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1 Introduction

The fractional calculus has long been an attractive research topic in
functional space theory due to its applicability in the modeling and
scientific understanding of natural phenomena. Indeed, several appli-
cations in viscoelasticity and electrochemistry have been investigated.
Non-integer derivatives of fractional order have been successfully used
to generalize the fundamental laws of nature. For more details, we rec-
ommend [1–6, 14, 24, 26, 36–40]. The papers [8, 10, 11, 15, 18–20, 22, 23,
28–30,34,35,41,42,46,47] provide many recent interesting and insightful
results for diverse fractional differential problems with varied conditions
and based on multiple approaches. The authors of [12,13,25,27] explored
the existence, stability and uniqueness of solutions for various problems
with fractional differential equation and inclusions concerning retarded
or advanced arguments.

Recently in [17], Diaz presented the definitions of the special func-
tions k-gamma and k-beta. Several findings and generalizations for var-
ious fractional integrals and derivatives based on the properties of these
special functions can be found in [16,31,32].

In [45], Sousa et al. introduce another so-called ψ-Hilfer fractional
derivative with respect to another function and gave some important
properties concerning this type of fractional operators. We direct the
readers to the papers [7, 9, 43, 44] and the references therein for further
results based on this operator.

Recently in [39], we established existence, uniqueness and Ulam sta-
bility results to the boundary value problem with nonlinear implicit
generalized Hilfer type fractional differential equation with impulses:

(
ρDα,β

t+k
u

)
(t) = f

(
t, u(t),

(
ρDα,β

t+k
u

)
(t)

)
; t ∈ Jk, k = 0, . . . ,m,

(
ρJ 1−γ

t+k
u

)
(t+k ) =

(
ρJ 1−γ

t+k−1

u

)
(t−k ) + Lk(u(t−k )); k = 1, . . . ,m,

c1

(
ρJ 1−γ

a+
u
)

(a+) + c2

(
ρJ 1−γ

t+m
u
)

(b) = c3,
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where ρDα,β

t+k
,ρ J 1−γ

t+k
are the generalized Hilfer fractional derivative of or-

der α ∈ (0, 1) and type β ∈ [0, 1] and generalized fractional integral of or-
der 1−γ, (γ = α+β−αβ) respectively, c1, c2, c3 are reals with c1+c2 6= 0,
Jk := (tk, tk+1]; k = 0, . . . ,m, a = t0 < t1 < . . . < tm < tm+1 = b < ∞,
u(t+k ) = lim

ε→0+
u(tk + ε) and u(t−k ) = lim

ε→0−
u(tk + ε) represent the right

and left hand limits of u(t) at t = tk, f : (a, b] × R × R → R is a given
function and Lk : R → R; k = 1, . . . ,m are given continuous functions.
The proved results rely on Banach contraction principle, Krasnoselskii
and Schaefer fixed point theorems.

In keeping with the spirit of generalizing the previous results, in this
paper, we establish existence and uniqueness results to the following
k-generalized ψ-Hilfer problem with nonlinear implicit fractional dif-
ferential equation with impulses involving both retarded and advanced
arguments :

(
H
k D

ϑ,r;ψ

t+i
x
)

(t) = f
(
t, xt(·),

(
H
k D

ϑ,r;ψ

t+i
x
)

(t)
)
, t ∈ Ji, i = 0, . . . ,m,

(1)

(
J k(1−ξ),k;ψ

t+i
x
)

(t+i ) =

(
J k(1−ξ),k;ψ

t+i−1

x

)
(t−i ) + Li(x(t−i )); i = 1, . . . ,m,

(2)

α1

(
J k(1−ξ),k;ψ
a+ x

)
(a+) + α2

(
J k(1−ξ),k;ψ

t+m
x
)

(b) = α3, (3)

x(t) = $(t), t ∈ [a− λ, a], λ > 0, (4)

x(t) = $̃(t), t ∈
[
b, b+ λ̃

]
, λ̃ > 0, (5)

where Hk D
ϑ,r;ψ
a+ ,J k(1−ξ),k;ψ

a+ are the k-generalized ψ-Hilfer fractional deriva-
tive of order ϑ ∈ (0, k) and type r ∈ [0, 1] defined in Section 2, and
k-generalized ψ-fractional integral of order k(1 − ξ) defined in [33] re-
spectively, where ξ = 1

k (r(k − ϑ) + ϑ), k > 0, $ ∈ C ([a− λ, a],R), $̃ ∈
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C
([
b, b+ λ̃

]
,R
)

, f : [a, b]×PCξ,k;ψ

([
−λ, λ̃

])
×R −→ R is a given ap-

propriate function specified latter, α1, α2, α3 ∈ R such that α1 +α2 6= 0,
Ji := (ti, ti+1]; i = 0, . . . ,m, a = t0 < t1 < . . . < tm < tm+1 = b < ∞,
u(t+i ) = lim

ε→0+
u(ti+ ε) and u(t−i ) = lim

ε→0−
u(ti+ ε) represent the right and

left hand limits of u(t) at t = ti and Li : R→ R; i = 1, . . . ,m are given

continuous functions. For each function x defined on
[
a− λ, b+ λ̃

]
and

for any t ∈ (a, b], we denote by xt the element defined by

xt(τ) = x(t+ τ), τ ∈
[
−λ, λ̃

]
.

This paper has the following structure: In Section 2, some notations
are introduced and we recall some preliminaries about k-generalized ψ-
Hilfer fractional integral, the functions k-Gamma, k-Beta and some aux-
iliary results. Further, we give the definition of the k-generalized ψ-Hilfer
type fractional derivative and some essential theorems and lemmas. In
Section 3, we present two existence results for the problem (1)-(5) that
are founded on the Banach contraction principle and Schauder fixed
point theorem. Finally, in the last section, we give an example to illus-
trate the applicability of our main result.

2 Preliminaries

First, we present the weighted spaces, notations, definitions, and pre-
liminary facts which are used in this paper. Let 0 < a < b < ∞,
J = [a, b], ϑ ∈ (0, k), r ∈ [0, 1], k > 0 and ξ = 1

k (r(k − ϑ) + ϑ). By
C(J,R) we denote the Banach space of all continuous functions from J
into R with the norm

‖x‖∞ = sup{|x(t)| : t ∈ J}.

Let C = C([a− λ, a] ,R) and C̃ = C
([
b, b+ λ̃

]
,R
)

be the spaces en-

dowed, respectively, with the norms

‖x‖C = sup{|x(t)| : t ∈ [a− λ, a]},
and

‖x‖C̃ = sup
{
|x(t)| : t ∈

[
b, b+ λ̃

]}
.
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Consider the weighted Banach space

Cξ,k;ψ(Ji) =
{
x : Ji → R : t→ Ψψ

ξ (t, ti)x(t) ∈ C([ti, ti+1],R)
}
,

where Ψψ
ξ (t, ti) = (ψ(t)− ψ(ti))

1−ξ and i = 0, . . . ,m. And, we consider

PCξ,k;ψ(J) =

{
x : (a, b]→ R : x ∈ Cξ,k;ψ(Ji); i = 0, . . . ,m, and there

exist x(t−i ) and
(
J k(1−ξ),k;ψ

t+i
x
)

(t+i ); i = 1, . . . ,m,with x(t−i ) = x(ti)

}
,

with the norm

‖x‖PCξ,k;ψ = max
i=0,...,m

{
sup

t∈[ti,ti+1]

∣∣∣Ψψ
ξ (t, ti)x(t)

∣∣∣} .
Consider the weighted Banach space

PCξ,k;ψ

([
−λ, λ̃

])
=

{
x :
[
−λ, λ̃

]
→ R : τ → Ψψ

ξ (t, ti)x(τ) ∈ C([τi, τi+1],R); i = 0, . . . ,m,

and there exist x(τ−i ) and
(
J k(1−ξ),k;ψ

t+i
x
)

(τ+
i ); i = 1, . . . ,m,

with x(τ−i ) = x(τi) and τi = ti − t, for each t ∈ Ji

}
,

with the norm

‖xt‖[−λ,λ̃]

= max

 max
i=0,...,m

{
sup

τ∈[τi,τi+1]

∣∣∣Ψψ
ξ (t, ti)x

t(τ)
∣∣∣} , sup

τ∈[−λ,0]
|xa(τ)| , sup

τ∈[0,λ̃]

∣∣xb(τ)
∣∣ .

