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Abstract. By using discrete fractional calculus, we investigate the
existence of solutions for a self-adjoint finite Nabla fractional difference
equation on the time scale NZH via initial boundary conditions. Also,
we check some conditions for uniqueness of solution of the problem.
For finding the solution, we use the Green function which defined by
using the Cauchy function. The principle of contraction mapping also
plays an essential role in the existence of the solution. We provided two
examples, a figure and numerical results to illustrate our main result.
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1 Introduction

Today, the totalitarian of continuous fractional calculus is undeniable for
almost all mathematics researchers due to its unparalleled capabilities in
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various fields such as engineering, interpretation of physical phenomena,
biological mathematics and modeling [1, 7, 9, 10, 12, 17, 18, 20, 21, 23,

, 25, 26]. The history of this subject goes back to the logical dialec-
tic between L’Hopital and Leibniz in 1695 on the half-order derivative.
The reader can refer to [19] for more information on the history of frac-
tional calculus. On the other hand, using the fractional calculus was not
limited to the continuous case and some researchers have been studied
discrete version. In 2020, Atici et al. modeled tumor growth by using
fractional difference equations [8]. In this research, we intend to focus
on discrete version.

There are generally two approaches on discrete fraction calculus; the
Delta fractional calculus by using the forward difference operator and
te Nabla fractional calculus by using the backward difference operator
[6, 16]. In 1988, Gray et al. introduced a new definition of the fractional
difference [15]. Later Atichi et al. [5] and Anastassiou [4] investigated
some Nabla operators and inequalities. Over the past decade, by hard
working of researchers in this field, fractional calculus found a relatively
strong foundation. One can find basic notions and results of this field
in the book of Goodrich and Peterson [13].

Recently, some researcher investigated the initial and boundary value
problems by using the Nabla operators. In 2020, Ahrendt et al. [2]
reviewed the self-adjoint fractional nabla difference equation

V]a(t+ 1)hy(e+ 1] + pOy(t) = F(1), ¢ € Naga.

In 2021 Cabada et al. [l1] investigated the nontrivial solutions for
the following nabla fractional difference BVP

~(VEHT) 0+ F00(t) = gt 0(0), €Ny,
av(a+1) = B(Vv)(a+1) =0,
Av(b) + §(Vo)(b) = 0.

Motivated by these works, we investigate the existence and unique-
ness of the solution of the self-adjoint fractional nabla finite difference
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equation

—VilgVy+est) =h(t+L—a+1), teN,,

y(bh) = G Yimgir bt + L~ a+ DCF (b, pls),
where 0 < ¢ <1, b—a € Ny, q(t) >Oandﬂ,q,h:Ng+1 — R.

To achieve our goal, we use the Green function and the principle of
contraction mapping in complete metric space. The continuation of the
work is as follows: In the Section 2, we remind the concepts that we need
from discrete calculus related to the Nabla operator. In the Section 3,
we will prove our main results and, in the Section 4 we will provide two
examples with numerical results to confirm our results.

2 Preliminaries

First, we need next notation to get started.

Remark 2.1. Let a,b € R with a < b and b — a € N. We consider the
notations N, := {a,a +1,a+2,...} and N® := {a,a + 1,a + 2,...,b}.

Definition 2.2. [11] Let p : N, - N,. The backward jump operator is
defined by p(t) = max{a,t — 1}.

Definition 2.3. [14] The nabla difference operator V on a function
f:N, — R is defined by V§(s) = f(s) — f(s — 1) for s € Ngy1.

Remark 2.4. In view of definition 2.3, we can consider the higher order
difference V"f(s) := v(ﬁnflf(s)) for s € Nyip. We accept that v is
the identity operator.

Definition 2.5. [I1] For every real number k£ and natural number n,
the rising function expressed by the formula

K" i=k(k+1)(k+2)...(k+n—1).

Also by Nabla power rule, we have V(k + A\)™ = n(k + A\)" L,
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Definition 2.6. [15] By using the Gamma function, we can generalize
L'k +r)

OR where we supposed

definition 2.5 for any real number r as k™ =

that k, k +r ¢ {0,—1,-2,...}.

Definition 2.7. Let ¢,d € N, and f: N, — R be a function. Then the
Nabla definite integral is defined by

/f OV () {Zt et (1), e<d

c>d.

Definition 2.8. [3] Let £ > 0 and f: Ng11 — R be a function. Then
the Nabla ¢-th order fractional sum (Nabla fractional sum) is defined by

T (x— p(s))t —
v, f(m):/a (IB&;)]‘(S)VS, (x € Ny).

Definition 2.9. [3] Let £ > 0, f : Ny — R be a function and M < £ <
M — 1. Then the Nabla /-th order fractional difference is defined by

Vaf(t) = V'V M 50), (e Noyar).

