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1 Introduction

Let f be a positive function, then the following inequality holds

[ o< vm ([ f2<x>dx)‘1‘ ([ x2f2<m)dx)i G

provided that the integrals on the right-hand side are convergent. The
constant /7 is sharp and the equality holds for f(z) = m%ﬂ Inequality
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(1) is called Carlson’s inequality which was discovered in [5]. The cor-
responding discrete form for some positive sequence of numbers (a,) n>1
is given as

Zan <Vr (Z ai) (Z n%%) ) (2)
n=1 n=1 n=1

provided that the series on the right are convergent. The constant /7
is the best possible, in the sense that it cannot be decreased anymore.

Carlson’s inequality plays an important role in several applications
in mathematics, such as interpolation theory, see the book [10]. About
Carlson’s inequalities and their extensions we refer the reader to the
book [10] and its references. Also, the reader may refer to the following
book and papers [1]-[13].

In this paper, we establish a new Carlson—type integral inequality
involving the missing term fooo xf?(x)dz with the best constant factor.
The equivalent Beurling—Kjellberg type inequality and discrete form are
considered.

2 Integral Case

Recall that the Beta function B (u,v) is defined for two positive param-

eters by
00 tu—l
B (u,v) = ———dt,

and it satisfies the following relation

Bs,t+1) = — B(s.1). (3)

S

Our first result refers to a Carlson—type integral inequality.

Theorem 2.1. Suppose that p > 1,q # 0,% —1—% =1 and that f is a
Lebesgue measurable nonnegative function such that 0 < fooo aP fP(x)dx <
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0o and 0 < fooo P2 fP(x)dx < oo then the following inequality holds
00 p
([ o)
0
oo 0o 1 oo
<C ((/ xpfp(x)dx/ xp_2fp(:v)d$> +/ :Up_lfp(x)dx> ,
0 0 0

(4)
b
where C' =2Ba (¢ —1,q — 1). Inequality (4) is sharp.

Proof. Let a,b > 0, for abbreviation we set L := fooo aP fP(x)dx, S =
JoZaP 2 fP(z)dx and T := [;°«P~!fP(z)dz. Since both L and S are

finite, then by the Schwarz inequality (7" < (LS)%) T is also finite.
Using Holder inequality, we have

Oof($)d95 ’ = Oox??l:vl_i(am+b)if(x)d:v !
</0 > /0 (ax + b)»

00 xq72 p q
< -
= </0 (azx + b)Xa=D ””)

1 »
— %B’S(q —1,q— 1) [a®L 4 b8 + 2abT]

—Bi(g—1,q—1) [ZL+SS+2T]

N

Q

/00 2P~ (ax + b)? fP(z)dx
0

a

b’
thus we get (4). It remains to show that the inequality is sharp. To do

(x_:;%, then we ﬁnd

Let t = ¢, and g(t) = tL+1S, then g attains its minimum at t =

Sl

this we consider the function f(z) =

00 [e8) xq—2
/0 f(ﬂﬁ)d%:/o mdﬁ?:B(q—Lq—l)a (5)

o] o0 q—2
— p—2 rp — 735‘ =B —1 1
00 xq—l

T_/o 2P P () da = ; mdm:B(an)a (7)
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and

L—/O xpfp(w)dac—/o md:v:B(q—i—l,q—l). (8)

Using formula (3) for the Beta function, we find

B(qul,q—l):2q_1B(q—1,Q)=ﬁB(q—l,q—l), (9)
and
Blo) = 5= Bla—1.0) = 56— Bla—1a=1).  (10)

By substituting (9) in (6) and in (8) and then substituting (10) in (7),
we find that the right-hand side of (4) is

L q q-—
2B —1,9g—1)|———B(g—1,q—1 B l,g—1
1(¢—1,q ){2(2(1_1) (¢-1.q )+2(2q_1) (¢—1,g-1)
» g+qg—1
=2B —1,¢g—1)B(g—1,9q—1
— Bg—1,q—1). (11)

