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Abstract. In this paper, we generalize the construction of a pullback
diagram in the framework of Hilbert modules over locally C*-algebras
and we explore some conditions under which diagrams of Hilbert mod-
ules over the corresponding C*-algebras are pullback.
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1. Introduction

Pedersen [7] introduced the notion of a pullback diagram in the category of
C*-algebras and investigated some properties of these diagrams. Amyari and
Chakoshi [1] generalized the construction of a pullback diagram in the frame-
work of Hilbert C*-modules [6]. Some properties of pullback diagrams are
stable under locally C*-algebras [1,2,7]. In this paper we use these properties
to discover new ones for pullback diagrams of locally C*-algebras. Locally C*-
algebras were systemically studied by Inove, N. C. Phillips (under the name
of pro-C*-algebras [8]), M. Fragoulopoulo and other mathematicians. A lo-
cally C*-algebra is a complete Hausdorff topological involutive algebra, whose
topology is determined by a directed family of C*-seminorms in the sense that
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the net {a;}ier converges to 0 if and only if the net {p(a;)};cr converges to 0
for every continuous C*-seminorm p. A Frechet locally C*-algebra is a locally
C*-algebra by countable family of C*-seminorms. Clearly, each C*-algebra is
a Frechet locally C*-algebra. Let A be a locally C*-algebra and S(A) be the
set of all continuous C*-seminorms. For p € S(A), A, = ﬁ@ is a C*-algebra
with the norm induced by p [8]. The canonical map from A onto A, p € S(A),
will be denoted by ).
Hilbert modules over locally C*-algebras generalize the notion of Hilbert C*-
modules by allowing the inner product to take values in a locally C*-algebra.
Recall that a pre-Hilbert A-module is a complex vector space X which is also a
right A-module, compatible with the complex algebra structure, equipped with
an A-valued inner product (.,.) : X x X — A which is C-linear and A-linear in
its second variable and satisfies the following relations
(i) {x,y)* = (y, ) for every x,y € X;
(#) (x,z) >0 for every z € X;
(791) (z,z) = 0 if and only if z = 0.
We say that X is a Hilbert A-module if X is complete with respect to the
topology determined by the family of seminorms {p},cg(4), where p(z) =
p({z,x)), = € X, p € S(A). Let X be a Hilbert A-module, then for p €
S(A), ker(p) = {x € X : p({z,x)) = 0} is a closed submodule of X and
X, = ﬁ@) is a Hilbert A,-module with (z + ker(p))m,(a) = za + ker(p) and
(x + ker(p),y + ker(p)) = mp({x,y)). The canonical map from X onto X,
p € S(A), will be denoted by o,,.
The * — ideal of A generated by {(x,y), =,y € X} is denoted by (X, X). We
say that X is full if the closure of (X, X) is the whole of A.
Let ¢ : A — B be a morphism (¥ — homomorphism) of locally C*-algebras.
A morphism ¢ : X — Y is said to be a w-morphism of Hilbert modules over
locally C*-algebras if (®(x), P(y)) = p({z,y)) for all z,y in X. Using polariza-
tion identity, one immediately concludes that ® is a @-morphism if and only
if (®(x),®(x)) = ¢((z,z)) for each x € X. It is easy to see that each -
morphism is necessarily a linear operator and a module mapping in the sense
that ®(za) = ®(z)p(a) for all € X,a € A. For an account on morphisms the
reader is referred to the [3, 4].

We recall from [5] that if A is a locally C*-algebra, then b(A) (bounded part of
A) that is the set of all bounded elements a in A such that [|a||,, = sup{p(a) :
p € S(A)} < oo, together with ||.|| . is a C*-algebra. Also if ¢ is a morphism
from locally C*-algebra A into locally C*-algebra B, then ¢ maps b(A) into
b(B).

In this paper the pullback construction is applied to the class of locally C*-
algebras and to the class of Hilbert modules over locally C*-algebras. Also
consider a pullback diagram of Hilbert modules over locally C*-algebras. We
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explore some conditions under which diagrams of Hilbert modules over corre-
sponding C*-algebras are pullback.

2. Pullback Construction in Hilbert Modules
over Locally C*-Algebras

In this section we introduce a pullback diagram of locally C*-algebras and
investigate some properties of them. For this we need the following definition.