Lemma 2.10. [175] Let f,g : N, — R be functions and ¢ € (0,1). Then
the fractional initial value problem

=

Vaf(t) = g(t)a t € Ngta,

fla+1)=A, AeR,
has a unique solution expressed by

_ ot _ (t—a)t
f(t) =V, a(t) + (A—gla+1)) NORE

Definition 2.11. [13] Consider the following homogeneous fractional
equation

Va(aVy)(t) =0



ON A SELF-ADJOINT FRACTIONAL NABLA FINITE...

and a function CF : Ngyq1 X Ngy1 — R which for any fixed v € Ny,
we have CF (-, p(u)) be the unique solution of the following IVP

— —
vp(u) (gVy)(t) =0, € Nyy,

CF(p(u)) =0, VCF(u) = ﬁ.

Then we called CF(t, p(u)) the Cauchy function and it is expressed by

b — p(u)) L
CF(tpu) =Y (F(ép)(p()r))’

Theorem 2.12. [22] Assume that (R, || -||) is a Banach space and T :
N — N a contraction map, that is, there is a0 < © < 1 such that
IT(m) — T(n)|| < O|lm —nl| for all m,n € R. Then, T has a unique
fized point n, in N.

te Na+1. (1)

Remark 2.13. For x € R, the space
V.= {y:N, — R| lim y(t) = r}
t—0o0

with the supremum norm ||y|| = sup,cy, |y(%)| is a complete metric space.

3 Main Results

Theorem 3.1. Consider the following fractional boundary value prob-
lem B
—VilaVy+et) =ht+L—a+1), teN,,

y(0) = 5 S h(t+0—a+1)CF (b, p(s)),

where 0 < £ <1, b—a € Ny, q(t) > 0 and U,q,h : N2+1 — R has the
unique solution

y(t) = /b G(t,s)h(s+€—a+1)Vs+ /bH(T)Z(t, VT
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where
eb
G(t7 3) = b
CF(b,p(s))(1+%
COPNSZICF(t a) — CF(t, pls), t2 s,
and

CF(r,b), t<71-1,
Z(t,T) =

CF(r,b)—1, t=>r,
which CF(t, p(s)) is the Cauchy function (1) in Definition 2.11.

Proof. Let B
CF(t) = q(t)Vy(t) + e'U(t), (2)
and
A=gqla+1)Vy(a+1) + e U(a + 1).
Then CF(t) solves the following fractional IVP

{vﬁc;f(t) = h(t),
z(a+1)=A,

So in view of Lemma 2.10, we obtain

ot (t—a)!
CF(1) = =V h(t+ £ —a+1) = (A= h(t+2) " —

Letting cg = (A — h(a + 1)), from (2) we have

Ty(t) C]:(t)q(—t)e U(t)

= (t—a)~t

~V, ht+€—a+1)—c T0) — e'sl(t)
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if we summing from a + 1 to ¢,then

v | v (7= p(s) ! (r—a)1 | (1)
y(t) = T:Zm ;1 T(a()h(s + (—at D te TOa) ¢ aln)

by changing the order of sums,yield

=— Z h(s+£€—a+1)CF(t,p(s)) — coCF(t,a) Z e’ M—T

7_
s=a+1 T=a+1

Putting ¢t = b and compute ¢y, we have

b
(1+ Z h(s+£€—a+1)CF(b,p(s)) = —coCF(b,a) — Z 6711(7')’

s=a-+1 T=a+1

and so

b T
o — _(1+%) Ei:aJrl h(s—i—f—a—Fl)C}-(b,p(S)) _Zi)':a+1 67—%1[(("')) (3)
0 CF(b,a) )
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With placement (3) in y(t), we get

t

y(t)=— > h(s+L—a+1)CF(t p(s))

s=a-+1

a eb b
4 gigz a; (1+%) S;m h(s+ € — a+ 1)CF(b, p(s))

b t t
+CF(t,a) Z eTM— Z eTM:— Z h(s+¢—a+1)CF(t,p(s))
T=a+1 q(T) T=a+1 q T) s=a+1
eb ‘
+CF(t a)z(b,a)(1 + 3) ’;1 h(s+ € —a+ 1)CF(b, p(s))
b t
+ Cf(t’“)u + ‘ib) > h(s+L—a+1)CF(b,p(s)) +CF(t,b) > 20
x(b’ a) 2 s=t+1 T=a+1 q(T)
b t
+ CF(t,b) Z e’ ) Z e’ 77_—
T=t+1 T=a+1

Therefore

: CF (b, p(s)) e’

= hs+l—a+1) | —S—=-—2CF(t,a)(1+ =) —CF(t, p(s))
> [ 1+ )
+ ngrl(CJ-‘(t, b) — 1)eTiql((:))
: CF(b,p(s)) A7)

+ s=t+1h(s +l—a+1) {C}_(b))C}'(t a } T;lw 7,b)e 2
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and
CF(r,b), t<1-—1,
Z(t, ) =
CF(r,b)—1, t>r.

