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Abstract. In this article, we define quasi-normed quasilinear spaces
and show that the space of all bounded quasilinear q-operators on this
space is an Ω-space. Due to the importance of the problem of stability of
functional equations in different spaces, many authors have studied the
stability of functional equations in different spaces. Tabor proved the
stability of the Cauchy functional equation in quasi-Banach spaces. We
prove the stability of functional equations in quasi-normed quasilinear
spaces.
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1 Introduction

Some authors have introduced different kinds of normed space. Aseev
[1] presented the concept of normed quasilinear spaces which is a gen-
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eralization of classical linear spaces. Rano [5] introduced quasi-normed
linear spaces.

In Section 3, we define the quasi-normed quasilinear spaces. In
Section 4, we introduce the quasilinear q-operators on quasi-normed
quasilinear spaces and show that the space of all bounded quasilinear
q-operators is an Ω-space.

The problem of the stability of functional equations arose from a
question about group homomorphisms [8]. Numerous authors have solved
the problem of stability of different functional equations in various spaces.
For example, see [3, 4, 7]. In Section 5, we prove the stability of the
Cauchy functional equation in quasi-normed quasilinear spaces.

2 Preliminaries

Definition 2.1. [1, 9], A set X is called a quasilinear space (QLS, for
short), if a partial order relation ⪯, an algebraic sum operation and an
operation of multiplication by real numbers are defined on it, such that
the following conditions hold for any elements x, y, z, v ∈ X and any
α, β ∈ R:

1. x ⪯ x;

2. x ⪯ z if x ⪯ y and y ⪯ z;

3. x = y if x ⪯ y and y ⪯ x;

4. x+ y = y + x;

5. x+ (y + z) = (x+ y) + z;

6. There exists an element θ ∈ X such that x+ θ = x;

7. α.(β.x) = (α.β).x;

8. α.(x+ y) = α.x+ α.y;

9. 1.x = x;

10. 0.x = θ;

11. (α+ β).x ⪯ α.x+ β.x;

12. x+ z ⪯ y + v if x ⪯ y and z ⪯ v;

13. α.x ⪯ α.y if x ⪯ y.
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A QLS X with the partial order relation ⪯ is denoted by (X,⪯)
where θ is the zero element of X.

An element x
′ ∈ X is called an inverse of x ∈ X if x+ x

′
= θ. If an

inverse element exists, then it is unique.

Definition 2.2. Let X be a QLS. A real function ∥ . ∥X : X → R is
called a norm if the following conditions hold:

1. ∥x∥X > 0 if x ̸= θ;

2. ∥x+ y∥X ≤ ∥x∥X + ∥y∥X ;

3. ∥α.x∥X = |α|.∥x∥X ;

4. If x ⪯ y, then ∥x∥X ≤ ∥y∥X ;

5. If for any ε > 0 there exists an element xε ∈ X such that x ⪯ y + xε
and ∥xε∥X ≤ ε, then x ⪯ y.

A QLS X with a norm defined on it is called normed quasilinear
space (normed QLS, for short).

Let X be a normed QLS. The Hausdorff metric on X is defined by

hX(x, y) = inf{r ≥ 0 : x ⪯ y + ar1, y ⪯ x+ ar2, ∥ari ∥X ≤ r, i = 1, 2}.

Definition 2.3. Let X be an abstract set, and let K ≥ 1 be a given real
number. A functional d : X ×X → [0,∞) is called a b-metric if for all
x, y, z ∈ X the following conditions hold:

1. d(x, y) = 0 if and only if x = y;

2. d(x, y) = d(y, x);

3. d(x, z) ≤ K(d(x, y) + d(y, z)).

Then, the ordered pair (X, d) is called a b-meric space.

Definition 2.4. [5, 6] Let X be a linear space and θ be the origin of X.
Let |.|q : X → [0.∞) satisfying the following conditions:

1. |x|q > 0 if x ̸= θ;

2. There is a constant K ≥ 1 such that |x+ y|q ≤ K(|x|q + |y|q);
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3. |αx|q = |α||x|q.
Then (X, |.|q) is called a quasi-normed linear space and the least value

of constant K ≥ 1 is called the index of quasi-norm |.|q.

Example 2.5. By defining |x|q = (
√
|x1| +

√
|x2|)2 for x = (x1, x2) ∈

R2, (R2, |x|q) is a quasi-normed linear space but it is not a normed linear
space.