Definition 2.1. A commutative diagram of locally C*-algebras and morphisms

AIL}BI

o e

A2LB2

is pullback if ker(v1) Nker(v1) = {0} and for every other pair of morphisms
w1 A — By oand pus : A — Az, from a locally C*-algebra A that satisfy
oty = Qopio there is a unique morphism p: A — Ay such that py = 1 and
po = 1p .

2 1K A

Vo H1
\ K
AR
\ ¥1
by AL —— By

\\\ lwl J/ 2

A2W>Bz

The following proposition is proved in framework of C*-algebras. It is easy to
show that this proposition holds in category of locally C*-algebras.

Proposition 2.2. (see [7, Proposition 3.1.]) A commutative diagram of locally
C*-algebras

AILBl

lwl @2 (1)

AZLBQ
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1s pullback if and only if the following conditions hold.
(i) ker(p1) 1 ker(ié1) = {0},

(16)y2 " (pa(A2)) = @1 (A1),

(iid) i (ker(i21)) = Ker(pa).

Theorem 2.3. Let (1) be a commutative diagram of locally C*-algebras and
morphisms. Then 1 is surjective and Vs is injective if and only if the following
conditions hold.

()31~ (ker pg) = ker 1,

(@)1 (ker 1) = ker ¢y,

(#id) s~ (p2(A2)) = 1 (A1),

Proof. Suppose that 1 and 1y are surjective and injective respectively. Let
a1 € kerpi. Then ¥s(pi(a1)) = 0 and by commutativity of the diagram
a; € wlfl(ker 2) which implies that ker ¢ C wl_l(ker ©v2).

Now let ag € ker o and 7 *(az) is not in ker ;. Hence ¢q (7 (az)) # 0 and
consequently it is not in ker s, since v is an injection. On the other hand
Yo (1907 Haz)) = woti1 (Y7 H(az)) = wa2(az) = 0, that is a contradiction. This
proves (7). We obtain condition (i7) by surjectivity of 1; and part (7).

It remains to verify (#i7). For this, let by € ¢1(A1). So by = ¢1(ay) for some a4
in A;. Put ag = v¥1(ay). By commutativity of the diagram (1) and injectivity
of by we have 15 'pa(az) = 1y " @2(v1(a1)) = ¥y "Pa(pi(ar)) = @1(ar) = by.
Therefore b; € w;lgog(Ag). Now suppose that b, € qulgog(Ag). Then there
exists as € As such that by = w;lwg (a2) and by surjectivity of ¢ there exists
a1 € Ay such that 11 (a;) = az. Thus by = 5 " wa(P1(a1)) = ¥y "ha(p1(ar)) =
p1(a1) and therefore by € p1(A1). Conversely suppose that (z), (i7) and (ii7)
hold. First we show that v is surjective. If on the contrary, there exists
as € Ay in which ay # v1(aq) for each a; in Ay, then by (ii), as is not
in ker ps. By (7it) there exists a1 € A; such that w;lcpg(az) = p1(d1) and
Yoty H(p2(a2)) = ap1(d1) = parhi(dr). Therefore po(as) = ¢2(¢1(da1)) and
as —11(d1) € ker pa. By (ii) there exists af in ker ¢ such that as — 91 (d1) =
¥1(af) and so as = 1(dy + af). This contradicts initial assumption. Hence
1y is surjective.

To prove injectivity of 15 , suppose that, 12(b1) = 0 for some nonzero by € Bj.
Then b; € 5 *({0}) and by (i) there exist ag € kerwy and a; € A; such
that by = 15 *(pa(as)) = @1(a1). Hence a; is not in ker p; (%). On the other
hand, (pgd)l(al) = ¢2@1(a1) = wg(bl) = 0. Hence 1#1(&1) € ker V9. Now since
ar € 7 1 ({ar}), then it is in ¢ ! (ker 7), that is equal to ker ¢y by (i). Thus
ay € ker¢q. That is in contradiction with relation (%). Then ker ¢y = {0}. O
As an immediate consequence of the above theorem we have the following corol-
lary, which is a new criterion for the pullbackness of a commutative diagram
of locally C*-algebras.
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Corollary 2.4. Let (1) be a commutative diagram of locally C*-algebras and
mophisms. If ker p; Nkeryy = {0} and 1, 2 are surjective and injective
respectively, then the diagram is pullback and condition (i) of Theorem 2.3.
holds. Conwversely, if the diagram is pullback, then 1y is surjective and moreover
if condition (i) holds, then 1o is injective.