O

The principle of Banach contraction is the main technique used in
our next theorem. But to use it, we need to first prove the following
lemma.

Lemma 3.2. Suppose that q : NZH — (0,00) and h, 4L : N3+1 — R. For

some k > 0, define ¥ = {y : N, — R | limy_,o0 y(t) = k}. Let Vy € U,
the series

[e.e] s 5 - m
S | 3, e om),

be converges, where

N1
Q(S) = —(q(a+1)vy(a+1)+e<a+1>u(a+1)—h(z+2)))%—esu(s).
Then the fractional finite self-adjoint type difference equation
—ﬁﬁ [qVy+e'U] (t) =h(t+ 0 —a+1), (4)

has a solution y € W if and only if the equation

y(t) =k + io: L zs: wh(7+€—a+l)+g(s)
s=a+1 Q(S) T=a+1 F(E) ’
(5)

has a solution y(t) on N°.

Proof. Let the difference equation (4) has a solution y € ¥ and r(t) =
qVy + e'84(t). Then r(¢) solves the following fractional IVP

—Vﬁx(t) =h(t+{L—a+1),

tla+1)=q(a+1)Vy(a+ 1) + e Di(a + 1).
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In view of lemma 2.10, we have
— _ t—
(t) =-V, Zh(t—k(—a—i—l)—(q(a—H)Vy(a+1)+e(“+1)u(a+1)—h(€+2))(7.

For simplification put 2* = ¢(a+1)Vy(a+1)4e @ Di(a+1) —h(£42)),
so by above equation we get that

Vy(t) = (175) VRt l—a+1) - Ql*(r(?;_l— k(1)
(1 T:z;l ; mh(t tr—at) - }(ae))_l ()
Therefore N N
s—;lvy(t) B _s:zt;rl q<1t)

)

i s — p(T -1 —aTl
X[Z ('O(»h(s+€—a+1)—21*(tr(€))—esu(s)

by summing from s =¢ + 1 to co. So

[e’s} s - - —1
sgn;oy(s)—y(t) =— Z ﬁ l Z (tl/_)‘ié)))h(s—ké—a—kl) + Q(S)] .
s=t+1 T=a+1
Then we obtain
o] S _ —1
y(t) =k + Z q(lt) [ Z (tl'fgz)))h(s—i—ﬁ—a—i-l)—l—Q(S)] .
s=t+1 T=a+1

(6)
Thus y(t) is also a solution of (5). Conversely, we must show that if y()
is a solution of (5), then it is also a solution of (4) with lim; . y(t) = k.
For do this, we cam write

)=k + Z [ZS: (t_lfg)))e_lh(s+£a+1)+g(5) .

s= t+1 T=a+1
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By taking the difference with respect to ¢ of both sides, multiplying by
¢, and then rewriting sums, we simplify to find

Vy(t):—i XS: Mh(s+g_a+1)_m*@

at) |4, T YOREE e*4U(s)
—(¢Vy)(s) = ﬁ ST (t—p(r) TTh(s+L—a+1) - Ql(t;‘élﬂ))_ ~ enii(s)
T=a+1
V)~ U = o S () (s -k 1) - L
T=a+1

So
—vi [qVy+e’)] (s) =h(s+L—a+1)

for s € Nb,. Since

> L (s —p(r)) L
;1(1(13) ;1(15((6)))h(r+£—a+1)+Q(S)- (7)

is converges by take the limit we get limy_, o y(t) = k. O
Now we are ready to prove our next main result.

Theorem 3.3. Suppose that q : NZH — R, NZH — R, and assume
kER,0< Kk <oo. Let

(1) q(t) >0 fort € N?,
9 00 1 S (S—P(T))mh /— 1
( ) Zs:a—i—l q(s) ZT:a—f—l F(Z) (T + a+ ) < o0,

)m

(3) XXt 7t <m P - 6511(5)> < 0.

Then Jty € Ng, which the fractional finite self-adjoint type difference
equation

Yy, [¢Vy + '] () = h(t+ L —a+1) (8)

has a solution y € R that limy_, o y(t) = k.
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Proof. Since the series

L[y o)
8;1 (t) LZM r@ M- at )l

converges, we can choose b € N, such that

R S N (o) PV
ﬂ._sng;lq(t)LZM X0 h(t+f—a+1)| <1.

