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Abstract. In this paper, the concept of stability for fuzzy control systems is discussed from a mathematical point of view. Our main objective is to investigate the stability of fuzzy linear systems with bounded
input and bounded output. Necessary and suﬃcient conditions for this
kind of stability are presented by a theorem and it is illustrated by
solving an example.
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1.

Introduction

After Zadeh’s pioneering work on fuzzy sets[25], the theory of fuzzy logic began
to growth. In 1974, Mamdani [13] introduced the ﬁrst fuzzy controller. Till
1990 most of the researchers were interested in application of fuzzy control systems rather than it’s theory. It was about 1990 that analytical structures for
fuzzy controllers began to develop. Fuzzy controllers are rule-based controllers
that have great potential in controlling highly-uncertain and poorly-modeled
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processes. As fuzzy controllers are nonlinear, it seems that their main application should be control of nonlinear systems. However, nonlinear systems can
be linearized around the operating points and generally the obtained linear system is a good approximation for the original nonlinear one. Therefore studying
fuzzy control of linear systems seems interesting and useful.
Stability is one of the most important factors for any control system. In fact, an
unstable control system is typically useless and potentially dangerous. Questions about stability arise in almost every control problem. As a consequence,
stability is one of the most extensively studied subjects in system’s theory
[10],[9],[23],[6],[16],[12]. In the last years fuzzy control engineers have investigated stability analysis for various types of fuzzy-logic-based control systems
[21],[11],[4],[17],[14],[22],[15],[8],[1]. In the majority of papers stability conditions of fuzzy control systems employ quadratic Lyapunov functions. Among
various types of stability for control systems, BIBO (Bounded Input Bounded
Output) stability has received less attention in fuzzy sense.
In this paper we will investigate fuzzy BIBO stability of linear continuous-time
systems from a mathematical point of view through a theorem. In order to
achieve this goal, we will use the model employed in [19] which considers statespace representation of fuzzy linear continuous-time systems under generalized
H-diﬀerentiability.
The organization of the paper is as follows: In Section 2, some basic concepts
of fuzzy theory as well as system theory are given. In Section 3, a theorem is
proved which states necessary and suﬃcient conditions for fuzzy BIBO stability, subsequently the result is illustrated via an example. The conclusion is
provided in section 4.

2.

Priliminaries

In this section for the sake of clarity some related deﬁnitions and theorems
regarding the subject is represented.

2.1

Fuzzy theory

Denoting the set of all real numbers by R, the set of all fuzzy numbers on R, is
denoted by E. A fuzzy number in parametric form is deﬁned as the pair (u, u) of
functions u(α), u(α), 0  α  1, which satisﬁes the following properties [7],[5]:
1. u(α) is a bounded non-decreasing left continuous function in (0,1], and
right continuous at 0,
2. u(α) is a bounded non-increasing left continuous function in (0,1], and
right continuous at 0,
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Deﬁnition 2.1.2. ([3]) Let f : (a, b) → E and x0 ∈ (a, b). The fuzzy function f
is strongly generalized diﬀerentiable at x0 , if there exists an element f  (x0 ) ∈ E
such that:
(i) for all h > 0 suﬃciently small ∃f (x0 + h)  f (x0 ) , ∃f (x0 )  f (x0 − h)
and the limits (in the metric d):
limh↓0

f (x0 + h)  f (x0 )
f (x0 )  f (x0 − h)
= limh↓0
= f  (x0 )
h
h

(4)

or
(ii) for all h > 0 suﬃciently small ∃f (x0 )  f (x0 + h) , ∃f (x0 − h)  f (x0 )
and the limits (in the metric d):
limh↓0

f (x0 )  f (x0 + h)
f (x0 − h)  f (x0 )
= limh↓0
= f  (x0 )
−h
−h

(5)

or
(iii) for all h > 0 suﬃciently small ∃f (x0 + h)  f (x0 ) , ∃f (x0 − h)  f (x0 )
and the limits (in the metric d):
limh↓0

f (x0 + h)  f (x0 )
f (x0 − h)  f (x0 )
= limh↓0
= f  (x0 )
h
−h

(6)

or
(iv) for all h > 0 suﬃciently small ∃f (x0 )  f (x0 + h) , ∃f (x0 )  f (x0 − h)
and the limits (in the metric d):
limh↓0

f (x0 )  f (x0 + h)
f (x0 )  f (x0 − h)
= limh↓0
= f  (x0 )
−h
h

(7)

