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1 Introduction

In [1], E. Cartan defined the sense of locally symmetric and semi sym-
metric manifolds. The Riemannian manifold (M, g) is said to be locally
symmetric if it satisfies ∇R = 0 and is called semi-symmetric if R.R = 0
in which R is the curvature tensor of (M, g). Also, a Riemannian man-
ifold with ∇S = 0 is called Ricci-symmetric where S denotes the Ricci
tensor of g. Thereafter, Z. I. Szabó [2] considered the semi-symmetric
Riemannian manifolds and showed that locally symmetric Riemannian
manifolds are semi-symmetric. Note that the converse fails in general.
Moreover, M. C. Chaki extended the sense of locally symmetric Rie-
mannian manifolds to pseudo symmetric manifolds. In [3], R. N. Sen
and M. C. Chaki proved that the curvature tensor of a conformally flat
Riemannian manifold with some additional conditions satisfies

(∇WR)(X,Y )Z = 2A(W )R(X,Y )Z +A(X)R(W,Y )Z

+A(Y )R(X,W )Z +A(Z)R(X,Y )W + g(R(X,Y )Z,W )ρ, (1)

where∇ denotes the Levi-Civita connection of g and ρ = ♯A is a non-zero
vector field. A non-flat Riemannian manifold with (1) is called pseudo-
symmetric. M. C. Chaki [4] also defined the sense of pseudo Ricci-
symmetric manifolds. A non-flat Riemannian manifold whose Ricci ten-
sor satisfies the equation

(∇XS)(Y,Z) = 2α(X)S(Y,Z) + α(Y )S(X,Z) + α(Z)S(X,Y ),

is called pseudo Ricci-symmetric. In [5], M. Tarafdar proved that pseudo
symmetric and pseudo-Ricci symmetric Sasakian manifolds are locally
symmetric and Ricci-symmetric, respectively. Thus, there exist no proper
pseudo symmetric and pseudo-Ricci symmetric Sasakian manifolds.
Thereafter, L. Tamássy and T. Q. Binh [6] introduced the notions of
weakly symmetric and weakly Ricci-symmetric manifolds and showed
that weakly symmetric and weakly Ricci-symmetric Sasakian manifolds
must satisfy A + B + D = 0. They [6] also defined the notion of
weakly φ-symmetric manifolds and proved a similar result for weakly
φ-symmetric Sasakian manifolds. The non-flat almost contact metric
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manifold (M,φ, ξ, η, g) whose the curvature tensor satisfies the equation

(∇WR)(X,Y )Z = A(W )R(X,Y )Z +B(X)R(W,Y )Z

+B(Y )R(X,W )Z +D(Z)R(X,Y )W + g(R(X,Y )Z,W )ρ, (2)

is called weakly symmetric and is called weakly φ-symmetric if

φ2(∇WR)(X,Y )Z = A(W )R(X,Y )Z +B(X)R(W,Y )Z

+B(Y )R(X,W )Z +D(Z)R(X,Y )W + g(R(X,Y )Z,W )ρ, (3)

in which A,B andD are smooth 1-forms and ρ = ♯D. Further, a non-flat
Riemannian manifold which satisfies:

(∇XS)(Y,Z) = A(X)S(Y, Z) +B(Y )S(X,Z) +D(Z)S(X,Y ),

is called weakly Ricci-symmetric. Inspired by this, R. S. D. Dubey [7]
defined the sense of generalized weakly symmetric manifolds. A non-flat
Riemannian manifold which admits non-zero 1-forms Ai, Bi and Di such
that

(∇WR)(X,Y )Z = A1(W )R(X,Y )Z +B1(X)R(W,Y )Z

+B1(Y )R(X,W )Z +D1(Z)R(X,Y )W + g(R(X,Y )Z,W )ρ1

+A2(W )G(X,Y )Z +B2(X)G(W,Y )Z +B2(Y )G(X,W )Z

+D2(Z)G(X,Y )W + g(G(X,Y )Z,W )ρ2, (4)

is called generalized weakly symmetric in which ρi := ♯Di for i = 1, 2
and G(X,Y )Z is given by

G(X,Y )Z := g(Y, Z)X − g(X,Z)Y.