The left-hand side of (4) is

(/OOO f(x)dac)p _BPg—1,q-1). (12)

From (11) and (12) we conclude the equality in (4). O

Remark 2.2. If we let p=¢ =2 in (4) we get

(/000 f(a:)dx)2
<2 [(/OOO 22 f2(x)dx /Ooo f2(a:)da;>% + /OOO fo(a:)dx] . (13)

Carlson’s inequality follows from the inequality (13). Although this does
not give the sharp constant /7. By the Schwarz inequality we find

/Oooxf2(x)da: < (/Ooosc2f2(x)dx/ooo f2(:c)d:z>%.
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Hence, inequality (13) becomes

(/OOO f(x)da:)2 <4 (/OOO 22 f2(z)da /OOO f2(:(,~)dg;)é ,
/OOO f(z)de <2 </Ooo ac%'ﬁ(x)da;)i (/OOO f2(z)da;)i .

The last inequality is Carlson’s inequality with the constant /7 replaced
by 2. But generally speaking, inequality (1) and inequality (13) are not
comparable. To see this, consider two particular cases when fi(z) =
—Land fo(z) = m In the first setting, inequality (1) yields the

or

(z+1)3
estimate

/000 fi(x)de < /7 </00<> f%(az)d:c)i </OOO :1:2]”12(95)(130411 ~ 0.506468

while (13) implies the inequality

/OOO fi(x)dz

<V2 [(/OO 22 f2(x)dx /OO ff(x)dw) ’ + /OO xflz(:v)dx] ~ 0.513127.
0 0

0

Clearly, the inequality (1) yields better estimate. In the second setting,
inequality (1) yields the estimate

/OOO fo(z)de < /7 </OOO !}"22(:Lc)dnc>z11 </OOO x%f%(x)d;ﬂ)‘11 ~ 1.43251

while (13) implies the inequality

/000 fa(x)dz

<V2 </0<> 22 f2(x)dx /OO f%(:v)d:r) ’ + /00 mfg(x)dx] ~ 1.35637.
0 0

0

In this case, the inequality (13) is more accurate.
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Remark 2.3. Using same techniques as in [3, Remark 2.4], we prove
that the inequality (4) is equivalent to the following Beurling-Kjellberg
type inequality:

([ o)

<2lC ((/Oo |z[” fP (2)dz /OO \w\p‘zfp(ﬂc)dx) BT

—0o0 —0o0

<[ le”lf”(ﬂf)dx> ,

e}

where C is as defined in Theorem 2.1.
Assume that (4) holds. By using inequality (4), Holder inequality
and Schwarz inequality, we have

([ o)
(/(; f(g;)dx+/ooo f(x)d:c)p

C <</OOO |z|P 2 (z)da /(; |g;yp—2fp(x)dx)§ N /_(; |I|p_1fp(x)dx> .
' <</Ooo e /oOo ‘x|p2fp(x)dl’); + /0°° |x!p1fp(x)dw> r
(/_(; |z [P fP(2)da: /_Ooo |x’p—2fp(x)d$>§

. (/Ooo (af? £ (2)da /OOO |x|p—2fp($)dx>% n /OO |x|p—1fp(:v)dx]p

IN

B =

< or-lco

— 00

<ic (( / Z ol 7 @)de [ Z \:c|P-2fp<:s>dsc>é

<[ \x!p‘lfp(:v)da:> ,

—00
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which is (14). In the other direction, let g(x) = f(z) if z > 0 and
g(x) = f(—x) if x < 0. Then

of 1)

(o)

e <</_Z 2 Pg? (z)da /_Z |x]p_2gp(x)d:v>§
[l i)

< »C ((/OOO 2P P (2)d /Ooo :L‘p_pr(x)da:>é +/O°° xp_lfp(x)dx> ,

that is, we get (4). Therefore, inequalities (4) and (14) are equivalent.

3 Discrete Case

Now, our main goal is to establish discrete analogue of Carlson—type
inequality derived in the previous section.