Theorem 2.1.3. Let f (t) be a fuzzy valued function on [a, ∞) represented by
[f (t)]α = (f (t, α), f (t, α)). For any ﬁxed α ∈ [0, 1] assume that f (t, α) and
f (t, α) are Riemann-integrable on [a, b] for every b  a, and assume there are
b
two positive functions M (α) and M (α) such that a |f (t, α)|dt  M (α) and
b
|f (t, α)|dt  M (α) for every b  a. Then f (t) is improper fuzzy Riemanna
integrable on [a, ∞) and the improper fuzzy Riemann-integral is a fuzzy number.
Furthermore, we have:
 ∞

 ∞
 ∞
[
f (t)dt]α =
f (t, α)dt,
f (t, α)dt
(8)
a

a

a
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ẋ(t) = Ax + Bu
y(t) = Cx + Du

(12)

where A ∈ Rn×n , B ∈ Rn×m , C ∈ Rp×n , D ∈ Rp×m and u : R → E m ,
x : R → E n , y : R → E p denote the fuzzy system input, state and output
vectors, respectively.
If m = p = 1 then (12) is called a fuzzy SISO system (Single-Input SingleOutput system).
Although one can consider (11) as a special case of a hybrid fuzzy diﬀerential
system and use various mehtods to solve it [2], here we only deal with it’s
stability and propose some relevant deﬁnitions.
Deﬁnition 2.2.1. If u(t) is a fuzzy impulse input, then the fuzzy output excited
by u(t) will be called a fuzzy impulse response which is denoted by g(t).
Using fuzzy impulse response, the fuzzy output will be obtained from:


t

y(t) =
0


g(t − τ )u(τ )dτ =

0

t

g(t)u(t − τ )dτ

(13)

Deﬁnition 2.2.2. In the fuzzy system (12), the output excited by the initial
state x(t0 ) = 0̃, is called the fuzzy zero-state response.
Deﬁnition 2.2.3. An input u(t) is called fuzzy bounded if there exists um =
(um (α), um (α)) such that:
d(|u(t)|, 0̃)  d(um , 0)

(14)

Deﬁnition 2.2.4. Assume fuzzy system (12) in zero-state response. Then it is
called fuzzy BIBO stable (Bounded-Input Bounded-Output stable) if every fuzzy
bounded input u(t) excites a fuzzy bounded output.

3.

Stability of Fuzzy Control Systems

In this section, we are going to state and prove a theorem which gives necessary
and suﬃcient conditions for a fuzzy SISO control system to be BIBO stable.
Theorem 3.1. The fuzzy SISO system (12) is BIBO stable if and only if the
fuzzy impulse response g(t), is fuzzy absolutely integrable in [0, ∞) or

 ∞

d
|g(t)|dt, 0̃  d(M, 0̃) < ∞
0

FUZZY BIBO STABILITY OF LINEAR CONTROL SYSTEMS

67

References
[1] T. Allahviranloo, M. Khezerloo, O. Sedaghatfar, and S. Salahshour, Toward the existence and uniqueness of solutions of second-order fuzzy
volterra integro-diﬀerential equations with fuzzy kernel, Neural Computing
and Applications, 22 (1) (2013), 133-141.
[2] T. Allahviranloo and S. Salahshour, Euler method for solving hybrid fuzzy
diﬀerential equation, Soft Computing, 15 (7) (2011), 1247-1253.
[3] B. Bede and S. G. Gal, Generalizations of the diﬀerentiability of fuzzynumber-valued functions with applications to fuzzy diﬀerential equations,
Fuzzy Sets and Systems, 151 (3) (2005), 581-599.
[4] J. Carvajal, G. Chen, and H. Ogmen, Fuzzy PID controller: Design, performance evaluation, and stability analysis, Information Sciences, 123(3)
(2000), 249-270.
[5] M. Friedman, M. Ma, and A. Kandel, Numerical solution of fuzzy differential and integral equations, Fuzzy sets and Systems, 106 (1) (1999),
35-48.
[6] V. Gazi and K. M. Passino, Stability analysis of swarms, Automatic Control, IEEE Transactions, 48 (4) (2003), 692-697.
[7] R. Goetschel and W. Voxman, Topological properties of fuzzy numbers,
Fuzzy Sets and Systems, 10 (1) (1983), 87-99.
[8] S. Hajighasemi, T. Allahviranloo, M. Khezerloo, M. Khorasany, and S.
Salahshour, Existence and uniqueness of solutions of fuzzy Volterra
integro-diﬀerential equations, Information Processing and Management of
Uncertainty in Knowledge-Based Systems, Applications, Springer Berlin
Heidelberg, (2010), 491-500.
[9] Y. He, and M. Wu, Absolute stability for multiple delay general Lur’e
control systems with multiple nonlinearities, Journal of Computational
and Applied Mathematics, 159 (2) (2003), 241-248.
[10] D. J. Hill and I. M. Y. Mareels, Stability theory for diﬀerential/algebraic
systems with application to power systems, Circuits and Systems, IEEE
Transactions, 37 (11) (1990), 1416-1423.
[11] A. Kandel, Y. Luo, and Y. Q. Zhang, Stability analysis of fuzzy control
systems, Fuzzy sets and systems, 105 (1) (1999), 33-48.