Similarly, a generalized weakly Ricci-symmetric manifold defines as fol-
lows

(∇XS)(Y,Z) = A1(X)S(Y,Z) +B1(Y )S(X,Z) +D1(Z)S(X,Y )

+A2(X)g(Y,Z) +B2(Y )g(X,Z) +D2(Z)g(X,Y ). (5)

In [8], the first author presented an equation for the covariant derivative
of the curvature tensor of Kenmotsu manifolds. We also gave a necessary
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condition for Kenmotsu manifolds to be generalized weakly symmetric
[9]. Further, weakly ϕ-symmetric and weakly ϕ-Ricci symmetric Ken-
motsu manifolds have been studied in [15] by S. K. Hui. He showed
that theses manifolds are η-Einstein. He also studied ϕ-pseudo sym-
metric and ϕ-pseudo Ricci symmetric on Kenmotsu and para-Sasakian
manifolds and obtained some interesting result [16]-[18].

Motivated by these works, we prove the odd dimensional spheres are
the only generalized weakly symmetric Sasakian manifolds. Next, we
show that generalized weakly Ricci-symmetric Sasakian manifolds are
Ricci symmetric. Hence, generalized weakly Ricci-symmetric Sasakian
manifolds are Einstein. Then, we introduce the notion of weakly parallel
invariant submanifolds of Riemannian manifolds and show that every
weakly parallel invariant submanifold of a Sasakian manifold is totally
geodesic.

This paper is organized as follows: In Section 2, we prepare some
definitions and basic formulas on Sasakian manifolds and invariant sub-
manifolds of Sasakian manifolds. In Section 3, we prove that every
generalized weakly symmetric Sasakian manifold is locally symmetric.
In Section 4, we show that generalized weakly Ricci-symmetric Sasakian
manifolds are Ricci-symmetric. In Section 5, we illustrate that every
weakly parallel invariant submanifold of a Sasakian manifold is totally
geodesic. Finally, In Section 6, we give some examples which verifies our
results in previous sections.

2 Some Preliminaries on Sasakian Manifolds

In this section, we give some definitions and basic formulas concerning
Sasakian manifolds and Riemannian submanifolds. The Riemannian
manifold (Mn, g) with a (1, 1)-tensor field φ, a vector field ξ, and a
1-form η such that

φ2 = −I + η ⊗ ξ, η(ξ) = 1, φ(ξ) = 0, ηoφ = 0,

g(X,Y ) = g(φ(X), φ(Y )) + η(X)η(Y ),

g(φ(X), Y ) = −g(X,φ(Y )), g(ξ,X) = η(X),
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is called an almost contact metric manifold. The almost contact metric
manifold (Mn, φ, ξ, η, g) which satisfies the equation

(∇Xφ)Y = g(X,Y )ξ − η(Y )X.

is called a Sasakian manifold. Sasakian manifolds are normal (Nφ +
2dη ⊗ ξ = 0) and satisfy the following equations [10]:

∇Xξ = −φX, R(X,Y )ξ = η(Y )X − η(X)Y,

S(X, ξ) = (n− 1)η(X), dη(X,Y ) = g(X,φY ) (6)

S(φX,φY ) = S(X,Y )− (n− 1)η(X)η(Y ),

(∇WR)(X,Y )ξ = g(X,φW )Y − g(Y, φW )X +R(X,Y )φW, (7)

(∇XS)(Y, ξ) = −(n− 1)g(φX, Y ) + S(φX, Y ). (8)

The Reeb vector field ξ in Sasakian manifolds is a Killing vector field.
Hence, Sasakian manifolds are K-contact. The converse is true only in
dimension 3. Suppose that π is a 2-plane of TpM which is spanned by
u and v, then the sectional curvature of (M, g) defines as follows:

K(π) =
g(R(u, v)v, u)

g(u, u)g(v, v)− (g(u, v))2
.

