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Abstract. Let (A1, A2, As) be a triple of nonempty convex subsets
of a metric space €2. In this paper, we determine optimal problems of
the best proximity pair by proximal normal structure between two sets
A; and Az with the help of a third set A3 and we find some necessary
and sufficient conditions for existence these optimal problems. Also,
we provide an example to illustrate the convergence behavior of our
proposed results.
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1 Introduction

Let €2 be a metric space and let T, S : Q — 2 be mappings. We remem-
ber that a point u € € is called a fixed point of T" if T'u = u, coincidence
point of T and S if Tu = Su and common fixed point of T" and §' if
Tu = Su = u. Now, let A; and As nonempty subsets of 2 . Put

Al = {ue€ A :d(u,v) =d(A1, As) for some v € As},
Ay = {u€ Ay :d(u,v) =d(Ai, Ag) for some v € A}
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If there is a pair (uo,vo) € Aa x Ag for which d(uo, vs) = d(A1, A2) ,that
d(Aq, As) is distance of A; and As, then the pair (uo,v,) is said to a
best proximity pair for (A, A2). Best proximity pair is a extension of
the concept of best approximation.

The best proximity points of (A, A2) consider by a map T : A} —
Ay. The point u € A; is said to be a best proximity point if d(u, Tu) =
d(Aq, A2). Also, the best proximity point is a expansion of the concept
of fixed point of mappings, because if A; N Ay # () every best proximity
point is a fixed point of T

Sankar Raj et al. [15] gave important results for finding best proxim-
ity points by relatively nonexpansive mappings. A best proximity point
theorem for contraction has been started by Eldred and Veeramani [0]
and Basha [19], also contraction maps extended by many authors (for
instance [3, 8, 9, 10, 11, 14, 18]).

A. A. Eldred et al. [5] introduced proximinal normal structure for a
(A1, A2) and they gave new results in relatively nonexpansive mappings.
Later, Gabeleh [7] and Kirk et al. [12] continued to study this topic. In
the following, we give the definition of proximinal normal structure of

[5]-

Definition 1.1. ([5]) A convex pair (G1,G2) in a Banach space is said
to have proximal normal structure if for every closed, bounded, con-
vex proximal pair (K7, K2) C (G1,G2) for that d(K1, K2) = d(G1,G2)
and d(K7, K2) > d(Ki, K3), there exists (11, 72) € K; x Ky such that
(S(Tl,KQ) < (S(K]_,KQ) and (5(7’2,K1) < (5(K1,K2).

Theorem 1.2. (/5]) Let Q be a Banach space, (A1, A2) be a nonempty,
weakly compact convex pair in , and let (A1, A2) has proximal normal
structure. If T : A1 U As — A1 U Ay is a relatively nonexpansive map
such that T(A1) C Ag and T'(Ag) C Ay, then there is (u,v) € Ay X As
such that ||lu — Tul| = ||Tv —v|| = d(A1, A2).

Theorem 1.3. ([5]) Let Q be a uniformly convex Banach space. Then
every bounded closed convex pair in €2 has proximal normal structure.

On the other hand, about the subject common fixed point there
are a large number of publications (see [I, 2]). These notions extend
common fixed points to nonself-mappings. There are many more reserch
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on common best proximity points (see [1, 13, 16]). In the following we
extended coincidence points of self mappings to nonself mappings. In
fact, they determine the nearest points between two sets A; and As with
the help of a third set As.

Definition 1.4. Let (Aj, A2, A3) be a triple of nonempty subsets of a
metric space Q and let T : A3 — Ay and S : A3 — Ay be nonself
mappings. A pair (z,y) € Ag x Az is called a best (S,T)-prozimity
pair of the pair operator (S,7T) if d(Tx, Sy) = d(A1, A2). Also, a point
u € Ag is called a best coincidence proximity point (BC'P point) of the
pair operator (S,T) if d(Tu, Su) = d(A1, Az2). Also, put

PA3(T, S) = {u € A;z: d(TU, Su) = d(Al,AQ)}

It is notable that, if we have BN C # 0, u € Az is a coincidence point
of (T,95) i.e. Tu = Su. Also, if we have A} = A3 and S be identity,
u € As is a best proximity point. Finally, if we have A; = Ay = A3 and
S identity, u € As is a fixed point of T

In this paper, we give some conditions for finding the best coinci-
dence proximity points by the proximal normal structure sets that re-
sults are extensions of the Eldred and Veeramani results [5]. Also, we
find best proximity pair by cyclic contraction maping pair that results
are extensions of the Eldred et al. [0].