Next, we consider the Banach space

F =
{
x :
[
a− λ, b+ λ̃

]
→ R : x|[a−λ,a] ∈ C, x|[b,b+λ̃] ∈ C̃

and x|(a,b] ∈ PCξ,k;ψ(J)
}
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with the norm

‖x‖F = max
{
‖x‖C , ‖x‖C̃ , ‖x‖PCξ,k;ψ

}
.

Consider the space Xp
ψ(a, b), (c ∈ R, 1 ≤ p ≤ ∞) of those real-valued

Lebesgue measurable functions g on [a, b] for which ‖g‖Xp
ψ
< ∞, where

the norm is defined by

‖g‖Xp
ψ

=

(∫ b

a
ψ′(t)|g(t)|pdt

) 1
p

,

where ψ is an increasing and positive function on [a, b] such that ψ′ is
continuous on [a, b] with ψ(0) = 0. In particular, when ψ(x) = x, the
space Xp

ψ(a, b) coincides with the Lp(a, b) space.

Definition 2.1. ( [17]) The k-gamma function is defined by

Γk(α) =

∫ ∞
0

tα−1e−
tk

k dt, α > 0.

When k → 1 then Γ(α) = Γk(α), we have also some useful following
relations Γk(α) = k

α
k
−1Γ

(
α
k

)
, Γk(α+k) = αΓk(α) and Γk(k) = Γ(1) = 1.

Furthermore k-beta function is defined as follows

Bk(α, β) =
1

k

∫ 1

0
t
α
k
−1(1− t)

β
k
−1dt

so that Bk(α, β) = 1
kB
(
α
k ,

β
k

)
and Bk(α, β) = Γk(α)Γk(β)

Γk(α+β) .

Now, we give all the definitions to the different fractional operators
used throughout this paper.

Definition 2.2. ( [33]) (k-Generalized ψ-fractional Integral) Let g ∈
Xp
ψ(a, b) and [a, b] be a finite or infinite interval on the real axis R =

(−∞,∞), ψ(t) > 0 be an increasing function on (a, b] and ψ′(t) > 0 be
continuous on (a, b) and ϑ > 0. The generalized k-fractional integral op-
erators of a function f (left-sided and right-sided) of order ϑ are defined
by

J ϑ,k;ψ
a+ g(t) =

∫ t

a
Ψ̄k,ψ
ϑ (t, s)ψ′(s)g(s)ds,

J ϑ,k;ψ
b− g(t) =

∫ b

t
Ψ̄k,ψ
ϑ (s, t)ψ′(s)g(s)ds,
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with k > 0 and Ψ̄k,ψ
ϑ (t, s) =

(ψ(t)− ψ(s))
ϑ
k
−1

kΓk(ϑ)
.

Also in [32], Nápoles Valdés gave a more generalized fractional inte-
gral operators defined by

J ϑ,k;ψ
G,a+ g(t) =

1

kΓk(ϑ)

∫ t

a

ψ′(s)g(s)ds

G(ψ(t)− ψ(s), ϑk )
,

J ϑ,k;ψ
G,b− g(t) =

1

kΓk(ϑ)

∫ b

t

ψ′(s)g(s)ds

G(ψ(s)− ψ(t), ϑk )
,

where G(z, ϑ) ∈ AC[a, b]; the space of absolutely continuous functions
defined on [a, b].

Theorem 2.3. ( [32]) Let g : [a, b] → R be an integrable function, and

take ϑ > 0 and k > 0. Then J ϑ,k;ψ
G,a+ g exists for all t ∈ [a, b].

Theorem 2.4. ( [32]) Let g ∈ Xp
ψ(a, b) and take ϑ > 0 and k > 0. Then

J ϑ,k;ψ
G,a+ g ∈ C([a, b],R).

Lemma 2.5. Let ϑ > 0, r > 0 and k > 0. Then, we have the following
semigroup property given by

J ϑ,k;ψ
a+ J r,k;ψ

a+ f(t) = J ϑ+r,k;ψ
a+ f(t) = J r,k;ψ

a+ J ϑ,k;ψ
a+ f(t)

and
J ϑ,k;ψ
b− J r,k;ψ

b− f(t) = J ϑ+r,k;ψ
b− f(t) = J r,k;ψ

b− J ϑ,k;ψ
b− f(t)

Proof. By Lemma 1 in [45] and the property of k-gamma function, for
ϑ > 0, r > 0 and k > 0, we get

J ϑ,k;ψ
a+ J r,k;ψ

a+ f(t) =
Γ(ϑk )Γ( rk )

k2Γk(ϑ)Γk(r)
I
ϑ
k

;ψ
a+ I

r
k

;ψ
a+ f(t)

=
Γ(ϑk )Γ( rk )

k2k
ϑ
k
−1Γ(ϑk )k

r
k
−1Γ( rk )

I
ϑ
k

;ψ
a+ I

r
k

;ψ
a+ f(t)

=
1

k
ϑ+r
k

I
ϑ+r
k

;ψ
a+ f(t)

= J ϑ+r,k;ψ
a+ f(t),
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where Iϑ;ψ
a+ is the fractional integral defined in [45], we have also,

J ϑ,k;ψ
a+ J r,k;ψ

a+ f(t) =
Γ(ϑk )Γ( rk )

k2Γk(ϑ)Γk(r)
I
ϑ
k

;ψ
a+ I

r
k

;ψ
a+ f(t)

=
Γ(ϑk )Γ( rk )

k2Γk(ϑ)Γk(r)
I
r
k

;ψ
a+ I

ϑ
k

;ψ
a+ f(t)

= J r,k;ψ
a+ J ϑ,k;ψ

a+ f(t).

�

Lemma 2.6. Let ϑ, r > 0 and k > 0. Then, we have

J ϑ,k;ψ
a+ Ψ̄k,ψ

r (t, a) = Ψ̄k,ψ
ϑ+r(t, a)

and

J ϑ,k;ψ
b− Ψ̄k,ψ

r (b, t) = Ψ̄k,ψ
ϑ+r(b, t).

Proof. By Definition 2.2 and using the change of variable

µ =
ψ(s)− ψ(a)

ψ(t)− ψ(a)
, t > a,

we get

J ϑ,k;ψ
a+ Ψ̄k,ψ

r (t, a) =

∫ t

a
Ψ̄k,ψ
ϑ (t, s)ψ′(s)Ψ̄k,ψ

r (s, a)ds

=

∫ t

a
Ψ̄k,ψ
ϑ (t, a)

[
1− ψ(s)− ψ(a)

ψ(t)− ψ(a)

]ϑ
k
−1

ψ′(s)Ψ̄k,ψ
r (s, a)ds

= Ψ̄k,ψ
ϑ (t, a)Ψ̄k,ψ

r (t, a)

∫ 1

0
[1− µ]

ϑ
k
−1 µ

r
k
−1dµ.