Assume that X ∈ ker(η). It is well-known that Sasakian manifolds
satisfy the equation K(⟨ξ,X⟩) = 1. Moreover, K(⟨X,φX⟩) is called
the φ-holomorphic sectional curvature of M . In [11], K. Ogiue proved
that the Sasakian manifold (Mn, φ, ξ, η, g) is of constant point-wise φ-
holomorphic sectional curvatureH ∈ C∞(M) if and only if the curvature
tensor of M is of the following form

R(X,Y )Z =
H + 3

4
{g(Y, Z)X − g(X,Z)Y }+ H − 1

4
{η(X)η(Z)Y

− η(Y )η(Z)X + η(Y )g(X,Z)ξ − η(X)g(Y,Z)ξ

+ g(X,φZ)φY − g(Y, φZ)φX + 2g(X,φY )φZ}.

He also showed that H is a constant function if n > 3. Let M ⊆ M be
an isometrically immersed submanifold of (M, g). The tangent bundle
TM as a vector bundle on the base manifold M decomposes as follows

TM = TM ⊕ T⊥M,
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where T⊥M is called the normal vector bundle and is the complemen-
tary of TM in TM . According to the above decomposition, the Gauss-
Weingarten formulas are written as follows:

∇XY = h(X,Y ) +∇XY,

∇XN = −AN (X) +∇⊥
XY,

in which X,Y ∈ Γ(TM), N ∈ Γ(T⊥M) and ∇⊥ is the induced con-
nection on the normal bundle T⊥M . In the above equations h and
A are called the second fundamental form and the shape operator of
the submanifold M , respectively and are related by g(h(X,Y ), N) =
g(AN (X), Y ). The submanifold M of the Riemannian manifold (M, g)
with h = 0 is called totally geodesic. Further, the submanifold Mn of
(M, g) whose the second fundamental form satisfies the equation:

h(X,Y ) = g(X,Y )H,

is called totally umbilical where H is the mean curvature vector field of
Mn and is given as follows:

H :=
1

n

n∑
i=1

h(ei, ei).

In the case where H = 0, the submanifold M is called minimal. Also,
the submanifold M of the almost contact metric manifold (M,φ, ξ, η, g)
is called invariant if ξ ∈ Γ(TM) and φ(TM) ⊆ Γ(TM). It is well-
known that invariant submanifolds of Sasakian manifolds are minimal
and satisfy the following equations (cf. [12]):

h(φX, Y ) = φh(X,Y ), Aφ(N)(X) = φAN (X) = −AN (φX), (9)

h(ξ,X) = AN (ξ) = 0, (10)

3 GeneralizedWeakly Symmetric Sasakian Man-
ifolds

It is well-known that the odd-dimensional spheres are Sasakian. In this
section, we show that the odd-dimensional spheres are the only general-
ized weakly symmetric Sasakian manifolds. Hence, generalized weakly
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symmetric Sasakian manifolds are Einstein and have constant scalar
curvature.

Theorem 3.1. The odd-dimensional spheres are the only generalized
weakly symmetric Sasakian manifolds. Moreover, the associated 1-forms
Ai, Bi and Di satisfy A1 +A2 = 0, B1 +B2 = 0 and D1 +D2 = 0.

Proof. Let (M,φ, ξ, η, g) be a generalized weakly symmetric Sasakian
manifold. Setting Z = ξ in (4) and using (7), we get

g(Y,−φW )X − g(X,−φW )Y +R(X,Y )φW = [A1(W ) +A2(W )]

{η(Y )X − η(X)Y }+ [B1(X) +B2(X)] {η(Y )W − η(W )Y }
+ [B1(Y ) +B2(Y )] {η(W )X − η(X)W}+D1(ξ)R(X,Y )W

+D2(ξ) {g(Y,W )X − g(X,W )Y }+ g(η(Y )X − η(X)Y,W )ρ1

+ g(η(Y )X − η(X)Y,W )ρ2.

Let X ∈ ker(η) and putting Y = φX and W = X in the above equation,
we find that

−g(φX,φX)X +R(X,φX)φX = D1(ξ)R(X,φX)X

−D2(ξ)g(X,X)φX.

Taking inner product with X in the above equation, we observe that

g(R(X,φX)φX,X) = g(φX,φX)g(X,X).

Thus, M is of constant point-wise φ-holomorphic sectional curvature 1.
Hence, the curvature tensor of M is of the following form

R(X,Y )Z = g(Y,Z)X − g(X,Z)Y.

Thus, M is necessarily an odd-dimensional sphere. Further

S(X,Y ) = (n− 1)g(X,Y ), ∇R = 0.