Suppose that ¥, = {y : Ny — R | limyoy(t) = x} and define the
supremum norm, || . ||, on ¥, by || y ||= sup;ep, |y(t)]. The pair (W, ||
. |I) defines a complete metric space. Define the operator 7' on ¥; by

Ty(t)=r+ Y yési

S
s=t+1 q

: s — p(T -1 s—a)1
xlz (1'?&)))h(7'+€—a+1)—9l*(r(€))—esﬂ(s)
T=b+1

As first step, we show that T : Wy — W;. Let arbitrary y € ¥, be fixed,
so that lim_,o y(t) = k. Thus for some M > 0 ,|y(t)| < M, Vt € N;. So

s:t+1qs)
L (s —p(r)T s—a)-t
x TZHl(Iega))h(T—i—é—a—kl)—Ql*(F(g))—esil(s) |< K+
= % - (8 _p(T))Tl . —a _ *(S — a)j — 5$U(s
+|5§1q(5) L_bﬂw) hr+f—a+1) ¥ sU(s)| |
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by assumptions in the statement of this theorem, we have

- L (s—p(n) ! B
MY (q(s) > Th(T—FE a+1)>

s=t+1 T=b+1
o (LN e, N
< % (5 2, e <o

and

s=a+1 q

= 1 *(S — a)m — e5$U(s 00
2 (Q‘ rp M )> <o

Hence T is well defined. Since the series in the definition of T converges,
we can take the limit as ¢ — oo to find that y : N;; — R and thus
Ty € Uy,. Let z,y € Ny, and t € Ny, be fixed and arbitrary. So

Tz (t) — Ty(t)]

> x(S) S (S — pT))Tl * (S - (l)f1 s
- SZZMQ(S) L_Zbﬂ r) Mot ) =W — i)
> u) |5 (o) (s—a)FT
szzt;rlq(S)L_zb;rlmh(TJréa+l)leeu(s) |
| S @) [ g o), L,
- 3;1 q(s) L_Zb“ (D) h(r+€—a+1) ‘
— |z(s) —y(s 5. (s— p(7))1
Ss_;lu)(z(ﬁl)y()'L;M(Mh(m%—aer

1

S S G () .
(35 2 S s e-ary ) 1o

T=b+1
=z —yll.

|Tx — Tyl < Y|z —y|, with 9 < 1 for all z,y € ¥, and thus T is
a contraction mapping. So T has a unique fixed point in ¥, call it y,.
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This fixed point satisfies the equation (5), and so in view of Lemma 3.2,
it is also a solution of the fractional difference equation (8) that satisfies

limy oo Y5 = K. O

4 Examples
Example 4.1. Consider the following fractional IVP

Vif(t) =7, teN,
f1)=m

In view of lemma 2.10, the solution is given by

In the table 1 we present some numerical result for f(¢).
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14 ‘ f(t) ‘ f(tn-&-l) — f(tn)
1 T ook
2 | 9.7489 6.6073
3 | 15.7021 5.9532
4 | 21.3369 5.6348
5 | 26.7628 5.4257
6 | 32.0338 5.2710
7 | 37.1829 5.1491
8 | 42.2315 5.0486
9 | 47.1950 4.9635
10 | 52.0847 4.8897

Table 1: Numerical resual for f(¢) in example4.1.

Example 4.2. Consider a > 1, suppose $(t) = 1, h(t) = e?*! — ¢

_ (=)
and q(t) = T ()

and, moreover

where 2*(s) = g(a+1)Vy(a+1) + e Dil(a+ 1) — h(£+2) = 2. On

2
, q(t) >0, U(t) > 0 for t € N® we have that

s=a-+1 s=a+1
- 1 * (5 _ a)Tl s
2 ) (Q‘ NGRE ”(S)>
_y (ee (s—a) )
St (s—a)t re+1 2
B > elt? sin(Z%) -
‘8§1r<e+1> ( s ) =

15
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the other hand

> 1 ° s — p(T))1
;1%8)[;1( 5&))) hr+€—a+1)

_ - (s_a)f
_sglq(s)F(Ml)h(TH—aﬂ)

- i r(€1+1) <Sms(g) [;eaﬂ _‘JD

s=a+1

eotl sin(Z)

<
_S;rl (L +1) s

where r = 7+ £ —a + 1. Also there exist x such that lim; . yx = K.
We plotted part of the ¢(t) in Figure 1.

graph of !sin(Z)

Figure 1: The graph of %sin(%).
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5 Conclusion

In this work, we study the existence and uniqueness of solution for a
Nabla fractional self-adjoint finite difference problem on the time scale
NP, via initial boundary conditions. To achieve our goal of this re-
search, we used the Green function and contraction mapping fo proving
our min results. We also used numerical interpretations and some figures
for the examples to illustrate more our result.
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