2 Main Results

In this section, we give some necessary and sufficient conditions for exis-
tence and uniqueness of best coincidence proximity points by the prox-
imal normal structure sets. It is notable that results in this section are
extensions of [5].

Theorem 2.1. Let (A1, Aa, A3) be a triple of nonempty, weakly compact
and convexr subsets of a Banach space . Let T : Ay UAs — Aj U Ag
and S : Ay U A3 — Ay U A3z be cyclic mappings, that

|Tu — Sv|| < |lu—wl|], (ue€ A UAs veE AU As3).

If (A1, A2) has proximal normal structure, then there is u € Asz such
that | Tu — Sul| = d(A1, As).
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Proof. Suppose d(A;,A2) > 0. Let (A3, A3) be the proximal pair
of (A1, Ag). Clearly, A and A$ are convex and weakly compact that
d(A3, A3) = d(Aq, Az). For every u € AS, there is v € A§ such that

|STu — TSv|| < ||Tu— Sv|| < ||lu—v| =d(A1, Az),
and
T2 — 5%)] < | Tu— Sol < Ju— v = (A1, 42).

Therefore STu € AS and T?u € AJ, hence ST(AJ) C AS and T?(A3) C
A$. Similarly we have that T'S(A3) C A and S?(A3) C A35. Moreover,
the pair (A7, A3) has proximal normal structure.

Now suppose ¥ be the set of all nonempty subsets F' of A; U As such
that F'N AS and F'N Aj are nonempty, closed and convex sets that

ST(F N AS) C A3, TS(FNA3) C AS,
T2(F N AS) C AS, S2(FnAS) C A3,

and
d(FNA],FNA3S) =d(A;, Ag).

Obviously, A7 U A5 € ¥. We are going to show that X satisfies the
hypothesis of Zorn’s lemma. To this end, let {F, : « € I} be a
descending chain in ¥, and let Fy = (), Fo. Then FyNA7 =, (FaNAS)
is nonempty, closed and convex and so is Fy N AS, similarly. Also,

ST(FyN A7) = ST([[) Fal N A},

acl
C () ST(F.nA4AY),
acl
C  AS.

Similarly,

TS(FonA3) C Ay, SY FynAS) CAS and T?*(Fyn A7) C AJ.
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Without loss of generality, consider the sequences {75}acr in Foy N A9
and {su taer in F,, N A§ such that

[T = Sall = d(A1, A2).

We have weakly convergent subnets {75} and {3} such that 73 — x and
g — y. Then, x € FoN A7 and y € Fp N A3. Also,

|z —yl| < d(Ai, Az),
hence,
d(A1, Ag) < d(Fy N AS, Fy N AS) < ||z — y|| < d(Ay, Ay).

Therefore d(FNAY, FNAS) = d(A1, A2). Thus, Fy € ¥ and Fj is a lower
bounded of {F, : « € I}. Hence, by Zorn’s lemma ¥ has a minimal
element G. Suppose G; = G N A] and G2 = G N A35. As in the proof
of Theorem 1.2 minimality of K implies that §(G1,G2) = d(G1,G2).
Consequently T2q € Gy and STq € Go, for every ¢ € G1. Now, consider
x=Tq so

HTx - S.%'H = d(Gl, Gg) = d(Al, Ag)

This completes the proof. O
By combining Theorem 1.3 and Theorem 2.1, we obtain the following
result.

Corollary 2.2. Let (A1, Ag, A3) be a triple of nonempty, weakly compact
and convexr subsets of a uniformly, conver Banach space Q. Let T :
AiUAs — AU As and S : Ao U As — Ay U As be cyclic mappings, that

|Tu— Sv|| <|lu—w|, (ue€AUAs ve AU As).
Then there exists u € As such that ||Tu — Su|| = d(A1, A2).

Theorem 2.3. Let (A1, Az, As) be a triple of nonempty, weakly compact
and convex subsets of a strictly convexr Banach space Q . Let T : Ay U
A3 —> A UA3 and S : Ay U A3 — Ay U As be cyclic mappings, that

|STu —TSv|| < ||lu—v|, (u€ A, ve As).

Then there exists u € Ay such that ||u — STul|| = d(A1, A2), whenever
(A1, A2) has proximal normal structure.
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Proof. If A1 N Ay # 0, the claim is trivially true. Suppose that
d(A;,Az) > 0 and A and A are as in the proof of Theorem 2.1. Let
u € A7, then there is v € A3 such that

|STu —TSv| < ||lu—v| =d(A;, As).