Now, looking once again at (4) we see

0 = [A1(W ) +A2(W )] {g(Y,Z)X − g(X,Z)Y }+ [B1(X) +B2(X)]

{g(Y,Z)W − g(W,Z)Y }+ [B1(Y ) +B2(Y )] {g(Z,W )X − g(Z,X)W}
+ [D1(Z) +D2(Z)] {g(W,Y )X − g(W,X)Y }
+ {g(Z, Y )g(X,W )− g(Z,X)g(Y,W )} [ρ1 + ρ2] . (11)



8 V. PIRHADI, G. FASIHI RAMANDI AND S. AZAMI

Suppose that {ξ, e1, ..., em, φe1, ...., φem} is a φ-basis for TpM where
dimM = (2m+1). Taking in (11) X = φei, Y = Z = ei and W = ξ we
obtain

[A1(ξ) +A2(ξ)]φei + [B1(φei) +B2(φei)] ξ = 0,

which implies (A1 +A2)(ξ) = (B1 +B2)(φei) = 0. Next, setting X = ξ,
Y = Z = ei and W = φei we get

[A1(φei) +A2(φei)] ξ + [B1(ξ) +B2(ξ)]φei = 0,

which proves that (A1 + A2)(φei) = (B1 + B2)(ξ) = 0. This together
with (A1+A2)(ξ) = (B1+B2)(φei) = 0 assert that 1-forms A1+A2 and
B1 +B2 are both identically zero. Finally, putting {X = Z = φei,W =
Y = ei} and {X = Z = ei,W = Y = φei} in (11), respectively, we
conclude that

ρ1 + ρ2 = [D1(φei) +D2(φei)]φei,

ρ1 + ρ2 = − [D1(ei) +D2(ei)] ei,

which results the 1-form D1 +D2 is also identically zero and completes
the proof. □

In [6], L. Tamassy and T. Q. Binh showed that weakly symmetric
and weakly φ-symmetric Sasakian manifolds must satisfy A+B+D = 0.
Applying the above theorem, we extend the Tamassy and Binh’s results
[6] as follows.

Corollary 3.2. Weakly symmetric Sasakian manifolds are Einstein and
locally symmetric. Also, 1-forms A,B and D satisfy A = B = D = 0.

Corollary 3.3. Every weakly φ-symmetric Sasakian manifold is Ein-
stein and locally symmetric. Meanwhile, the associated 1-forms A,B
and D satisfy A = B = D = 0.

Proof. Let (M,φ, ξ, η, g) be a weakly φ-symmetric Sasakian manifold.
Setting Z = ξ in (3), it follows

−(∇WR)(X,Y )ξ + g((∇WR)(X,Y )ξ, ξ)ξ = A(W )R(X,Y )ξ

+B(X)R(W,Y )ξ +B(Y )R(X,W )ξ

+D(ξ)R(X,Y )W + g(R(X,Y )ξ,W )ρ.
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Using g((∇WR)(X,Y )ξ, ξ) = 0. A similar argument as mentioned in
the proof of Theorem 1 proves that M is Einstein and 1-forms A,B and
D satisfy A = B = D = 0. □

4 GeneralizedWeakly Ricci Symmetric Sasakian
Manifolds

In this section, we show that the Einstein Sasakian manifolds are the
only Sasakian manifolds whose Ricci tensors satisfy (5). It is well-known
that the covariant derivative of the Ricci tensor of the Sasakian manifold
(Mn, φ, ξ, η, g) is as follows (see [10] page 284):

(∇ZS)(X,Y ) = (∇XS)(Y,Z) + (∇φY S)(φX,Z)− η(X)S(φY,Z)

− 2η(Y )S(φX,Z) + (n− 1)η(X)g(φY,Z)

+ 2(n− 1)η(Y )g(φX,Z). (12)

This enable us to state the following proposition.

Proposition 4.1. Let (Mn, φ, ξ, η, g) be a Sasakian manifold. Then
(∇ξS)(X,Y ) = 0 for all X,Y ∈ Γ(TM).