Example 2.5. The #-algebra ¢(X) of all complex valued continuous functions
on a non empty set X, together with C*-seminorms, p, (f) = sup{|f(z)|: z €
kn} (n €N, f € c(X) and {ky}nen is a countable compact subsets of X) is a
locally C*-algebra.

Now let {k/,}nen, be a countable compact subintervals of [0, 1]. Then ¢([0, 1]),
¢([0,2]) and ¢(]0,6]) are locally C*-algebras, where {k],}nen, {2k] }nen and
{6k}, }nen are the countable compact subintervals of [0, 1], [0,2] and [0, 6] re-
spectively. Consider the following commutative diagram of locally C*-algebras
and morphisms

c([0,1]) — «([0,1])

Jo J»

c([0,2]) == «([0,6])

where @1 = I (identity operator), wo(f)(z) = f(3z), ¥1(g)(x) = g(2x) and
a(h)(x) = h(6z) for all f € ¢([0,2]) and for all g, h € ¢([0,1]). Clearly, ¢; and
19 are surjective and injective respectively and ker i Nkeryy = {0}. Using
Corollary 2.4. the diagram is pullback.

Example 2.6. Let {(X,, ||||a) }aca be a family of C*-algebras. Then IT,cp X,
is a locally C*-algebra, where for each aj € A, seminorm p,; € S(IlaeaXa)
is defined by pa; ({Zataea) = [|Tagllay- Now let A C A" and ag € A be fixed.
Consider the following commutative diagram of the locally C*-algebras and
morphisms

®1
HaEAXa EE— HaEA’Xa

[+ |+

02
HaEA’Xa ? HaEA’Xa

where the morphisms 1, %2, 1 and o are defined as follows.
(0) v1({xatacr) = {Yataca’, such that y, = x,, for each o € A and y, = 0 for
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each o € A" — A.

(13) 1o = I(identity operator).

(#i1) p1({Za}aecr) = {Za}aear, such that z, = z, for each a € A — {ap} and
zq = 0 for each a € (A — A) U{ap}.

(i) Y2({xataca’) = {wa}aeca such that w, = x4 for each @ € A — {ap} and
wq = 0 for each @ € (A" — A) U{a}.

Clearly, 11 is not surjective and ker 1 = {{Za}aca : zo = 0 for every a €
A —{ap}}. Hence ¢ (ker 1) = {{Za}aca : o =0 for every @ € A" — {ag}}.
On the other hand ker 93 = {{z4}aeca : o = 0for every « € A—{ag}}. Then
11 (ker ¢1) # ker o and so the above diagram is not pullback by Proposition
2.2. More precisely, we show that if i; is not surjective, then the diagram is
not pullback.

In the following we obtain some conditions under which the diagram of bounded
part of locally C*-algebras of a pullback diagram, is pullback.

Corollary 2.7. Suppose that the following left diagram is a pullback diagram
of locally C*-algebras.

Al L) Bl b(Al) —> b(Bl)
lwl llﬁz J{% 11#2
Ay —2 B, b(Ay) —2— b(By)

If Yo is injective, then the right diagram is pullback, where for i = 1,2 ¢; =
Qilbean and Y1 = Y1 lpay) and Yo = Palys,)-

Proof. By the preceding corollary, ¥ is surjective. Also 17 is injective.
Indeed if ¥1(a1) = 0, then by commutativity of the diagram, ¥op1(a1) =
p2t1(a1) = 0 and by injectivity of ¥2 we have ¢i(a;) = 0. This implies
that a; € kerp; Nkert and since the left diagram is pullback so a; = 0.
From injectivity of ¢ and 15 we conclude that ¢¥] and ¢/ are injective and
ker ¢ Nker+) = {0}.

Using the preceding corollary, to prove pullbackness of the right diagram it is
enough to show that ] is surjective. Suppose that ag is an arbitrary element
in b(As). By surjectivity of 11 there exists a; € A; such that ¢ (a1) = ag. Fur-
thermore, the norm reducing of 17 * implies that ||a1]|ec = [[¢7 %1(a1)]lee <
|1(a1)]lco = |laz]loo < oo. It implies that, a1 € b(A;) and ] is surjective.
Our aim now is to generalize the pullback construction in the category of Hilbert
modules over locally C*-algebras. For this we need the following definition. [

Definition 2.8. A commutative diagram of Hilbert modules over locally C*-
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algebras

X, 2.y

X2LY2

is pullback if ker(®1) Nker(¥,) = {0} and for every other pair of morphisms
pw X = Y] and py 0 X — Xo from a full Hilbert module over locally C*-
algebra X, that satisfy condition Vo = Poueg, there exists a unique morphism
w: X — X1 such that py = ®1p and po = Vi p.