3 Quasi-normed Quasilinear Spaces

Definition 3.1. Let X be a quasilinear space. A real function ∥.∥q :
X → R is called a quasi-norm if for all x, y ∈ X the following conditions
hold:

1. ∥x∥q > 0 if x ̸= θ;

2. There is a constant K ≥ 1 such that ∥x+ y∥q ≤ K(∥x∥q + ∥y∥q);
3. ∥αx∥q = |α|∥x∥q;
4. If x ⪯ y, then ∥x∥q ≤ ∥x∥q;
5. If for any ε > 0 there exists an element xε ∈ X such that x ⪯ y + xε
and ∥xε∥q ≤ ε, then x ⪯ y.

A quasilinear space X with a quasi-norm defined on it is called a
quasi-normed quasilinear space.

If any element in the quasi-normed quasilinear spaceX has an inverse
element, then X is a quasi-normed linear space.

A quasi-Banach quasilinear space is a complete quasi-normed quasi-
linear space.

A quasi-norm ∥.∥q is called a p-norm (0 < p ≤ 1) if for all x, y ∈ X,

∥x+ y∥pq ≤ ∥x∥pq + ∥y∥pq .

In this case, a quasi-Banach quasilinear space is called a q-p-Banach
space. Each quasi-norm is equivalent to some p-norm ([2]).

Let X be a quasi-normed quasilinear space with quasi-norm ∥.∥q.
We defined for all x, y ∈ X,

hq(x, y) := inf{r ≥ 0 : x ≤ y + ar1, y ≤ x+ ar2, ∥ari ∥q ≤ r, i = 1, 2}.
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Then (X,hq) is a b-metric space and hq(x, y) ≤ ∥x− y∥q.
It is easy to see that hq(x, y) satisfies all the conditions of a b-metric.

We only prove the part 3 of Definition 2.3.
Let ε > 0 and x, y, z ∈ X. There are ari , b

r
i ∈ X such that,

x ⪯ y + ar1, y ⪯ x+ ar2, ∥ari ∥q ≤ hq(x, y) +
ε

2
,

y ⪯ z + br1, z ⪯ y + br2, ∥bri ∥q ≤ hq(y, z) +
ε

2
.

Hence,

x ⪯ z+ar1+ br1, z ⪯ x+ar2+ br2, ∥ari + bri ∥q ≤ K(hq(x, y)+hq(y, z)+ ε).

Consequently, hq(x, z) ≤ K(hq(x, y) + hq(y, z)).

Example 3.2. The set Ω(R) is the set of all nonempty closed bounded
subsets of real numbers with the inclusion relation ⊆, the algebraic sum
operation

A+B = {a+ b : a ∈ A, b ∈ B}

and the real scalar multiplication α.A = {α.a : a ∈ A} where α ∈ R,
with norm is defined by

∥A∥ := sup
a∈A

a2,

is a quasi-normed quasilinear space.

Definition 3.3. The sequence {xn} in quasi-normed quasilinear space
X converges to an element x ∈ X if and only if for every ε > 0 there
exists N ∈ N such that for all n ≥ N , hq(xn, x) < ε.

Lemma 3.4. The following conditions hold with respect to the b-metric
hq:

a) The operations of algebraic sum and the real scaler multiplication
are continuous,

b) If xn → x, yn → y and for all n, xn ⪯ yn, then x ⪯ y,
c) If xn, zn → x and for all n, xn ⪯ yn ⪯ zn, then yn → x,
d) If xn + yn → x and yn → 0, then xn → x.
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Proof. Suppose that xn → x and yn → y. Then for all ε > 0 there
exists N ∈ N such that for all n ≥ N ,

xn ⪯ x+ a1, x ⪯ xn + a2, ∥ai∥q ≤
ε

2K
,

yn ⪯ y + b1, y ⪯ yn + b2, ∥bi∥q ≤
ε

2K
.

Hence,

xn + yn ⪯ x+ y + a1 + b1, x+ y ⪯ xn + yn + a2 + b2,

and
∥ai + bi∥q ≤ K(∥ai∥q + ∥bi∥q) ≤ ε.