68 T. ALLAHVIRANLOO, M. AYATOLLAHI, F. AMINI, AND E. VASEGHI
[12] X. Liao, G. Chen, and E. N. Sanchez, LMI-based approach for asymptotically stability analysis of delayed neural networks, Circuits and Systems I:
Fundamental Theory and Applications, IEEE Transactions, 49 (7) (2002),
1033-1039.
[13] E. H. Mamdani, Application of fuzzy algorithms for simple dynamic plant,
Electrical Engineers, Proceedings of the Institution of 121, 12 (1974), 15851588.
[14] B. M. Mohan and A. Sinha, Analytical structure and stability analysis of
a fuzzy PID controller, Applied Soft Computing, 8 (1) (2008), 749-758.
[15] M. Mosleh and M. Otadi, Solving the Second Order Fuzzy Diﬀerential
Equations by Fuzzy Neural Network, J. Math. Ext., 8 (2013), 11-27.
[16] N. Olgac and R. Sipahi, An exact method for the stability analysis of timedelayed linear time-invariant (LTI) systems, Automatic Control, IEEE
Transactions, 47 (5) (2002), 793-797.
[17] R. E. Precup, M. L. Tomescu, and S. Preitl, Fuzzy logic control system stability analysis based on Lyapunovs direct method, International Journal
of Computers, Communications & Control, 4 (4) (2009), 415-426.
[18] M. l. Puri and D. Ralescu, Fuzzy random variables, Journal of mathematical analysis and applications, 114 (2) (1986), 409-422.
[19] S. Salahshour and T. Allahviranloo, Applications of fuzzy Laplace transforms, Soft Computing, 17 (1) (2013), 145-158.
[20] S. Song and C. Wu, Existence and uniqueness of solutions to Cauchy
problem of fuzzy diﬀerential equations, Fuzzy sets and Systems, 110 (1)
(2000), 55-67.
[21] K. Tanaka and M. Sugeno, Stability analysis and design of fuzzy control
systems, Fuzzy sets and systems, 45 (2) (1992), 135-156.
[22] M. L. Tomescu, S. Preitl, R. E. Precup, and J. K. Tar, Stability analysis method for fuzzy control systems dedicated controlling nonlinear processes, Acta Polytechnica Hungarica, 4 (3) (2007), 127-141.
[23] G. C. Walsh, H. Ye, and L. G. Bushnell, Stability analysis of networked
control systems, Control Systems Technology, IEEE Transactions, 10 (3)
(2002), 438-446.
[24] H. C. Wu, The improper fuzzy Riemann integral and its numerical integration, Information Sciences, 111 (1) (1998), 109-137.

FUZZY BIBO STABILITY OF LINEAR CONTROL SYSTEMS

69

[25] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (3) (1965), 338-353.

Toﬁgh Allahviranloo
Department of Mathematics
Science and Research
Professor of Mathematics
Tehran Branch, Islamic Azad University
Tehran, Iran
E-mail: toﬁgh@allahviranloo.com
Mehrasa Ayatollahi
Department of Mathematics
Ph.D. Student of Applied Mathematics
Payame Noor University
P. O. Box: 19395-3697
Tehran, Iran
E-mail: m ayatollahi@pnu.ac.ir
Fateme Amini
Department of Mathematics
Ph.D. Student of Applied Mathematics
Payame Noor University
P. O. Box: 19395-3697
Tehran, Iran
E-mail: arghi 1382@yahoo.com
Elham Vaseghi
Department of Mathematics
Instructor of Applied Mathematics
Dr. Shariaty Faculty, Technical and Vocational University
Tehran, Iran
E-mail: e vasseghi@yahoo.com