Proof. Setting Z = ξ in (12) and applying (6) and (8), we conclude
that

(∇ξS)(X,Y ) = (n− 1)g(Y,−φX) + S(Y, φX)− S(∇φY φX, ξ)

+ S(φX,φ2Y ) = −(n− 1)g(Y, φX) + S(Y, φX)

− (n− 1)g(∇φY φX, ξ)− S(φX, Y ) = −(n− 1)g(Y, φX)

− (n− 1)g((∇φY φ)X, ξ) = −(n− 1)g(Y, φX)

− (n− 1)g(φY ,X) = 0,

which is the desired result. □
Using the above proposition, we have the following theorem.

Theorem 4.2. Every generalized weakly Ricci-symmetric Sasakian man-
ifold is Ricci-symetric. Further, the 1-forms Ai, Bi and Di satisfy (n−
1)A1 +A2 = 0, (n− 1)B1 +B2 = 0 and (n− 1)D1 +D2 = 0.



10 V. PIRHADI, G. FASIHI RAMANDI AND S. AZAMI

Proof. Let (M2m+1, φ, ξ, η, g) be a generalized weakly Ricci-symmetric
Sasakian manifold. Suppose {ξ, e1, ..., em, em+1 := φe1, ..., e2m := φem}
is a φ-basis for TpM . Taking {X = ξ, Y = ei, Z = ξ}, {X = ξ, Y =
ξ, Z = ei} and {X = ei, Y = ξ, Z = ξ} in (5), respectively, we obtain

(n− 1)A1(ei) +A2(ei) = 0, (n− 1)B1(ei) +B2(ei) = 0,

(n− 1)D1(ei) +D2(ei) = 0. (13)

Next, setting {X = ei, Y = φei, Z = ξ} and {X = φei, Y = ei, Z = ξ}
in (5), respectively, and taking account of (8), we find that{

−(n− 1) + S(ei, ei) = D1(ξ)S(ei, φei),

(n− 1)− S(ei, ei) = D1(ξ)S(ei, φei),

which demonstrate that S(ei, ei) = (n − 1). On the other hand, taking
{X = Y = ei, Z = ξ} in (5) results

S(φei, ei) = (n− 1)D1(ξ) +D2(ξ). (14)

Similar computations as above show that

S(φei, ei) = (n− 1)B1(ξ) +B2(ξ). (15)

Further, inserting {X = ξ, Y = Z = ei}, we derive

(n− 1)A1(ξ) +A2(ξ) = 0. (16)

Putting X = Y = Z = ξ in (5) yields

0 = [(n− 1)A1(ξ) +A2(ξ)] + [(n− 1)B1(ξ) +B2(ξ)]

+ [(n− 1)D1(ξ) +D2(ξ)] . (17)

In view of (14)-(17), we get (n−1)A1(ξ)+A2(ξ) = (n−1)B1(ξ)+B2(ξ) =
(n− 1)D1(ξ) +D2(ξ) = 0. This together with (13) asserts that 1-forms
(n− 1)A1 + A2, (n− 1)B1 + B2 and (n− 1)D1 +D2 are all identically
zero and prove the theorem. □

It is well known that Ricci symmetric Sasakian manifolds are Ein-
stein [10]. Thus, we can gave the following.

Corollary 4.3. Generalized weakly Ricci-symmetric Sasakian manifolds
are Einstein and have constant scalar curvature.
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5 Weakly Parallel Invariant Submanifolds

In this section, we first define the sense of weakly parallel submanifolds
of Riemannian manifolds and prove that every weakly parallel invariant
submanifold of a Sasakian manifold is totally geodesic.

Definition 5.1. The submanifoldM of the Riemannian manifold (M, g)
whose the second fundamental form h satisfies:

(∇Xh)(Y,Z) = A(X)h(Y, Z) +B(Y )h(X,Z) +D(Z)h(X,Y ), (18)

is called weakly parallel in which A,B and D are smooth 1-forms on M .

Suppose thatM is an invariant submanifold of the Sasakian manifold
(M,φ, ξ, η, g). It immediately follows from (9) and (10) that

(∇Xφ)(N) = ∇Xφ(N)− φ(∇XN)

= ∇⊥
Xφ(N)−Aφ(N)(X)− φ(∇⊥

XN −ANX)

= ∇⊥
Xφ(N)− φ(∇⊥

XN) = (∇⊥
Xφ)(N), (19)

which leads to the following theorem.