Consequently, hq(xn + yn, x + y) < ε and operation of sum is continu-
ous. Now, we prove that the operation of real scaler multiplication is
continuous. Suppose hq(xn, x) → 0. If α ̸= 0, then for any ε > 0 there
exists N ∈ N such that for all n ≥ N ,

xn ⪯ x+ a1, x ⪯ xn + a2, ∥ai∥q ≤
ε

|α|
.

Concequently,

α.xn ⪯ α.x+ α.a1, αx ⪯ α.xn + α.a2, ∥α.ai∥q ≤ ε,

and so hq(α.xn, α.x) → 0.
The proof of conditions b, c and d of lemma are analogous. □

Lemma 3.5. The b-metric hq for all x, y, z, v in the quasi-normed quasi-
linear space X and α ∈ R satisfies in the following conditions:

a) hq(α.x, α.y) = |α|hq(x, y),
b) hq(x+ y, z + v) ≤ K(hq(x, z) + hq(y, v)),
c) hq(x, θ) = ∥x∥q.

Lemma 3.6. Let X be a quasi-normed quasilinear space. If sequence
{xn} ⊂ X converges to x ∈ X, then ∥x∥q ≤ K lim

n→∞
∥xn∥q.

Definition 3.7. A quasi-normed quasilinear space X is called an Ω-
space if there exists an element BX ̸= θ such that if ∥x∥q ≤ ∥BX∥q, then
x ⪯ BX .
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It can be assumed that ∥BX∥q = 1 (see [1]). If X is an Ω-space, then
the mapping BX : [0,∞) → X defined by BX(t) = t.BX satisfies the
conditions:

x ⪯ BX(∥x∥q);
t ≤ s =⇒ BX(t) ⪯ BX(s);

BX(t+ s) ⪯ BX(t) +BX(s).

For example, the space Ω(R) is an Ω-space with the element BΩ =
[−1, 1].

4 Quasilinear q-operators

Throughout this section, assume that X with ∥.∥X and Y with ∥.∥Y be
quasi-normed quasilinear spaces with the indexes KX and KY , respec-
tively.

Definition 4.1. A mapping Λ : X → Y is called a quasilinear q-operator
if for all x, x1, x2 ∈ X satisfies the following conditions:

1. Λ(α.x) = α.Λ(x), for any α ∈ R;

2. Λ(x1 + x2) ⪯ K(Λ(x1) + Λ(x2)), K = max{KX ,KY };

3. If x1 ⪯ x2, then Λ(x1) ⪯ Λ(x2).

A quasilinear q-operator Λ : X → Y is said to be bounded if there
exists a real number M > 0 such that ∥Λ(x)∥Y ≤ M∥x∥X for all x ∈ X.

Lemma 4.2. A quasilinear q-operator Λ : X → Y is bounded if and
only if it is continuous at θ ∈ X.

Proof. If q-operator Λ is bounded, clearly it is continuous at θ ∈ X.
Suppose that q-operator Λ is continuous at θ ∈ X. Then, for any ε > 0
there exists a δ > 0 such that for all x ∈ X condition ∥x∥X ≤ δ implies
∥Λ(x)∥Y ≤ ε. Consequently, for all x ̸= θ,

∥Λ( δx

∥x∥X
)∥Y ≤ ε.
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Therefore, ∥Λ(x)∥Y ≤ ε

δ
∥x∥X . □

The space of all bounded quasilinear q-operators denote by Λq(X,Y ).
The partial order on Λq(X,Y ) is given by Λ1 ⪯ Λ2 if for all x ∈ X,
Λ1(x) ⪯ Λ2(x). The sum operation on Λq(X,Y ) is defined by the equal-
ity (Λ1+Λ2)(x) = Λ1(x)+Λ2(x) and the scaler multiplication is defined
by (α.Λ)(x) = α.(Λ(x)). Then Λq(X,Y ) is a quasi-normed quasilinear
space with norm is defined by

∥Λ∥Λ = sup
x̸=0

∥Λ(x)∥Y
∥x∥X

.

Lemma 4.3. Suppose that the sequence {Λn} ⊂ Λq(X,Y ) converges at
each point x ∈ X. Then, the operator Λ(x) = lim

n→∞
Λn(x) is quasilinear

q-operator.

Lemma 4.4. Suppose Y is an Ω-space. Then, the operator Λ(x) =
BY (∥x∥X) ∈ Λq(X,Y ).