Using the Definition 2.1 of k-beta function and the relation with gamma
function, we have

J ϑ,k;ψ
a+ Ψ̄k,ψ

r (t, a) = Ψ̄k,ψ
ϑ+r(t, a).

�
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Theorem 2.7. Let 0 < a < b < ∞, ϑ > 0, 0 ≤ ξ < 1, k > 0 and

x ∈ Cξ,k;ψ(J). If
ϑ

k
> 1− ξ, then

(
J ϑ,k;ψ
a+ x

)
(a) = lim

t→a+

(
J ϑ,k;ψ
a+ x

)
(t) = 0.

Proof. x ∈ Cξ,k;ψ(J) means that Ψψ
ξ (t, a)x(t) ∈ C(J,R), then there

exists a positive constant R such that for t ∈ (a, b] we have

|Ψψ
ξ (t, a)x(t)| < R,

thus,

|x(t)| < RΓk(kξ)|Ψ̄k,ψ
kξ (t, a)|. (6)

Now, we apply the operator J ϑ,k;ψ
a+ (·) on both sides of Equation (6) and

using Lemma 2.6, so that we have∣∣∣(J ϑ,k;ψ
a+ x

)
(t)
∣∣∣ < RΓk(kξ)

∣∣∣J ϑ,k;ψ
a+ Ψ̄k,ψ

kξ (t, a)
∣∣∣

= RΓk(kξ)Ψ̄
k,ψ
ϑ+kξ(t, a).

Then, we have the right-hand side → 0 as x→ a, and

lim
t→a+

(
J ϑ,k;ψ
a+ x

)
(t) =

(
J ϑ,k;ψ
a+ x

)
(a) = 0.

�
We are now able to define the k-generalized ψ-Hilfer derivative as

follows.

Definition 2.8. (k-Generalized ψ-Hilfer Derivative) Let n − 1 <
ϑ

k
≤

n with n ∈ N, J = [a, b] an interval such that −∞ ≤ a < b ≤ ∞
and g, ψ ∈ Cn([a, b],R) two functions such that ψ is increasing and
ψ′(t) 6= 0, for all t ∈ J . The k-generalized ψ-Hilfer fractional derivatives

(left-sided and right-sided) H
k D

ϑ,r;ψ
a+ (·) and H

k D
ϑ,r;ψ
b− (·) of a function g of

order ϑ and type 0 ≤ r ≤ 1, with k > 0 are defined by
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H
k D

ϑ,r;ψ
a+ g (t) =

(
J r(kn−ϑ),k;ψ
a+

(
1

ψ′ (t)

d

dt

)n (
knJ (1−r)(kn−ϑ),k;ψ

a+ g
))

(t)

=
(
J r(kn−ϑ),k;ψ
a+ δnψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ g
))

(t)

and

H
k D

ϑ,r;ψ
b− g (t) =

(
J r(kn−ϑ),k;ψ
b−

(
− 1

ψ′ (t)

d

dt

)n (
knJ (1−r)(kn−ϑ),k;ψ

b− g
))

(t)

=
(
J r(kn−ϑ),k;ψ
b− (−1)nδnψ

(
knJ (1−r)(kn−ϑ),k;ψ

b− g
))

(t) ,

where δnψ =

(
1

ψ′ (t)

d

dt

)n
.

Lemma 2.9. Let t > a, ϑ > 0, 0 ≤ r ≤ 1, k > 0. Then for 0 < ξ <
1; ξ = 1

k (r(k − ϑ) + ϑ), we have[
H
k D

ϑ,r;ψ
a+

(
Ψψ
ξ (s, a)

)−1
]

(t) = 0.

Proof. From Definitions 2.2 and 2.8, we have

J (1−r)(k−ϑ),k;ψ
a+ k

(
Ψψ
ξ (t, a)

)−1
=

∫ t

a
kΨ̄k,ψ

kX (t, s)
(

Ψψ
ξ (s, a)

)−1
ψ′(s)ds,

where X =
1

k
(1− r) (k − ϑ). Now, we make the change of the variable

by µ =
ψ(s)− ψ(a)

ψ(t)− ψ(a)
to obtain

J (1−r)(k−ϑ),k;ψ
a+ k

(
Ψψ
ξ (t, a)

)−1
=
k
(

Ψψ
ξ+X(t, a)

)−1

Γk(kX)

×
[

1

k

∫ 1

0
(1− µ)X−1µξ−1dµ

]
,

then, by the definition of k-beta function

Bk(α, β) =
1

k

∫ 1

0
t
α
k
−1(1− t)

β
k
−1dt =

Γk(α)Γk(β)

Γk(α+ β)
,



ON k-GENERALIZED ψ-HILFER IMPULSIVE BOUNDARY . . . 11

we have

J (1−r)(k−ϑ),k;ψ
a+ k

(
Ψψ
ξ (t, a)

)−1
=

kΓk(kξ)

Γk(k(X + ξ))
= kΓk(kξ),

then, we have

δ1
ψ

(
J (1−r)(k−ϑ),k;ψ
a+ k

(
Ψψ
ξ (t, a)

)−1
)

= 0.

This complete the proof. �

Theorem 2.10. If f ∈ Cnξ,k;ψ[a, b], n − 1 <
ϑ

k
< n, 0 ≤ r ≤ 1, where

n ∈ N and k > 0, then(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t)

= f(t)−
n∑
i=1

(ψ(t)− ψ(a))ξ−i

ki−nΓk(k(ξ − i+ 1))

{
δn−iψ

(
J k(n−ξ),k;ψ
a+ f(a)

)}
,

where

ξ =
1

k
(r(kn− ϑ) + ϑ) .

In particular, if n = 1, we have

(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t) = f(t)− (ψ(t)− ψ(a))ξ−1

Γk(r(k − ϑ) + ϑ)
J (1−r)(k−ϑ),k;ψ
a+ f(a).

Proof. From Definition 2.8 and Lemma 2.5, we have(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t)

=
(
J ϑ,k;ψ
a+ J r(kn−ϑ),k;ψ

a+ δnψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f
))

(t)

=
(
J r(kn−ϑ)+ϑ,k;ψ
a+ δnψ

(
knI

(1−r)(kn−ϑ),k;ψ
a+ f

))
(t)

=

∫ t

a
Ψ̄k,ψ
kξ (t, s)ψ′(s)

{
δnψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(s)
)}

ds
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Integrating by parts, we obtain(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t)

=
− (ψ(t)− ψ(a))ξ−1

kΓk(kξ)

{
δn−1
ψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(a)
)}

+
ξ − 1

kΓk(kξ)

∫ t

a

ψ′(s)

(ψ(t)− ψ(s))2−ξ

{
δn−1
ψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(s)
)}

ds

Using the propriety of the functions gamma and k-gamma, we get(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t)

= −(ψ(t)−ψ(a))ξ−1

kξΓ(ξ)

{
δn−1
ψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(a)
)}

+ 1
kξΓ(ξ−1)

∫ t

a

ψ′(s)

(ψ(t)−ψ(s))2−ξ

{
δn−1
ψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(s)
)}

ds.