Theorem 5.2. Weakly parallel invariant submanifolds of Sasakian man-
ifolds are totally geodesic.

Proof. LetM be a weakly parallel invariant submanifold of the Sasakian
manifold (M,φ, ξ, η, g). Taking N = h(Y, Z) and using (19), we get

(∇⊥
Xφ)h(Y, Z) = (∇Xφ)h(Y, Z) = g(X,h(Y, Z))ξ

− η(h(Y,Z))X = 0.

This together with the fact that M is also a Sasakian manifold result

(∇Xh)(φY,Z) = ∇⊥
Xh(φY,Z)− h(∇XφY,Z)

− h(φY,∇XZ) = ∇⊥
Xφh(Y,Z)− h((∇Xφ)Y

+ φ(∇XY ), Z)− h(φY,∇XZ) = (∇⊥
Xφ)h(Y,Z)

+ φ(∇⊥
Xh(Y,Z))− h(g(X,Y )ξ − η(Y )X + φ(∇XY ), Z)

− h(φY,∇XZ) = φ(∇Xh)(Y, Z) + η(Y )h(X,Z). (20)
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From this we conclude that

A(X)h(φY,Z) +B(φY )h(X,Z) +D(Z)h(X,φY ) = A(X)φh(Y,Z)

+B(Y )φh(X,Z) +D(Z)φh(X,Y ) + η(Y )h(X,Z),

which gives

B(φY )h(X,Z) = B(Y )φh(X,Z) + η(Y )h(X,Z). (21)

Putting Y = ξ in the above equation, we find that B(ξ) = 0. Next,
substituting Y with φY in (21) we obtain B(φY ) = 0 which proves the
1-form B is identically zero. Replacing Y with Z in (20). Similar com-
putations illustrate that the 1-form D is also identically zero. Therefore,
the Equation (18) can be written as follows:

(∇Xh)(Y,Z) = A(X)h(Y, Z). (22)

Finally, setting Y = ξ in the equation above yields

h(φX,Z) = 0, (23)

which completes the proof. □

6 Examples

In previous sections, we proved that generalized weakly symmetric and
generalized weakly Ricci-symmetric Sasakian manufolds are Einstein
and have constant scalar curvature. Now, we give an example of a non-
Einstein Sasakian manifold and show that it is neither weakly symmetric
nor generalized weakly symmetric.

Example 6.1. Let M = R3. Setting [14]

e1 := 2
∂

∂y
, e2 := 2(

∂

∂x
− y2

∂

∂y
+ y

∂

∂z
), e3 := 2

∂

∂z
. (24)

Let g be the Riemannian metric that is given by

g(ei, ej) = δij , i, j = 1, 2, 3,
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where δij denotes Kronecker’s delta. Taking ξ := e3 and assume that η
is the 1-form dual to ξ. Suppose that φ is the (1, 1) tensor field which
is defined by

φ(e1) = e2, φ(e2) = −e1, φ(e3) = 0,

Clearly, (M,φ, ξ, η, g) is an almost contact metric manifold. Applying
(24), we compute

[e1, e2] = −4ye1 + 2e3, [e1, e3] = [e2, e3] = 0. (25)

These equations together with Koszul’s formula yield

∇e1e1 = 4ye2, ∇e1e2 = −4ye1 + e3, ∇e1e3 = −e2,

∇e2e1 = −e3, ∇e2e2 = 0, ∇e2e3 = e1,

∇e3e1 = −e2, ∇e3e2 = e1, ∇e3e3 = 0,

Using the above equations, we observe that

(∇ejφ)ei = g(ei, ej)ξ − η(ei)ej ,

which demonstrates (M,φ, ξ, η, g) is a Sasakian manifold. Moreover, the
components of the curvature tensor of M can be written as follows

R(e1, e2)e1 = (3 + 24y2)e2, R(e1, e2)e2 = (−3− 24y2)e1,

R(e1, e2)e3 = 0, R(e1, e3)e1 = −e3,

R(e1, e3)e2 = 0, R(e1, e3)e3 = e1

R(e2, e3)e1 = 0, R(e2, e3)e2 = −e3,

R(e2, e3)e3 = e2.

