ℘

0

(℘− κ)α−1fk(κ, ν(κ))dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
fk(κ, ν(κ))dκ|

)

≤ lim
n→∞

{sup
ν∈D

(∑
k≥n

k|ak(κ)||∆νk(κ)|
( 1

Γ(α)

∫ ℘

0

(℘− κ)α−1dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
dκ
)

+sup
k

|ak(κ)||νk(κ)|
( 1

Γ(α)

∫ ℘

0

(℘− κ)α−1dκ

+
γ(Γ(ξ + 1))

Γ(ξ + 1)− γϑξ

∫ ϑ

0

(ϑ− κ)ξ+α−1

Γ(ξ + α)
dκ
))

≤ A
( ℘α

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
lim

n→∞
{sup
ν∈D

(∑
k≥n

k|∆νk(κ)|+ sup
k

|νk(κ)|

)
.

Then, we have

sup
℘∈I

χH(FD)(℘) ≤ A
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
χC(I,H)(D).

This implies that

χC(I,H)(FD) < A
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
χC(I,H)(D) < ε. (7)

Then
χC(I,H)(D) <

1

A
(

1
αΓ(α)

+ γ(Γ(ξ+1))ϑξ+α

(Γ(ξ+1)−γϑξ)ξ+α

)ε.
Let us choose δ = ε( 1

A

(
1

αΓ(α)
+

γ(Γ(ξ+1))ϑξ+α

(Γ(ξ+1)−γϑξ)ξ+α

) − 1). So, F is a Meir–Keeler

condensing operator on D ⊂ H. By using Theorem 1.4, F has a fixed
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point in D, thus the equations (1) has at least one solution in C(I,H).
□

Example 3.2. Consider the equations
CDα

0+ν(℘) =

∞∑
j=ι

2j + 1

(j2 + 1)(j2 + 2j + 2)
e−3κ sin(κ+ eκ)νj(κ),

℘ ∈ [0, 1], α = 1, ϑ = 1
3
, γ = 1

4
, ξ = 3

2

ν(0) = γIξ0+ν(
1
3
) = γ

∫ 1
3
0

( 1
3
−κ)

3
2
−1

Γ( 3
2
)

ν(κ)dκ,

(8)

where α = 1, ξ = 3
2 , γ = 1

4 and ϑ = 1
3 .

Take fι(℘, ν(℘)) =

∞∑
j=ι

2j + 1

(j2 + 1)(j2 + 2j + 2)
e−3κ sin(κ+ eκ)νj(κ). Therefore, (8)

is a special case of (1). Clearly,
∞∑
j=ι

2j + 1

(j2 + 1)(j2 + 2j + 2)
e−3κ sin(κ + eκ)νj(κ)

(ι ∈ N) is continuous on I = [0, 1]. Notice that, for any ℘ ∈ I, if ν(℘) =
(νι(℘)) ∈ H, then (fι(κ, ν(κ))) ∈ H. Let ε > 0 and ν(℘) = (νι(℘)) ∈ H.
So, by taking y(℘) = (yι(℘)) ∈ H with ∥ν(℘)− y(℘)∥H ≤ δ(ε) := 2ε, we
have

∥f(℘, ν(℘))− f(℘, y(℘))∥H ≤ 1

2
∥ν(℘)− y(℘)∥H = ε,

which implies that condition (a) holds. Now, for condition (b), we have

|fι(κ, ν(κ))| ≤ |
∞∑
j=ι

2j + 1

(j2 + 1)(j2 + 2j + 2)
e−3κ sin(κ+ eκ)νj(κ)|

≤ |aι(κ)||νι(κ)|.

and

|∆fι(κ, ν(κ))| ≤ |∆
∞∑
j=ι

2j + 1

(j2 + 1)(j2 + 2j + 2)
e−3κ sin(κ+ eκ)νj(κ)|

≤ |aι(κ)||∆νι(κ)|.

aι(℘) =
e−3℘

2 are continuous and (aι(℘))ι∈N is equibounded,

by A ≤ 1
2 and

A
( 1

αΓ(α)
+

γ(Γ(ξ + 1))ϑξ+α

(Γ(ξ + 1)− γϑξ)ξ + α

)
= 0.508 < 1.

Then T.h 3.1 grantees that equations (8) has at least one solution in
C([0, 1], H).
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