Thus ST(A$) C A3 and similarly T'S(AS) C AS.
Let X be the collection of all nonempty subsets F' of A; U As such that
F N AS and F'N AJ are nonempty, closed and convex. Moreover,

ST(FNAS) C A3, TS(FnNAS) C A, (1)
and
d(F N AS, F A = d(A;, Ay). (2)

¥ includes A U AS, hence it is nonempty. Suppose that {F, : a € I}
is a descending chain in ¥, and let Fy = (), Fn. Then it is clear that
Fy N A and Fjy N A5 are nonempty, closed and convex sets such that
satisfies in (1) and (2). Therefore, every chain in ¥ is bounded below by
a member of ¥. Hence ¥ has a minimal element G, by Zorn’s lemma.
Let Gi = GN AS and G = GN AS. First, suppose G; = {u}. Hence
there is v € A; such that

|STu —TSv| < ||lu—v| =d(A;, Az).

Hence T'Sv = u, we are finished.

In the case where both G; and G5 have positive diameter. Since X is
strictly convex, we have 6(G1,G2) > d(G1,G2). We can find A € (0,1)
that

1
¢ € B(sTw, A1 5(01, @),

and nonempty closed convex subset L; of K;, i = 1,2, such that ST'(L;) C
L2 and TS(LQ) - Ll. Therefore L1 U L2 € Y. But 5(L1, Lg) <
241 5(Gy, Gs), and this contradicts the minimality of K. O

As an immediate consequence of Theorem 2.3, we give the following
result.
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Corollary 2.4. Let (A1, Ag, A3) be a triple of nonempty, weakly compact
and convex subsets of a uniformly convex Banach space Q) . Let T :
AtUAs > AU As and S : Ao U As — Ao U As be cyclic mappings, that

|STu —TSv|| < ||lu—v|, (u€ A, ve As).
Then there is uw € Ay such that ||STu — u|| = d(A1, A2).

In the following, we provide an example to illustrate the behavior of
our proposed results.

Example 2.5. Let (A1, As, A3) be a triple of subsets of R? defined by,
A =1[1,2] x [1,2], Ay =[-2,—1] x [-2,—1], , and Asz=[-2,—1] x[1,2].

Define mappings T : A} U A3 — A; U A3 through
—z+1 —y+1

(LR (zy)eA
T(z,y) = { (7%1, —yz—l) (z,y) € A?,

and define mappings S : A3 U Ag — As U A3 through

(3)

[ (@y)ea
ste ={ (20 () € 4 @

Obviously, the mappings T and S are cyclic on R? and for all z € A;UAs3,
y € Ay U As we have

[Tz — Syl < llz —yl,
and for all x € A1, y € Ay we have
STz — TSy| < |lz —y].

Hence, according to Theorem 2.1 we have a point z* = (—1,1) € Aj
such that

|T2* — Sa*|| = [|(1,1) — (=1,1)|| = 2v2 = d(Ay, Ay).

and according to Theorem 2.3 we have a point y* = (1,1) € A; such
that

ISTy* =y = [I(=1. =1) = (L, 1)|| = 2v2 = d(Ay, 42).
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In the following, we consider best proximity pair by cyclic contrac-
tion mapping pair. In the following we give some results that they are
extensions of [(]. For nonself mappings T : A U A3 — A; U A3 and
S: Ay U A — As U A3 we say that the pair (7, .5) is a cyclic pair if

T(Al) g A3, T(Ag) g Al, and S(Ag) g AQ,S(AQ) g A3.

Theorem 2.6. Let (A1, Aa, A3) be a triple of nonempty closed sub-

sets of a metric space Q. Also, let (T,S) be a cyclic mapping pair on
(A, Ao, A3) such that

d(STu,TSv) < kd(u,v) + (1 — k)d(A1,A2), Yue A, ve A,
d(TSu,TSv) < d(u,y), Y u,v € As,

d(STu,STv) < d(u,v), Y u,v € Aj.

Then there exists a best (S,T')-proximity pair. In fact, if 1o € Ay, then
Ton+1 = ST7o, and 1o, = TSTop_1, VYn € N
converge to a best (S, T)-proxzimity pair.

Proof. Suppose 79 € A; and
Ton+1 = ST7o, and 1o, = TST0,_1, Vn € N,

We know that

d(T2n, Tan+1) d(T'STon—1,5TT25)

< kd(Ton—1,T2n) + (1 — k)d(A1, A2)
< K2d(ron—2, Ton—1) + (1 — k?)d(Ay, Ag)
< Ed(1,11) 4 (1 — E*™)d(A1, As),

that is,

d(TQn, T2n+1) < k‘Qnd(To,Tl) + (1 — k'Qn)d(Al, Ag).
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Therefore, d(map, Ton+1) — d(A1, A2). Now, we show that {m,} C A
and {7241} C Ay are convergence sequences. It is notable that

d(7'2n77'2n+2) = d(TSTanl,TST2n+1)
< d(Tanla T2n+1) = d(TSTan%TSTQn)

< d(Toen—2,Ton+1)

< Cl(To,TQ).