So, with integrating by parts n times, we obtain(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t)

= −
n∑
i=1

(ψ(t)− ψ(a))ξ−i

kξΓ(ξ − i+ 1)

{
δn−iψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(a)
)}

+
1

kξ−nΓ(ξ − n)

∫ t

a

ψ′(s)

(ψ(t)− ψ(s))n+1−ξ

(
J (1−r)(kn−ϑ),k;ψ
a+ f(s)

)
ds,

= −
n∑
i=1

(ψ(t)− ψ(a))ξ−i

kiΓk(k(ξ − i+ 1))

{
δn−iψ

(
knJ (1−r)(kn−ϑ),k;ψ

a+ f(a)
)}

+
1

kΓk(k(ξ − n))

∫ t

a

ψ′(s)

(ψ(t)− ψ(s))n+1−ξ

(
J (1−r)(kn−ϑ),k;ψ
a+ f(s)

)
ds,

= −
n∑
i=1

(ψ(t)− ψ(a))ξ−i

ki−nΓk(k(ξ − i+ 1))

{
δn−iψ

(
J (1−r)(kn−ϑ),k;ψ
a+ f(a)

)}
+ J k(ξ−n),k;ψ

a+ I
(1−r)(kn−ϑ),k;ψ
a+ f(t),
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then by using Lemma 2.5, we get(
J ϑ,k;ψ
a+

H
k D

ϑ,r;ψ
a+ f

)
(t)

= f(t)−
n∑
i=1

(ψ(t)− ψ(a))ξ−i

ki−nΓk(k(ξ − i+ 1))

{
δn−iψ

(
J (1−r)(kn−ϑ),k;ψ
a+ f(a)

)}
.

�

Lemma 2.11. Let ϑ > 0, 0 ≤ r ≤ 1, and x ∈ C1
ξ,k;ψ(J), where k > 0,

then for t ∈ (a, b], we have(
H
k D

ϑ,r;ψ
a+ J ϑ,k;ψ

a+ x
)

(t) = x(t).

Proof. We have from Definition 2.8 and Lemma 2.5 that ξ = 1
k (r(k −

ϑ) + ϑ)(
H
k D

ϑ,r;ψ
a+ J ϑ,k;ψ

a+ x
)

(t) =
(
J r(k−ϑ),k;ψ
a+ δ1

ψ

(
kJ (1−r)(k−ϑ),k;ψ

a+ J ϑ,k;ψ
a+ x

))
(t)

=
(
J kξ−ϑ,k;ψ
a+ δ1

ψ

(
kJ (1−r)(k−ϑ)+ϑ,k;ψ

a+ x
))

(t)

=
(
J kξ−ϑ,k;ψ
a+ δ1

ψ

(
kJ k−kξ+ϑ,k;ψ

a+ x
))

(t) ,

then, we obtain(
H
k D

ϑ,r;ψ
a+ J ϑ,k;ψ

a+ x
)

(t)

=
1

kΓk(kξ − ϑ)Γk(k(1− ξ) + ϑ)

∫ t

a

ψ′(s)

(ψ(t)− ψ(s))1−ξ+ϑ
k

× δ1
ψ

[∫ s

a

ψ′(τ)x(τ)dτ

(ψ(s)− ψ(τ))ξ−
ϑ
k

]
ds. (7)

On other hand by integrating by parts, we have∫ s

a

ψ′(τ)x(τ)dτ

(ψ(s)− ψ(τ))ξ−
ϑ
k

=
1

1− ξ + ϑ
k

[
x(a) (ψ(s)− ψ(a))1−ξ+ϑ

k +

∫ s

a

x′(τ)dτ

(ψ(s)− ψ(τ))ξ−1−ϑ
k

]
,
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then, by applying δ1
ψ we get

δ1
ψ

∫ s

a

ψ′(τ)x(τ)dτ

(ψ(s)− ψ(τ))ξ−
ϑ
k

= x(a) (ψ(s)− ψ(a))−ξ+
ϑ
k +

∫ s

a

x′(τ)dτ

(ψ(s)− ψ(τ))ξ−
ϑ
k

. (8)

Now, replacing (8) into Equation (7), and by Dirichlet’s formula and the
properties of k-gamma function, we get

(
H
k D

ϑ,r;ψ
a+ J ϑ,k;ψ

a+ x
)

(t)

=
1

kΓk(kξ − ϑ)Γk(k(1− ξ) + ϑ)

[∫ t

a

x(a)ψ′(s) (ψ(s)− ψ(a))−ξ+
ϑ
k ds

(ψ(t)− ψ(s))1−ξ+ϑ
k

+

∫ t

a
x′(t)dt

∫ t

s

ψ′(s)dτ

(ψ(t)− ψ(s))1−ξ+ϑ
k (ψ(s)− ψ(τ))ξ−

ϑ
k

]
.

Making the following change of variables µ =
ψ(s)− ψ(a)

ψ(t)− ψ(a)
in the integral

from a to t and similarly changing the variable in the integral from s to
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t, then we have(
H
k D

ϑ,r;ψ
a+ J ϑ,k;ψ

a+ x
)

(t)

=

[∫ t

a
x(a)ψ′(s) (ψ(s)− ψ(a))−ξ+

ϑ
k (ψ(t)− ψ(s))ξ−

ϑ
k
−1 ds

+

∫ t

a
x′(t)dt

∫ t

s
ψ′(s) (ψ(t)− ψ(s))ξ−

ϑ
k
−1 (ψ(s)− ψ(τ))−ξ+

ϑ
k dτ

]
× 1

kΓk(kξ − ϑ)Γk(k(1− ξ) + ϑ)

=

[
1

k

∫ 1

0
µ−ξ+

ϑ
k (1− µ)ξ−

ϑ
k
−1 dµ

](
x(a) +

∫ t

a
x′(t)dt

)
× 1

Γk(kξ − ϑ)Γk(k(1− ξ) + ϑ)

=

[
1

k

∫ 1

0
µ(1−(ξ−ϑ

k
))−1 (1− µ)ξ−

ϑ
k
−1 dµ

](
x(a) +

∫ t

a
x′(t)dt

)
× 1

Γk(kξ − ϑ)Γk(k(1− ξ) + ϑ)
,

then by the definition of k-beta function, we obtain(
H
k D

ϑ,r;ψ
a+ J ϑ,k;ψ

a+ x
)

(t)

=
[Γk(kξ − ϑ)Γk(k(1− ξ) + ϑ)]

Γk(kξ − ϑ)Γk(k(1− ξ) + ϑ)

(
x(a) +

∫ t

a
x′(t)dt

)
= x(a) +

∫ t

a
x′(t)dt

= x(t).

�

Theorem 2.12. Let the function ϕ(·) ∈ C(J,R). Then x ∈ Cξ,k;ψ(Ji)
is a solution of the differential equation:(

H
k D

ϑ,r;ψ

t+i
x
)

(t) = ϕ(t), t ∈ Ji, i = 0, . . . ,m, 0 < ϑ < k, 0 ≤ r ≤ 1,

(9)
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if and only if x satisfies the following Volterra integral equation:

x(t) =
J k(1−ξ),k;ψ

t+i
x(ti)

Ψψ
ξ (t, ti)Γk(kξ)

+
(
J ϑ,k;ψ

t+i
ϕ
)

(t), (10)

where ξ =
r(k − ϑ) + ϑ

k
, k > 0.

Proof. By applying the fractional integral operator J ϑ,k;ψ

t+i
(·) on both

sides of the fractional equation (9) and using Theorem 2.10, we obtain
the equation (10).

Now, applying the fractional derivative operator H
k D

ϑ,r;ψ

t+i
(·) on both

sides of the fractional equation (10), then we get

(
H
k D

ϑ,r;ψ

t+i
x
)

(t) = H
k D

ϑ,r;ψ

t+i

J k(1−ξ),k;ψ

t+i
x(ti)

Ψψ
ξ (t, ti)Γk(kξ)

+
(
H
k D

ϑ,r;ψ

t+i
J ϑ,k;ψ

t+i
ϕ
)

(t).