Proof. We prove Λ(x1 + x2) ⪯ K(Λ(x1) + Λ(x2)):

Λ(x1 + x2) = BY (∥x1 + x2∥X)

⪯ BY (KX(∥x1∥X + ∥x2∥X))

⪯ KXBY (∥x1∥X) +KXBY (∥x2∥X)

⪯ K(Λ(x1) + Λ(x2)).

See [1] for the rest of the prove. □

Theorem 4.5. If Y is an Ω-space, then Λq(X,Y ) is Ω-space.

Proof. We prove that Λq(X,Y ) is complete. For the rest of the prove,
see [1]. Suppose {Λn} ⊂ Λq(X,Y ) is a Cauchy sequence. Then for all
ε > 0,

∃N ∈ N ∀n,m ≥ N, ∃Λn,m
i,ε , Λn ⪯ Λm+Λn,m

1,ε , Λm ⪯ Λn+Λn,m
2,ε , ∥Λn,m

i,ε ∥Λ ≤ ε.

Consequently, hY (Λn(x),Λm(x)) ≤ ε∥x∥X and so {Λn(x)} ⊂ Y is Cauchy
and there exists an element Λ(x) ∈ Y such that Λ(x) = lim

n→∞
Λn(x). By
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Lemma 4.3, Λ : X → Y is a quasilinear q-operator. Now, we show it is
bounded.

∥Λn(x)∥Y ≤ KY (∥Λm(x)∥Y + ∥Λn,m
1,ε (x)∥Y )

≤ KY (∥Λm(x)∥Y + ε)∥x∥X .

By taking the limit as n → ∞,

∥Λ(x)∥Y ≤ K2
Y (∥Λm(x)∥Y + ε)∥x∥X .

Hence, Λ is bounded.

hY (Λn(x),Λ(x)) ≤ KY (hY (Λn(x),Λm(x)) + hY (Λm(x),Λ(x)),

Take the limit as m → ∞, we get hY (Λn(x),Λ(x)) ≤ ε∥x∥X . By Lemma
4.4 operator Λε(x) := εBY (∥x∥Y ) is a quasilinear q-operator. □

5 Stability of Cauchy Functional Equation

Throughout this section, assume that X with ∥ . ∥X is a quasi-normed
linear space and Y with ∥ . ∥Y is a q-p-Banach space with zero element
θ. In this section we prove the stability of Cauchy functional equation
f(x+ y) = f(x) + f(y) in the quasi-normed spaces.

Theorem 5.1. Let f : X → Y with f(0) = θ and symmetric function
φ : X ×X → [0,∞) for all x, y ∈ X satisfy the following conditions:

∥f(x+ y)− f(x)− f(y)∥Y ≤ φ(x, y), (1)

lim
n→∞

φ(2nx, 2ny)

2n
= 0, (2)

∞∑
l=0

1

2pl
φp(2lx, 2lx) < ∞. (3)

Then, there is a unique additive mapping g : X → Y such that,

g(x) = lim
n→∞

f(2nx)

2n
,
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∥f(x)− g(x))∥Y ≤ 1

2
(

∞∑
l=0

1

2pl
φp(2lx, 2lx))

1

p ,

for all x ∈ X.

Proof. Letting y = x in condition (1) then for all x ∈ X,

∥f(2x)− f(x)− f(x)∥Y ≤ φ(x, x).

Since 2f(x) ⪯ f(x) + f(x), we have

∥f(2x)− 2f(x)∥Y ≤ ∥f(2x)− f(x)− f(x)∥Y .

Therefore,

∥f(2x)− 2f(x)∥Y ≤ φ(x, x).

Replacing x by 2nx in the above inequality and dividing by 2n+1, we get

∥f(2
n+1x)

2n+1
− f(2nx)

2n
∥Y ≤ 1

2n+1
φ(2nx, 2nx).

for all x ∈ X and n,m ∈ N with n ≥ m,

∥f(2
n+1x)

2n+1
− f(2mx)

2m
∥pY ≤

n∑
l=m

∥f(2
l+1x)

2l+1
− f(2lx)

2l
∥pY

≤ 1

2p

n∑
l=m

1

2pl
φp(2lx, 2lx). (4)

From the above inequality and condition (3) of the theorem we conclude

that {f(2
nx)