Therefore, {d(Ton, Ton+2)} is monotonic decreasing and bounded below.
Hence,

Jg{)lo d(Ton, Ton+2)

exists. Let lim, oo d(Ton, Ton+2) = 6. It is clear that 0 < 6. Suppose
# > 0. Therefore,

0= nh—galo d(TQn,T2n+2) < nh_}HOlo d(Tang,Tgn) =0.

Hence, 6 = 0.

Now, we prove {19,} is a Cauchy sequence. Suppose {72,} is not
Cauchy. Hence there is € > 0 and integers 2my,2n; € N such that
2my, > 2ng, > k and d(m2n,, Tom,) > € for k = 0,1,2,---. Also, we
suppose

d(Tan,Tka_Q) < €.

Therefore, for every k € N:

d(Tana Tka—Q) + d(Tka—Za Tka)

€+ d(Tka—% Tka)

e < d(Tan77—2mk) <
<

and since d(72m, —2, Tom, ) — 0, hence limy_, d(72n, , Tom, ) = €. Observe
that

d(TQHk ) Tka) S d(TQTLka 7—2nk+2) + d(7—2nk+27 Tka+2) + d(T2nk+2a Tka)
<

d(Tana 7'2nk.+2) + d(Tan—i-ly szk+1) + d(Tan+25 Tka)'

If £k — oo, we give

e < lim d(Tan+1,Tgmk+1).
k—o0

9
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On the other hand,
lim d(Tan+1,7-2mk+1) < lim d(Tan,Tka) =€
k—oo k—o0

that is a contradiction. Therefore, {72,} is Cauchy in A; and so {72}
converge to u € Aj. Similarly, {72,41} converges to v € As.
Now

d(A1, Az) < d(u, ont1) < d(u, Ton) + d(Ton, Tont1)-
Thus d(u, 72,4+1) converges to d(Aj, Az). Since
d(Al,AQ) < d(TQn, STU) = d(TSTQn_l, STU) < k’d(TQn_l, u)+(1—k)d(A1, AQ)

Thus, d(72n, STu) converges to d(Ai, A2), and so d(u, STu) = d(A;, A2)
i.e. u is a best proximity point of ST. Similarly, v is a best proximity
point of T'S. Also, v = STu and v = T'Sv, we have d(T'Sv, STu) =
d(A1, Ag), ie. (Sv,Tu) is a best (S,T)-proximity pair for (Ap, A2).
O

Corollary 2.7. Let (A1, Az, As) be a triple of nonempty closed subsets
of a metric space Q. Let (T,S) be a cyclic mapping pair on (Ay, Az, A3)
such that

d(STu, TSv) < ad(u,v) + pld(u, STu) + d(v, TSv)] + vd(A1, A2),
forallu € Ay and v € Ag, and a4+ 2B+ v =1, also
d(T'Su, TSv) < d(u,v), Yu,v € Ag,
d(STu,STv) < d(u,v), Yu,v € A;.
Then there exists a best (S, T)-proximity pair.

Proof. Suppose that 79 € A; and define 19,11 = ST, and T, =
T ST19,—1 for every n € N. Now, we have

d(Ton+1,Ton) = d(STTon, TSTon—1)
< ad(Ton, Ton—1) + Bld(Ton, TTon) + d(Ton—1, ST2n—1)]
+ yd(Ay, A)
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which implies that

(1 = B)d(Ton+1,Ton) < (a4 B)d(T2n, Aan—1) + vd(A1, A3)

and hence,

+8
1-p

Q

d(T2n, Ton—1) + 765(1417142)

d(72n+1a TQn) < 1— ,8

If put k = a+ﬂ , therefore,
d(Tn_H,Tn) < kd(Tn, Tnt1) + (1 — k)d(Aq, Ag).

Therefore, by Theorem 2.6 there exist (z,y) € As x As and such that
d(Tl', Sy) = d(Al, AQ) O
In the following we give new form of Theorem 2.6.

Theorem 2.8. Let (Ay, Aa, As) be a triple of nonempty closed subsets
of a metric space Q. Let (T,S) be a cyclic mapping pair on (Ay, Az, A3)
such that

d(T?u, S?v) < kd(u,v) + (1 — k)d(Ay, A3), Y u € Ay, vE Ay,
d(T?u, T?v) < d(u,v), Y u,v € Ay,
d(S%u, S*v) < d(u,v), Y u,v € As.