Using the Lemma 2.9 and Lemma 2.11, we obtain equation (9). �

3 Existence of Solutions

We consider the following fractional differential equation(
H
k D

ϑ,r;ψ

t+i
x
)

(t) = ϕ(t), t ∈ Ji, i = 0, . . . ,m, (11)

where 0 < ϑ < k, 0 ≤ r ≤ 1, with the conditions(
J k(1−ξ),k;ψ

t+i
x
)

(t+i ) =

(
J k(1−ξ),k;ψ

t+i−1

x

)
(t−i ) + Li(x(t−i )); i = 1, . . . ,m,

(12)

α1

(
J k(1−ξ),k;ψ
a+ x

)
(a+) + α2

(
J k(1−ξ),k;ψ

t+m
x
)

(b) = α3, (13)

x(t) = $(t), t ∈ [a− λ, a], λ > 0, (14)

x(t) = $̃(t), t ∈
[
b, b+ λ̃

]
, λ̃ > 0, (15)
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where ξ =
r(k − ϑ) + ϑ

k
, k > 0, α1, α2, α3 ∈ R such that α1 + α2 6= 0

and where ϕ(·) ∈ C(J,R), $(·) ∈ C and $̃(·) ∈ C̃.

The following theorem shows that the problem (11)-(15) have a
unique solution.

Theorem 3.1. The function x(·) satisfies (11)-(15) if and only if it
satisfies

x(t) =



1

Γk(kξ)Ψ
ψ
ξ (t, a)

[
α3

α1 + α2
− α2

α1 + α2

m∑
j=1

Lj(x(t−j ))

− α2

α1 + α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

]
+
(
J ϑ,k;ψ
a+ ϕ

)
(t), t ∈ J0,

1

Ψψ
ξ (t, ti)Γk(kξ)

[
α3

α1 + α2
− α2

α1 + α2

m∑
j=1

Lj(x(t−j ))

− α2
α1+α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj) +

i∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

+
i∑

j=1

Lj(x(t−j ))

]
+
(
J ϑ,k;ψ

t+i
ϕ
)

(t), t ∈ Ji; i = 1, . . . ,m,

$(t), t ∈ [a− λ, a],

$̃(t), t ∈
[
b, b+ λ̃

]
.

(16)

Proof. Assume x satisfies (11)-(15). If t ∈ J0, then(
H
k D

ϑ,r;ψ
a+

x
)

(t) = ϕ(t),

Theorem 2.12 implies that the solution can be written as

x(t) =
J k(1−ξ),k;ψ
a+

x(a)

Ψψ
ξ (t, a)Γk(kξ)

+
(
J ϑ,k;ψ
a+

ϕ
)

(t). (17)
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If t ∈ J1, then Theorem 2.12 implies

x(t) =
J k(1−ξ),k;ψ

t+1
x(t1)

Ψψ
ξ (t, t1)Γk(kξ)

+
(
J ϑ,k;ψ

t+1
ϕ
)

(t)

=

(
J k(1−ξ),k;ψ
a+

x
)

(t−1 ) + L1(x(t−1 ))

Ψψ
ξ (t, t1)Γk(kξ)

+
(
J ϑ,k;ψ

t+1
ϕ
)

(t)

=

(
J k(1−ξ),k;ψ
a+

x
)

(a) +
(
J k(1−ξ)+ϑ,k;ψ
a+

ϕ
)

(t1) + L1(x(t−1 ))

Ψψ
ξ (t, t1)Γk(kξ)

+
(
J ϑ,k;ψ

t+1
ϕ
)

(t).

If t ∈ J2, then Theorem 2.12 implies

x(t) =
J k(1−ξ),k;ψ

t+2
x(t2)

Ψψ
ξ (t, t2)Γk(kξ)

+
(
J ϑ,k;ψ

t+2
ϕ
)

(t)

=

(
J k(1−ξ),k;ψ

t+1
x
)

(t−2 ) + L2(x(t−2 ))

Ψψ
ξ (t, t2)Γk(kξ)

+
(
J ϑ,k;ψ

t+2
ϕ
)

(t)

=
1

Ψψ
ξ (t, t2)Γk(kξ)

[(
J k(1−ξ),k;ψ
a+

x
)

(a) +
(
J k(1−ξ)+ϑ,k;ψ

t+1
ϕ
)

(t2)

+ L1(x(t−1 )) +
(
J k(1−ξ)+ϑ,k;ψ
a+

ϕ
)

(t1) + L2(x(t−2 ))

]
+
(
J ϑ,k;ψ

t+2
ϕ
)

(t).

Repeating the process in this way, the solution x(t) for t ∈ Ji,i =
1, . . . ,m, can be written as

x(t) =
1

Ψψ
ξ (t, ti)Γk(kξ)

[(
J k(1−ξ),k;ψ
a+

x
)

(a) +
i∑

j=1

Lj(x(t−j ))

+
i∑

j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

]
+
(
J ϑ,k;ψ

t+i
ϕ
)

(t).

(18)
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Applying J k(1−ξ),k;ψ

t+m
on both sides of (18), using Lemma 2.6 and taking

t = b, we obtain

(
J k(1−ξ),k;ψ

t+m
x
)

(b) =
(
J k(1−ξ),k;ψ
a+

x
)

(a) +
m∑
j=1

Lj(x(t−j ))

+

m∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj) +

(
J k(1−ξ)+ϑ,k;ψ

t+m
ϕ
)

(b).

(19)

Multiplying both sides of (19) by α2 and using condition (13), we obtain

α3 − α1

(
J k(1−ξ),k;ψ
a+

x
)

(a) = α2

(
J k(1−ξ),k;ψ
a+

x
)

(a) + α2

m∑
j=1

Lj(x(t−j ))

+α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj),

which implies that

(
J k(1−ξ),k;ψ
a+

x
)

(a)

=
α3

α1 + α2
− α2

α1 + α2

m∑
j=1

Lj(x(t−j ))− α2

α1 + α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj).

(20)

Substituting (20) into (18) and (17) we obtain (16).

Reciprocally, applying J k(1−ξ),k;ψ

t+i
on both sides of (16) and using
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Lemma 2.6 and Lemma 2.5, we get(
J k(1−ξ),k;ψ

t+i
x
)

(t)

=



α3

α1 + α2
− α2

α1 + α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

− α2

α1 + α2

m∑
j=1

Lj(x(t−j )) +
(
J k(1−ξ)+ϑ,k;ψ
a+ ϕ

)
(t), if t ∈ J0,

α3

α1 + α2
− α2

α1 + α2

m∑
j=1

Lj(x(t−j )) +
i∑

j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

− α2

α1 + α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj) +

i∑
j=1

Lj(x(t−j ))

+
(
J k(1−ξ)+ϑ,k;ψ

t+i
ϕ
)

(t), t ∈ Ji; i = 1, . . . ,m.

(21)

Next, taking the limit t → a+ of (21) and using Theorem 2.7, with
k(1− ξ) < k(1− ξ) + ϑ, we obtain(
J k(1−ξ),k;ψ
a+

x
)

(a+) =
α3

α1 + α2
− α2

α1 + α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

− α2

α1 + α2

m∑
j=1

Lj(x(t−j )). (22)

Now, taking t = b in (21), we get(
J k(1−ξ),k;ψ

t+m
x
)

(b) =
α3

α1 + α2
+

(
1− α2

α1 + α2

)

×

 m∑
j=1

Lj(x(t−j )) +

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

 .