From the above equations, it follows

S(X,Y ) = (−2− 24y2)g(X,Y ) + (4− 24y2)η(X)η(Y ),

which asserts that M is not Einstein. Next, suppose that M is weakly
symmetric. Applying the above equations into (2), we get

0 = (∇e3R)(e2, e3)e1 = D(e1)e2, 0 = (∇e2R)(e1, e3)e3

= A(e2)e1 +B(e1)e2,
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0 = (∇e3R)(e2, e1)e1 = A(e3)
[
−3− 24y2

]
e2 +B(e2)e3,

0 = (∇e3R)(e1, e3)e2 = D(e2)e1,

which implies A(e2) = B(e2) = D(e1) = D(e2) = 0. Computing
(∇e2R)(e2, e1)e1 and using the above equations, we find that

e2(−3− 24y2)e2 = (∇e2R)(e2, e1)e1 = A(e2)
[
−3− 24y2

]
e2

+B(e2)
[
−3− 24y2

]
e2 +D(e1)

[
3 + 24y2

]
e1

+
[
−3− 24y2

]
ρ =

[
−3− 24y2

]
ρ,

which reduces to e2(−3 − 24y2)e2 =
[
−3− 24y2

]
ρ. This together with

D(e2) = 0 shows that e2(−3 − 24y2) = 0 which is a contradiction and
proves thatM is not weakly symmetric. Moreover, similar computations
as mentioned in the proof of Theorem 1 assert that (∇WR)(X,Y )Z = 0
for all W,X, Y, Z ∈ Γ(TM). On the other side, we compute

(∇e2R)(e2, e1)e1 = e2(−3− 24y2)e2,

which is a contradiction. Thus, M is not also a generalized weakly
symmetric Sasakian manifold.

To illustrate the existence of totally geodesic invariant submanifolds
of Sasakian manifolds, we use the following example of 5-dimensional
Sasakian manifolds as follows [13].

Example 6.2. Taking M = {(x, y, z, u, v) ∈ R5} in which (x, y, z, u, v)
are the standard coordinates in R5. Putting

e1 :=
∂

∂x
− 2y

∂

∂z
, e2 :=

∂

∂y
, e3 :=

∂

∂z
,

e4 :=
∂

∂u
− 2v

∂

∂z
, e5 :=

∂

∂v
. (26)

Suppose g is the Riemannian metric which is defined by

g(ei, ej) = δij , i, j = 1, ..., 5.

where δij denotes Kronecker’s delta. Taking ξ := e3 and η(X) :=
g(X, e3). Assume that φ is the (1, 1) tensor field which is given by

φ(e1) = e2, φ(e2) = −e1, φ(e3) = 0,

φ(e4) = e5, φ(e5) = −e4.
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Obviously, (M,φ, ξ, η, g) is an almost contact metric manifold. Applying
(26), we compute

[e1, e2] = 2e3, [e4, e5] = 2e3,

and [ei, ej ] = 0 for the other pairs (ei, ej). These equations together
with Koszul’s formula, yield

∇e1e1 = 0, ∇e1e2 = e3, ∇e1e3 = −e2, ∇e1e4 = 0, ∇e1e5 = 0,

∇e2e1 = −e3, ∇e2e2 = 0, ∇e2e3 = e1, ∇e2e4 = 0, ∇e2e5 = 0,

∇e3e1 = −e2, ∇e3e2 = e1, ∇e3e3 = 0, ∇e3e4 = −e5, ∇e3e5 = e4,

∇e4e1 = 0, ∇e4e2 = 0, ∇e4e3 = −e5, ∇e4e4 = 0, ∇e4e5 = e3,

∇e5e1 = 0, ∇e5e2 = 0, ∇e5e3 = e4, ∇e5e4 = −e3, ∇e5e5 = 0.

(27)

From the equations above, we conclude that

(∇eiφ)ej = g(ei, ej)ξ − η(ej)ei,

for all i, j = 1, ..., 5 which demonstrates that (M,φ, ξ, η, g) is a Sasakian
manifold. Suppose that M = ⟨e1, e2, e3⟩. In view of equation (27), we
infer that

h(ei, ej) = 0,

for i, j= 1, 2, 3 which shows that M is a totally geodesic submanifold of
M .
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