Then there ezists a best (S, T)-proximity pair. In fact, if (170,5) € A1 X
As and
Tnt1 = T'Tn and Go1 = STy, Vn €N,

then {(Tn,sn)} converges to a best (S, T)-proximity pair.

Proof. Suppose (79,<) € A1 xAg and 7,41 = T'ry, and g1 = Ssp, Vn €
N. We know that

d(TT2n-1,S%n-1) = d(T*T2n_2, S*S2n_2)
kd(Ton—2,s2n—2) + (1 — k)d(A1, A2)
E2d(Ton—4,Son—a) + (1 — E2)d(Aq, As)

d(7-2n7 g?n)

IAINA

k"d(70,50) + (1 — k")d(A1, Az),

11
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that is,
d(7—2n7 <2n) S knd(TOa gO) + (1 - kn)d(Ala AQ)

Therefore, d(7on, S2n) — d(A1, Az).
Now, we show that {72,} C A; and {¢,} C A are convergence
sequences. It is notable that

d(Ton, Ton+2) = d(Tmon—1,TTon41)
d(Ton—1,Ton+1) = d(T'STop—2, T'SToy)

< d(Toen—2,Ton+1)

AN

< d(19,72).
Hence, {d(T2n, Ton+2) } is monotonic decreasing and bounded below. Hence,

nh—{Eo d(Ton, Ton+2)

exists. Suppose lim,, ;o0 d(T2n, Ton+2) = 6. We know that 0 < §. Assume
that 6 > 0. Therefore,

6 = lim d(TQn,TQn+2) < lim d(T2n—2aT2n) =0.
n—00 n—oo

Then, 6 = 0.

Also, {72, } is a Cauchy sequence. If {73,} is not Cauchy, then there
is € > 0 and integers 2my,2n; € N such that 2my; > 2n; > k and
d(Tan,, s Tom,,) > € for k =10,1,2,---. Also, we suppose that

d(Tan,szkfg) < €.
Therefore, for each k € N, we have

d(TQleu Tka—2> + d(TQTTLk—Qa Tka)

€ + d(Tka—27 Tka)

€ S d(7—2nk77—2mk) S
<

and since d(T2m, —2, Tom, ) — 0, hence limy_, o d(72p, , Tom, ) = €. Observe
that

d(TQTLk ) Tka) S d(7—2’nk; Tan+2) + d(7—2nk+27 Tka+2) + d(Tan+2a T2my, ) .
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If & — oo, we have
e < lim d(Tan+2,7—2mk+2).
k—o0
On the other hand,
kll}Holo d(Tan-i-Q) Tka—i—?) < k‘li)n:)lo d(7—2nk ) Tka) =&

which is a contradiction. Hence, {72, } is Cauchy in A; and hence {12, }
converge to a; € A;y. Similarly, {¢2,,} converges to az € As.
Now

d(Aq, Ag) < d(a1, <) < d(a1, Ton) + d(T2n, S2n)-
Thus d(a1, 2,) converges to d(Aj, Az). Since

d(A1, A2) < d(T?a1,5%a2) < d(T?a1,5n) + d(son, S*as)
< d(a1,on—2) + d(S2n—2, a2)
= d(A1,A42) asn — 0.
Thus, d(T?%ay, S?as) = d(A1, As) i.e. (Tay,Sas) is abest (S, T)-proximity
pair for (A;, Ag). O
Corollary 2.9. Let (A1, Az, Az) be a triple of nonempty closed subsets

of a strictly convex Banach space Q) . Let (T,S) be a cyclic mapping
pair on (A1, Ay, As) such that

d(T?u, S*v) < kd(u,v) + (1 — k)d(A1, As), Yu € Ay, vE Ay,
d(T?u, T*v) < d(u,v), Y u,v € Ay,
d(S%u, S*v) < d(u,v), Y u,v € As.
If (A1 —A1)N(Aa—Ag) = 0, then there is an unique best (S, T)-prozimity
pair.
Proof. By Theorem 2.8 Pa,(7,S) is nonempty. Suppose, there are

x,y € Ap X Ag such that = # y. Also Sx — Tx # Sy — Ty, by strict

convexity of Q we have ||ngsy — Tx;Ty|| < d(Ay,As). Since A, is

convex, al ”;Sy € Ay and % € A; which is a contradiction. Therefore

Sx—Tx = Sy—Ty and so Sx—Sy = Ty—Tx € (A1—A1)N(A2—A3) # 0,
which is a contradiction and so z = y. O
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