(23)

From (22) and (23), we find that

α1

(
J k(1−ξ),k;ψ
a+ x

)
(a+) + α2

(
J k(1−ξ),k;ψ

t+m
x
)

(b) = α3,
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which shows that the boundary condition (13) is satisfied. Next, apply

operator H
k D

ϑ,r;ψ

t+i
(·) on both sides of (16), where i = 0, . . . ,m. Then,

from Lemma 2.9 and Lemma 2.11 we obtain equation (11). Also, we
can easily show that x satisfies the equations (12), (14) and (15). This
completes the proof. �

As a consequence of Theorem 3.1, we have the following result

Lemma 3.2. Let ξ =
r(k − ϑ) + ϑ

k
where 0 < ϑ < k and 0 ≤ r ≤ 1, let

f : J × PCξ,k;ψ

([
−λ, λ̃

])
× R→ R be a continuous function, $(·) ∈ C

and $̃(·) ∈ C̃, then x ∈ F satisfies the problem (1)-(5) if and only if x is
the fixed point of the operator T : F→ F defined by

(T x) (t) =



1

Ψψ
ξ (t, ti)Γk(kξ)

[
α3

α1 + α2
− α2

α1 + α2

m∑
j=1

Lj(x(t−j ))

− α2

α1 + α2

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

ϕ

)
(tj)

+
∑

a<ti<t

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

ϕ

)
(ti) +

∑
a<ti<t

Li(x(t−i ))

]
+
(
J ϑ,k;ψ

t+i
ϕ
)

(t), t ∈ Ji; i = 0, . . . ,m,

$(t), t ∈ [a− λ, a],

$̃(t), t ∈
[
b, b+ λ̃

]
.

(24)

where ϕ be a function satisfying the functional equation

ϕ(t) = f(t, xt(·), ϕ(t)).

By Theorem 2.4, we have T x ∈ F.

The following hypotheses will be used in the sequel :

(Ax1) The function f : J × PCξ,k;ψ

([
−λ, λ̃

])
× R→ R is continuous.
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(Ax2) There exist constants ζ1 > 0 and 0 < ζ2 < 1 such that

|f(t, x1, y1)− f(t, x2, y2)| ≤ ζ1‖x1 − x2‖[−λ,λ̃] + ζ2|y1 − y2|

for any x1, x2 ∈ PCξ,k;ψ

([
−λ, λ̃

])
, y1, y2 ∈ R and t ∈ (a, b].

(Ax3) There exists a constant `1 > 0 such that

|Li(y1)− Li(y2)| ≤ `1Ψψ
ξ (ti, ti−1)|y1 − y2|

for any y1, y2 ∈ R and i = 1, . . . ,m.

We are now in a position to state and prove our existence result for
the problem (1)-(5) based on based on Banach’s fixed point theorem [21].

Theorem 3.3. Assume (Ax1)-(Ax3) hold. If

L =
1

Γk(kξ)

[(
|α2|

|α1 + α2|
+ 1

)(
m`1 +

mζ1 (ψ(b)− ψ(a))1−ξ+ϑ
k

(1− ζ2)Γk(2k − kξ + ϑ)

)

+
ζ1 (ψ(b)− ψ(a))1−ξ+ϑ

k

(1− ζ2)

(
|α2|

|α1 + α2|Γk(2k − kξ + ϑ)
+

Γk(kξ)

Γk(ϑ+ k)

)]
< 1, (25)

then the problem (1)-(5) has a unique solution in F.

Proof. We show that the operator T defined in (24) has a unique fixed
point in F.
Let x, y ∈ F. Then for any t ∈ [a− λ, a] ∪

[
b, b+ λ̃

]
, we have

|T x(t)− T y(t)| = 0.

Thus

‖T x− T y‖C = ‖T x− T y‖C̃ = 0. (26)
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Further, for t ∈ (a, b] we have

|T x(t)− T y(t)|

≤ 1

Ψψ
ξ (t, ti)Γk(kξ)

[
|α2|

|α1 + α2|

m∑
j=1

|Lj(x(t−j ))− Lj(y(t−j ))|

+
|α2|

|α1 + α2|

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

|ϕ1(s)− ϕ2(s)|
)

(tj)

+
∑

a<ti<t

|Li(x(t−i ))− Li(x(t−j ))|

+
∑

a<ti<t

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

|ϕ1(s)− ϕ2(s)|
)

(ti)

]
+
(
J ϑ,k;ψ

t+i
|ϕ1(s)− ϕ2(s)|

)
(t),

where ϕ1 and ϕ1 be functions satisfying the functional equations

ϕ1(t) = f(t, xt(·), ϕ1(t)),

ϕ2(t) = f(t, yt(·), ϕ2(t)).

By (Ax2 ), we have

|ϕ1(t)− ϕ2(t)| = |f(t, xt, ϕ1(t))− f(t, yt, ϕ2(t))|
≤ ζ1‖xt − yt‖[−λ,λ̃] + ζ2|ϕ1(t)− ϕ2(t)|.

Then,

|ϕ1(t)− ϕ2(t)| ≤ ζ1

1− ζ2
‖xt − yt‖[−λ,λ̃].
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Therefore, for each t ∈ (a, b]

|T x(t)− T y(t)|

≤ 1

Ψψ
ξ (t, ti)Γk(kξ)

[
`1|α2|
|α1 + α2|

m∑
j=1

‖x− y‖PCξ,k;ψ + `1

m∑
j=1

‖x− y‖PCξ,k;ψ

+
ζ1|α2|

(1− ζ2)|α1 + α2|

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

‖xs − ys‖[−λ,λ̃]

)
(tj)

+
ζ1

1− ζ2

m∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

‖xs − ys‖[−λ,λ̃]

)
(tj)

]

+
ζ1

1− ζ2

(
J ϑ,k;ψ

t+i
‖xs − ys‖[−λ,λ̃]

)
(t).

Thus

|T x(t)− T y(t)|

≤ ‖x− y‖F
Ψψ
ξ (t, ti)Γk(kξ)

[
m`1|α2|
|α1 + α2|

+m`1 +
ζ1|α2|

(1− ζ2)|α1 + α2|

×
m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

(1)

)
(tj) +

ζ1

1− ζ2

m∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

(1)

)
(tj)

]

+
ζ1

1− ζ2
‖x− y‖F

(
J ϑ,k;ψ

t+i
(1)
)

(t).

By Lemma 2.6, we have

|T x(t)− T y(t)|

≤ ‖x− y‖F
Ψψ
ξ (t, ti)Γk(kξ)

[
m`1|α2|
|α1 + α2|

+m`1

+
(m+ 1)ζ1|α2| (ψ(b)− ψ(a))1−ξ+ϑ

k

(1− ζ2)|α1 + α2|Γk(k(1− ξ) + ϑ+ k)

+
mζ1 (ψ(b)− ψ(a))1−ξ+ϑ

k

(1− ζ2)Γk(k(1− ξ) + ϑ+ k)

]
+
ζ1 (ψ(t)− ψ(ti))

ϑ
k

(1− ζ2)Γk(ϑ+ k)
‖x− y‖F.
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Hence∣∣∣Ψψ
ξ (t, ti) (T x(t)− T y(t))

∣∣∣
≤ ‖x− y‖F

Γk(kξ)

[(
|α2|

|α1 + α2|
+ 1

)(
m`1 +

mζ1 (ψ(b)− ψ(a))
1−ξ+ϑ

k

(1− ζ2)Γk(k(1− ξ) + ϑ+ k)

)

+
ζ1 (ψ(b)− ψ(a))

1−ξ+ϑ
k

(1− ζ2)

(
|α2|

|α1 + α2|Γk(k(1− ξ) + ϑ+ k)
+

Γk(kξ)

Γk(ϑ+ k)

)]
,

which implies that

‖T x− T y‖PCξ,k;ψ

≤ ‖x− y‖F
Γk(kξ)

[(
|α2|

|α1 + α2|
+ 1

)(
m`1 +

mζ1 (ψ(b)− ψ(a))1−ξ+ϑ
k

(1− ζ2)Γk(2k − kξ + ϑ)

)

+
ζ1 (ψ(b)− ψ(a))1−ξ+ϑ

k

(1− ζ2)

(
|α2|

|α1 + α2|Γk(2k − kξ + ϑ)
+

Γk(kξ)

Γk(ϑ+ k)

)]
.