A 1

\H \
-
\

Q @,
X, —Y

N\ l% l%

X2T2>YQ

The following proposition is proved in the category of Hilbert C*-modules. It is
easy to show that this proposition holds in framework of Hilbert modules over
locally C*-algebras.

Proposition 2.9. (see [1, Theorem 3]). A commutative diagram of full Hilbert
modules X1 and Xo and arbitrary Hilbert modules Y1 and Ya over locally C*-
algebras Ay, As, By and By respectively, in which the corresponding map 1
to @1 is surjective,

X, -2,y

lwl l% (2)

X, —*2 ., vy,

is pullback if and only if the following conditions hold.

(i) ker(®1) Nker(¥y) = {0},

(i) Wo™H(Pa(X2)) = ®1(X1),

(ZZZ) \111(1{81'(@1)) = ker(<1>2).

Applying Proposition 2.9. we conclude that Theorem 2.3. holds in the category

of Hilbert modules over locally C*-algebras and so we have the following corol-
lary, which is a new criterion for the pullbackness of a commutative diagram
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of the Hilbert modules over locally C*-algebras.

Corollary 2.10. Consider the commutative diagram (2) in Proposition 2.9. in
which the corresponding map @1 of Py is surjective. If ker ®1Nker ¥y = {0} and
Wy, Uy are surjective and injective respectively, then the diagram is pullback
and U5 ' (ker ®y) = ker &1 (x). Conversely, if the diagram is pullback, then U,
is surjective. Moreover, if the condition (%) holds, then Wy is injective.

We recall from [5] that if X is a (full) Hilbert module over locally C*-algebra
A, then b(X) that is the set of all  in X such that ||z|| = sup{px(z): p €
S(A)} < oo, is a (full) b(A) — Hilbert module. Now suppose that X; and Xo
are Hilbert modules over locally C*-algebras A and B, respectively and & is
a w-morphism from X; into Xo. Then ® maps b(X;) into b(Xs3). Indeed, let
x € b(X1). So (z,z) € b(A) and by norm-reducing of ¢ on b(A) we have

1)l = sup{Dyx,)(®(2)) :p € S(B)}
= sup{v/p(p((z,))) :p € S(B
= Vel 2)ll
< el

Replace ® by ®'. One can verify that, ® is a ¢’-morphism, where ¢’ is the
restriction of ¢ to b(A).

Corollary 2.11. Suppose that X1 and Xo are full Hilbert modules and Y7 and
Yy are arbitrary Hilbert modules over Frechet locally C*-algebras Ay, As, By
and Bs, respectively. Also suppose that the following left diagram (and hence
its corresponding diagram of underlying locally C*-algebras (right)) is pullback.

X1 L Y Ay £, By
l\h l‘% ld’l lwz (3)
Xs %, Y, Ay 2, B,

If 1 is bijective and 1o is injective, then the following left diagram (and hence
its corresponding diagram of underlying C*-algebras (right)) is pullback.

b(X1) —Ts b(V) b(A) —Es b(By)

e s e s

b(Xs) —2 b(Yy) b(Ay) —=— b(By)
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Proof. Let by € b(B;) be arbitrary. Since 7 is surjective, then by = p;(a1)
for some a; € A;. We have [|a1]/oo = |17 (#1(a1))|loo < [|b1]]oc < 00. Hence
1 is surjective. Clearly, the Hilbert C*-modules b(X;) and b(X2) are full,
since X7 and X5 are full. Using the same technique as Corollary 2.7. and the
preceding corollary we get pullbackness of the left diagram.