2n
} is a Cauchy sequence and since Y is a q-p-Banach space,

therefore this sequence converges in Y . We define the mapping g : X →
Y by

g(x) = lim
n→∞

f(2nx)

2n
,

for all x ∈ X. Letting m = 0 and by limiting n → ∞ in inequality (4),
we get

∥f(x)− g(x)∥pY ≤ 1

2p

∞∑
l=0

1

2pl
φp(2lx, 2lx).
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According to the condition (1) and (2) of theorem and by Lemma 3.6,

g(x+ y)− g(x)− g(y)∥Y ≤ K lim
n→∞

∥f(2n(x+ y))− f(2nx)− f(2ny)∥Y
2n

≤ K lim
n→∞

φ(2nx, 2ny)

2n
= 0.

Then, according to

hY (g(x+ y), g(x) + g(y)) ≤ ∥g(x+ y)− g(x)− g(y)∥ = 0,

we conclude g is an additive mapping.
Now we show that g is unique. Assume that T is another additive

mapping such that

∥f(x)− T (x))∥Y ≤ 1

2
(

∞∑
l=0

1

2pl
φp(2lx, 2lx))

1

p ,

for all x ∈ X. Therefore, according to Lemma 3.5, for all n ∈ N,

hY (
g(2nx)

2n
,
T (2nx)

2n
) ≤ K(hY (

g(2nx)

2n
,
f(2nx)

2n
) + hY (

f(2nx)

2n
,
T (2nx)

2n
))

≤ K(

∞∑
l=0

1

2pl
(
φ(2l2nx, 2l2nx)

2n
)p)

1

p .

By taking the limit, it follows that T (x) = g(x). □

Corollary 5.2. Let r < 1 and ε be nonnegative real numbers and f :
X → Y be a mapping with f(0) = θ and for all x, y ∈ X,

∥f(x+ y)− f(x)− f(y)∥Y ≤ ε(∥x∥r + ∥y∥r).

Then, there is a unique additive mapping g : X → Y such that,

g(x) = lim
n→∞

f(2nx)

2n
,

∥f(x)− g(x))∥Y ≤ ε

(1− 2(r−1)p)

1

p

∥x∥r,

for all x ∈ X.
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Proof. By taking φ(x, y) = ε(∥x∥r+∥y∥r) in previous Theorem, we get
the desired result. □

Theorem 5.3. Let function f : X → Y with f(0) = θ and symmetric
function φ : X × X → [0,∞) for all x, y ∈ X satisfy the following
conditions:

∥f(x+ y)− f(x)− f(y)∥Y ≤ φ(x, y),

lim
n→∞

2nφ(
x

2n
,
y

2n
) = 0, (5)

∞∑
l=0

2pl(φ(
x

2l+1
,

y

2l+1
))p < ∞.

Then, there is a unique additive mapping g : X → Y such that,

g(x) = lim
n→∞

2nf(
x

2n
),

∥f(x)− g(x))∥Y ≤ (
∞∑
l=0

2plφp(
x

2l
,
y

2l
))

1

p ,

for all x ∈ X.

Proof. Letting y = x in condition (5) then for all x ∈ X,

∥f(2x)− f(x)− f(x)∥Y ≤ φ(x, x).

Since 2f(x) ⪯ f(x) + f(x), we have

∥f(2x)− 2f(x)∥Y ≤ ∥f(2x)− f(x)− f(x)∥Y .

Therefore,

∥f(2x)− 2f(x)∥Y ≤ φ(x, x).

Replacing x by
x

2n+1
in the above inequality and multipling by 2n we

get

∥2nf( x
2n

)− 2n+1f(
x

2n+1
)∥ ≤ 2nφ(

x

2n+1
,

y

2n+1
).
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for all x ∈ X and n,m ∈ N with n ≥ m,

∥2n+1f(
x

2n+1
)− 2mf(

x

2m
)∥pY ≤

∞∑
l=0

2pl(φ(
x

2l+1
,

y

2l+1
))p.

We conclude {2nf( x
2n

)} is a Cauchy sequence in q-p-Banach space Y

therefore converges in Y . We define the mapping g : X → Y by

g(x) = lim
n→∞

2nf(
x

2n
),

for all x ∈ X. The rest of the proof is similar to the proof of Theorem
5.1. □
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