Thus

‖T x− T y‖Cξ,k;ψ ≤ L‖x− y‖F. (27)

By (26) and (27), we obtain

‖T x− T y‖F ≤ L‖x− y‖F.

By (25), the operator T is a contraction on F. Hence, by Banach’s
contraction principle, T has a unique fixed point x ∈ F, which is a
solution to our problem (1)-(5). �

Our next existence result for the problem (1)-(5) is based on Schauder’s
fixed point theorem [21].

Remark 3.4. We note that by taking:

ζ1 = q∗2, ζ2 = q∗3, `1 = %2,

q1(t) = |f(t, 0, 0)| and %1 = |Li(0)|.
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hypothesis (Ax2) implies that

|f(t, x, y)| ≤ q1(t) + q2(t)‖x‖[−λ,λ̃] + q3(t)|y|

and from (Ax3), we get

|Li(y)| ≤ %1 + %2Ψψ
ξ (ti, ti−1)|y|,

for t ∈ (a, b], x ∈ PCξ,k;ψ

([
−λ, λ̃

])
and y ∈ R, where %1, %2 > 0 and

q1, q2, q3 ∈ C(J,R+) with

q∗1 = sup
t∈J

q1(t), q∗2 = sup
t∈J

q2(t), q∗3 = sup
t∈J

q3(t) < 1.

Theorem 3.5. Assume (Ax1)-(Ax3) hold. If

` =
1

Γk(kξ)

[(
|α2|

|α1 + α2|
+ 1

)(
m%2 +

mq∗2 (ψ(b)− ψ(a))1−ξ+ϑ
k

(1− q∗3)Γk(2k − kξ + ϑ)

)

+
q∗2 (ψ(b)− ψ(a))1−ξ+ϑ

k

(1− q∗3)

(
|α2|

|α1 + α2|Γk(2k − kξ + ϑ)
+

Γk(kξ)

Γk(ϑ+ k)

)]
< 1, (28)

then the problem (1)-(5) has at least one solution in F.

Proof. In several steps, we will use Schauder’s fixed point theorem to
prove that the operator T defined in (24) has a fixed point.

Step 1: The operator T is continuous.
Let {xn} be a sequence such that xn −→ x in F. For each t ∈ [a−λ, a]∪[
b, b+ λ̃

]
, we have

|T xn(t)− T x(t)| = 0.
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And for t ∈ (a, b], we have

|T xn(t)− T x(t)|

≤ 1

Ψψ
ξ (t, ti)Γk(kξ)

[
|α2|

|α1 + α2|

m∑
j=1

|Lj(xn(t−j ))− Lj(x(t−j ))|

+
|α2|

|α1 + α2|

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

|ϕn(s)− ϕ(s)|
)

(tj)

+
∑

a<ti<t

|Li(xn(t−i ))− Li(x(t−i ))|

+
∑

a<ti<t

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

|ϕn(s)− ϕ(s)|
)

(ti)

]
+
(
J ϑ,k;ψ

t+i
|ϕn(s)− ϕ(s)|

)
(t),

where ϕ and ϕn be functions satisfying the functional equations

ϕ(t) = f(t, xt(·), ϕ(t)),

ϕn(t) = f(t, xtn(·), ϕn(t)).

Since xn → x, then we get ϕn(t) → ϕ(t) as n → ∞ for each t ∈ (a, b],
and since f and Li; i = 0, . . . ,m are continuous, then we have

‖T xn − T x‖F → 0 as n→∞.

Step 2: T (BM ) ⊂ BM .
Let M a positive constant such that

M ≥ max

{
|α3|+ ˜̀|α1 + α2|Γk(kξ)
|α1 + α2|Γk(kξ) (1− `)

, ‖$‖C , ‖$̃‖C̃

}
,

such that

˜̀ :=
1

Γk(kξ)

[(
|α2|

|α1 + α2|
+ 1

)(
m%1 +

mq∗1 (ψ(b)− ψ(a))1−ξ+ϑ
k

(1− q∗3)Γk(2k − kξ + ϑ)

)

+
q∗1 (ψ(b)− ψ(a))1−ξ+ϑ

k

(1− q∗3)

(
|α2|

|α1 + α2|Γk(2k − kξ + ϑ)
+

Γk(kξ)

Γk(ϑ+ k)

)]
.
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We define the following bounded closed set

BM = {x ∈ F : ‖x‖F ≤M} .

For each t ∈ [a− λ, a], we have

|T x(t)| ≤ ‖$‖C ,

and for each t ∈
[
b, b+ λ̃

]
, we have

|T x(t)| ≤ ‖$̃‖C̃ .

Further, for each t ∈ (a, b], (24) implies that

|T x(t)| ≤ 1

Ψψ
ξ (t, ti)Γk(kξ)

[
|α3|

|α1 + α2|
+

|α2|
|α1 + α2|

m∑
j=1

|Lj(x(t−j ))|

+
|α2|

|α1 + α2|

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

|ϕ(s)|
)

(tj)

+
∑

a<ti<t

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

|ϕ(s)|
)

(ti) +
∑

a<ti<t

|Li(x(t−i ))|

]
+
(
J ϑ,k;ψ

t+i
|ϕ(s)|

)
(t). (29)

By the hypothesis (Ax2) and Remark 3.4, for t ∈ (a, b], we have

|ϕ(t)| = |f(t, xt, ϕ(t))|
≤ q1(t) + q2(t)‖xt‖[−λ,λ̃] + q3(t)|ϕ(t)|,

which implies that

|ϕ(t)| ≤ q∗1 + q∗2M + q∗3|ϕ(t)|,

then

|ϕ(t)| ≤ q∗1 + q∗2M

1− q∗3
:= ∆.
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Thus for t ∈ (a, b], by hypothesis (Ax3), Remark 3.4 and from (29) we
get

|Ψψ
ξ (t, ti)T x(t)| ≤ 1

Γk(kξ)

[
|α3|

|α1 + α2|
+
m(%1 + %2M)|α2|
|α1 + α2|

+m(%1 + %2M)

+
∆|α2|
|α1 + α2|

m+1∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+j−1

(1)

)
(tj)

+ ∆
m∑
j=1

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

(1)

)
(tj)

]

+ ∆Ψψ
ξ (t, ti)

(
J ϑ,k;ψ

t+i
(1)
)

(t).

By Lemma 2.6, we have

|Ψψ
ξ (t, ti)T x(t)| ≤ 1

Γk(kξ)

[
|α3|

|α1 + α2|
+
m(%1 + %2M)|α2|
|α1 + α2|

+m(%1 + %2M)

+
(m+ 1)∆|α2| (ψ(b)− ψ(a))1−ξ+ϑ

k

|α1 + α2|Γk(k(1− ξ) + ϑ+ k)

+
m∆ (ψ(b)− ψ(a))1−ξ+ϑ

k

Γk(k(1− ξ) + ϑ+ k)

]
+

∆ (ψ(t)− ψ(ti))
1−ξ+ϑ

k

Γk(ϑ+ k)
.