In the following we explore some conditions under which diagrams of Hilbert
modules over the corresponding C*-algebras of the pullback diagram (3), are
pullback. O

Theorem 2.12. Let (3) be a pullback diagram. If for each C*-seminorm pa, €
S(A1) there exist C*-seminorms pg, € S(B1), pa, € S(Az2) and pp, € S(B2)
in which satisfy the following conditions

(i) 17 (kerpp,) Nep1 "' (kerpa,) = kerpa,,

(ZZ) ch(kerpAz) - keI‘me

(”7’> 1/)2(1(61‘])31) c kerpBw

and Uy : —3— — Y2 s defined by Wo(y; + kerpp,) = Va(y1) + kerpp, is

kerpg, kerpp,

injective, then the following diagram of Hilbert C*-modules is pullback, where
Q1 (z1 +kerpy,) = ®1(x1) +kerpp, and 2, V1 are defined in a similar way.

X1 3 Y1

kerﬁA1 kerﬁB1
l“"l qu (4)
Xo e Yy

kerpa, kerpp,

Proof. By the assumption <151, <152, U, and Uy are well defined morphisms.
For this, assume that x; +kerp,, = 21 +kerp,,. Then (r1 — 21,21 —a1) €
kerpa, and by (i), ¢1((z1 — 21,21 — 21)) € pi(kerpa,) C kerpp,. Hence
P, (P1(z1) — P1(21)) = 0. So @1(w1 +kerpy,) = @1 (21 +kerpy, ).

Similarly, other morphisms are well defined. One should note that kef%A , kerXTfA
1 2

are full Hilbert C*-modules, by fullness of X; and X5 [4]. Also the diagram of
the Hilbert C*-modules (4) is commutative, since the initial diagram of Hilbert
modules over locally C'*-algebras is commutative. Since the left diagram is
pullback, so it satisfies in the conditions of Proposition 2.9. i.e.

(a) ker(®q1) Nker(¥,) = {0},

(b) o~ (Pa(Xa2)) = @1 (X1),

(c) ¥y (ker(®q)) = ker @o.

We prove that (4) satisfies in the conditions of Theorem 3 of [1].

(I) Let o1 +kerp,, € ker &) Nker U;.

Then ®;(z1) € kerpg, and Wy(x1) € kerpy,. It implies that pp, (p1 (21, 21)) =
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0 and pa, (v1(z1,21)) = 0. Hence by (i), (z1,21) € kerpa,, whence py, (x1) =

0 and z1 +kerp,, =0.

(IT) Let 22 + kerpy, € ﬁ be arbitrary. Since U, is injective and by (b)
2

there exists x1 € X7, in which

;s =1, s =1

\Ilg (@2(372 +k€I‘T)A2)) = \112 ((I)g(.%‘z) +ker]732)
= \1’2_1(@2(3?2)) —|—ker]331

<I>/1(:L‘1 +kerpy, ).

;s =1, - .
We obtain Uy (o ka%Az )) C <I>1(kchI71A1 ). A similar argument proves the
converse.

(ITI) Let x1 + kerp,, be an arbitrary element in ker P, By the defini-
tion of ®; we have ®,(x) € kerpg,, whence ¢1((x1,71)) € kerpp, and by

(791) Ya1({x1,21)) € kerpp,. Now by commutativity of the diagram we

have pp, (p2¢1({z1,21))) = 0. Then pp, ({(P2¥1(z1), P2V1(z1))) = 0. We
conclude that ®;W;(z1) € kerpp,. Therefore ®5(¥y(x1 + kerpy,)) = 0 and

0, (r1 +kerpy,) € ker ®,. Thus \Ifl(ker <I>1) C ker ®. Using the same tech-
nique as Theorem 2.3. one can verify that ¥y is surjective. Now suppose that
xo + kerpy, € ker @3, then there exists x; € X such that Wy(z;) = .
Put S := {z; € X1 : ¥y(z1) = 22}. If for some 21 € S, ®1(x1) € kerpp,,
then &, (x; + kerp,,) = 0. Hence Uy (21 + kerp,,) = w2 + kerp,, and
o +kerpy, € W, (ker @;). Then there exists such an 21 in S. On the contrary
suppose that for each x1 € S, ®1(x;) is not in kerpg, . Then by injectivity of
\Ifg, we have \Ifgqfl(xl +kerpy,) # 0 for each 21 € S. Hence by commutativ-
ity of diagram <I52\If1(x1 +kerp,,) is not equal to zero. On the other hand,
o, (1 + kerpy,) = By (2o + kerp,,) = 0. That is a contradiction. Hence
ker &5 C Uy (ker ‘I>1) Now by [1, Theorem 3], the diagram is pullback. O
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