Theorem 3.1. Suppose thatp > 1,q # 0, %4—% =1 and that (ay),~; 15 @
sequence of positive numbers such that >~ | nPal, < oo andy .7, nP~2ab, <
00, then the following inequality holds

[e’e) p o0 oo % o8]
(Za”) - (Z”paﬁzn””“ﬁ> Lot ] as)
n=1 n=1 n=1 n=1

where the constant C = QBg(q — 1,9 — 1) is the best possible.

Proof. Let a,b > 0, for abbreviation we set ¢ := > °°  nfalh, s :=

S0 nP2ah and t :=Y_o0 , nP~lal. Since both £ and s are finite, then

by Schwarz inequality (¢t < (68)%) t is also finite. Using Holder inequality,



TS. BATBOLD AND L. E. AZAR

2 2
Zan = Z LGl_ﬁ(arwr b)ray,

- > nq—2 % o0 2 b2 » %
< nz:l(an—i-b)Q(q_l) n:1n (an + b)“al

1
00 242 q

< ——d
</0 (az + b)) "“’)

o] o] o] %
% | ¢? PP p—1,p 2 p=2,p
a nPab +2ab » nP""abl +b n"“ab | .
n=1 n=1 n=1

Hence, we find

> ? a b
p
(Zan> < Bi(g—1,q—1) <b£+ s+2t>
n=1 a
—2Bi(g—1,q—1) (\/Zs+t> .
Similarly, as in the proof of Theorem 2.1, if we set % = ¢ weget (15). Tt
remains to show that the constant C' is the best possible, to do that we

assume that there exists a positive constant D < C such that ineqanIity
(15) is valid if we replace C by D. For 0 < X < 1, we set @, = —20,

then we find
= /00 Azd=2 J
an > —— 5 axr
nzl T @

oo )\xq—Q 1 )\xq—Q
= / 5.3 dx — / — 53 dx
0 (m + )\) 0 ($ + >\)

=A"IB(g—1,q—1) — \O(1). (16)
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Moreover, we have
oo o
q—2
nP2GP — WP n
§ : n § : 2
n—+ A«
n=1 n:l( + )

0 (a: + )\)2q

= )\p—q—lB(q - 17 q-+ 1)a

anap _)\pz (n+)\)

AP 007””[1
< /0 EESNE

= NI B(g - 1,q+ 1),

and

-1

an 1ap _ )\IJZ (n+)\)2q

» 00 xqfl
A ——d
< /0 EESVE

= A"1B(q, q).

(17)

(18)

(19)

Substituting relations (9) in (17) and (18) and then (10) in (19) we find

(A>7B(q -1, — 1) — AO(1))"
<D <<B(q— 1,g+1)B(g—1,q+ 1)>5 n B(%Q))

\a—p+1 \a—p—1

= 2)\q_pB(q - 17q - 1)

Multiplying the last inequality by A?~P, we have

(Bg—1,¢—1) - X"'01))" < gB(q —1,q-1).

(20)
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If we let A — 07 in (20) we get
D>2B Y q—-1,9q-1)=C

which contradicts our assumption that D < C. The theorem is proved.
d

Remark 3.2. If we set p = ¢ = 2 in (15) we get

00 2 00 00 % )
(Z an> <2 (Z na? Z a%) + Z na? | . (21)
n=1 n=1 n=1 n=1

Discrete Carlson’s inequality follows from the inequality (21). Although
this does not give the sharp constant /7. By the Schwarz inequality for
series we get

D=

o0 o0 o0
E nai < E n2ai g a%
n=1 n=1 n=1

Thus, from the last inequality (21) becomes

o0 o0 [e.o]
Zan <2 (Z n%%Zai)
n=1 n=1 n=1

The last inequality is Carlson’s inequality (2) with the constant 7 re-
placed by 4. We also note that, in a manner similar to Remark 2.2 with
an, = 1/n? and @, = 1/ n%, inequality (2) and inequality (21) are not
comparable.

N|=
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