Thus

|Ψψ
ξ (t, ti)T x(t)|

≤ 1
Γk(kξ)

[(
|α2|
|α1+α2| + 1

)(
m(%1 + %2M) +

m∆ (ψ(b)− ψ(a))1−ξ+ϑ
k

Γk(2k − kξ + ϑ)

)

+ ∆ (ψ(b)− ψ(a))1−ξ+ϑ
k

(
|α2|

|α1 + α2|Γk(2k − kξ + ϑ)
+

Γk(kξ)

Γk(ϑ+ k)

)]

+
|α3|

|α1 + α2|Γk(kξ)
≤M.
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Then, for each t ∈
[
a− λ, b+ λ̃

]
we obtain

‖T x‖F ≤M.

Step 3: T (BM ) is relatively compact.
Let τ1, τ2 ∈ Ji; i = 0, . . . ,m, τ1 < τ2 and let x ∈ BM . Then∣∣∣Ψψ

ξ (τ1, ti)T x(τ1)−Ψψ
ξ (τ2, ti)T x(τ2)

∣∣∣
≤ 1

Γk(kξ)

[ ∑
τ1<ti<τ2

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

|ϕ(s)|
)

(ti) +
∑

τ1<ti<τ2

|Li(x(t−i ))|

]
+
∣∣∣Ψψ

ξ (τ1, ti)
(
J ϑ,k;ψ

t+i
|ϕ(s)|

)
(τ1)−Ψψ

ξ (τ2, ti)
(
J ϑ,k;ψ

t+i
|ϕ(s)|

)
(τ2)

∣∣∣
≤ 1

Γk(kξ)

[ ∑
τ1<ti<τ2

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

|ϕ(s)|
)

(ti) +
∑

τ1<ti<τ2

|Li(x(t−i ))|

]

+

∫ τ1

ti

∣∣∣Ψψ
ξ (τ1, ti)Ψ̄

k,ψ
ϑ (τ1, s)−Ψψ

ξ (τ2, ti)Ψ̄
k,ψ
ϑ (τ2, s)

∣∣∣ |ψ′(s)ϕ(s)|ds

+
∣∣∣Ψψ

ξ (τ2, ti)
(
J ϑ,k;ψ

τ+1
|ϕ(s)|

)
(τ2)

∣∣∣
By Lemma 2.6, we get∣∣∣Ψψ

ξ (τ1, ti)T x(τ1)−Ψψ
ξ (τ2, ti)T x(τ2)

∣∣∣
≤ 1

Γk(kξ)

[ ∑
τ1<ti<τ2

(
J k(1−ξ)+ϑ,k;ψ

t+i−1

|ϕ(s)|
)

(ti) +
∑

τ1<ti<τ2

|Li(x(t−i ))|

]

+ ∆

∫ τ1

ti

∣∣∣Ψψ
ξ (τ1, ti)Ψ̄

k,ψ
ϑ (τ1, s)−Ψψ

ξ (τ2, ti)Ψ̄
k,ψ
ϑ (τ2, s)

∣∣∣ |ψ′(s)|ds
+

∆Ψψ
ξ (τ2, ti) (ψ(τ2)− ψ(τ1))

ϑ
k

Γk(ϑ+ k)
.

As τ1 → τ2, the right-hand side of the above inequality tends to zero.
The equicontinuity for the other cases is obvious, thus we omit the de-
tails. From step1 to step3 with Arzela-Ascoli theorem, we conclude that
T : F → F continuous and compact. As a consequence of Schauder’s
fixed point theorem, we deduce that T has a fixed point which is a
solution of the problem (1)-(5). �
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4 An Example

Example 4.1. Taking r → 0, ϑ = 1
2 , k = 1, J = [1, π], ψ(t) = ln(t),

α1 = 2, α2 = 3, α3 = 4, λ = λ̃ = π and ξ = 1
2 , we obtain an impulsive

boundary value problem which is a particular case of problem (1)-(5)
with Hadamard fractional derivative, given by(

H
1 D

1
2
,0;ψ

1+ x

)
(t) =

(
HD

1
2

1+
x

)
(t)

= f

(
t, xt(·),

(
HD

1
2

1+
x

)
(t)

)
, t ∈ J0 ∪ J1, (30)

(
J k(1−ξ),k;ψ
e+

x
)

(e+)−
(
J k(1−ξ),k;ψ

1+
x
)

(e−) = L1(x(e−)), (31)

2

(
J

1
2
,1;ψ

1+
x

)
(1) + 3

(
J

1
2
,1;ψ

e+
x

)
(3) = 4. (32)

x(t) = $(t), t ∈ [1− π, 1] , (33)

x(t) = $̃(t), t ∈ [π, 2π] , (34)

where J0 = (1, e] and J1 = (e, π]. Set

f(t, x1, x2) =
1

105 + 103eπ−t

[
1 + 2| sin(t)|+ |x1|

1 + |x1|
+
|x2|

1 + |x2|

]
,

and

L1(x2) = | cos(t)|+ |x2|
|x2|+ 1

,

where t ∈ J, x1 ∈ PCξ,k;ψ

([
−λ, λ̃

])
and x2 ∈ R. Since the function f

is continuous, then the condition (Ax1 ) is satisfied.

For each x1, y1 ∈ PCξ,k;ψ

([
−λ, λ̃

])
, x2, y2 ∈ R and t ∈ J, we have

|f(t, x1, x2)−f(t, y1, y2)| ≤ 1

105 + 103eπ−t

(
‖x1 − y1‖[−λ,λ̃] + |x2 − y2|

)
,
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and
|L1(x1)− L1(y1)| ≤ ‖x1 − y1‖[−λ,λ̃],

then, the conditions (Ax2 ) and (Ax3 ) are satisfied with

ζ1 = ζ2 =
1

208
and `1 = 1.

Also, We have

L =
1√
π

[
8

5

(
1 +

ln(3)

207

)
+

ln(3)

207

(
3

5
+ 2

)]
≈ 0.915279505465885 < 1.

As all the assumptions of Theorem 3.3 are satisfied, the problem (30)-
(34) has a unique solution in F.

In order to prove an existence result based on Theorem 3.5, we can
easily show that all the conditions are satisfied by using Remark 3.4 and
taking

q1(t) =
1 + 2| sin(t)|

105 + 103eπ−t
, q2(t) = q3(t) =

1

105 + 103eπ−t
,

%1 = %2 = 1,

for each t ∈ J.

5 Conclusion

In this study, we started by presenting the definition of a new generalized
derivative operator called k-generalized ψ-Hilfer fractional derivative.
We also presented and established the generalized operator’s essential
properties while taking the characteristics of the functions k-Gamma
and k-Beta into consideration. Second, we demonstrated certain exis-
tence and uniqueness results for a k-generalized ψ-Hilfer problem with
nonlinear implicit fractional differential equation with impulses incor-
porating both retarded and advanced arguments using our definitions.
Our arguments were founded on the Banach contraction principle and
Schauder’s fixed point theorem. Finally, we provided an example to
demonstrate the utility of our main result.
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It is worth noting that our operator can generalize previous frac-
tional derivatives defined in the literature, such as the ψ-Hilfer fractional
derivative. As a result, this will pave the way for new applications and
more broader research.
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