Journal of Mathematical Extension

Vol. 16, No. 7, (2022) (3)1-19

URL: https://doi.org/10.30495/IME.2022.2101
ISSN: 1735-8299

Original Research Paper

Monotonic Solutions of Second Order
Nonlinear Difference Equations

L. Wang*

University of Central Missouri

A. C. Willett

University of Central Missouri

Abstract. Classification, boundedness, and existence of solutions of a
second order nonlinear difference equation are investigated. First, it is
proved that all solutions are eventually monotone. Then, the necessary
and sufficient conditions for the boundedness of all solutions are estab-
lished. Finally, the existence of different types of monotonic solutions
are presented. The obtained results have extended and improved some
existing ones.
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1 Introduction

The aim of the paper is to consider the second order nonlinear difference
equation

Alanf(Azy)) = bpg(znt1), n =1, (1)
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where A is the forward difference operator Ax,, = 41 — =y, {a,} and
{b,} are positive real sequences for n > 1, f, g : R — R are continuous
functions satisfying rf(r) > 0 and rg(r) > 0 for r # 0, and f is strictly
increasing on R.

Some special cases of equation (1) are widely studied in the literature,
for example, the discrete half-linear equation

A(an|Azy|“sgn Azy,) + by |zpy1|¥sgnzp41 = 0,
the discrete Emden-Fowler equation
A(an|Azy|®sgn Azy) 4 byl @y |[Psgnz, 1 =0,
and nonlinear difference equation with p-Laplacian
A(anép(Al‘n)) = bng(l'nJrl)v (2)
where ®,(u) = |u|P~?u with p > 1 is called p-Laplacian; see [1, 2, 3, 4,
, 0,7,8,9, 10, 11] and the references therein for details.
The discussion of two-dimensional difference systems can be found
in the literature as well; see [12, 13, 141] and other publications.
As usual, by a solution of (1), we mean a real sequence {z,} that
satisfies (1) and is not trivial. If {x,} is a monotone sequence, we say
that {z,} is a monotone solution. If {x,} is an eventually monotone

sequence, we say that {z,} is an eventually monotone solution.
The following assumptions are imposed for later discussions:

(H1) There exists a real number M > 0 such that

[f~Hwo)l < MIFTHW)IIf 7 ()], Yu,0 € R

(H2) Function g is increasing on R.

(H3) There exists a real number ro > 0 such that

/ioo dr
e ()



MONOTONIC SOLUTIONS OF SECOND ORDER ...

Remark 1.1. Laplacian f(r) = ®,(r) satisfies (H1), but (H1) is more
general than p-Laplacian. For example, for any odd natural number g,

the function
ro <1
fr) =
NLES
satisfies (H1), but f is not p-Laplacian.
By Remark 1.1, the results in this paper have extended and improved
many existing results when f(r) = ®,(r).
We will show that the bounded and asymptotic properties of so-

lutions can be characterized by the convergence or divergence of two
series:

0o 1 k—1

Sy = Zf_1<;kzbj)7
k=2 j=1

Sy = Zf—l(alkij).
=1 ik

The paper is organized in the follows: Section 1 is the introduction
that briefs the background and the motivation of the paper. Monotonic-
ity and classification of solutions are discussed in Section 2. In Section
3, necessary and sufficient conditions for boundedness of all solutions
are established. After that, the existence of solutions in different classes
are provided in the last two sections.

2 Monotonicity and Classification of Solutions

In this section, we prove that all solutions of (1) are eventually monotone
and can be classified into two classes:

A = {{zy} solutions of (1) :3Ing > 1: z,Ax, > 0,Vn > np},
B = {{x,} solutions of (1) : z,Ax, <0,¥Yn > 1}.

Further classification of solutions is addressed at the end of this section.

Theorem 2.1. Any solution {x,} of (1) is eventually strongly mono-
tone and belongs to either class A or class B.
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Proof. The proof is similar to Lemma 1 in [2] with minor adjustment.
Let {x,} be a solution of (1) and consider the sequence {F,} defined as

E, = anf(Axy)x,.
By the product rule of difference we have

AF, = Alanf(Axy))Tnt1 + anf(Azy)Azy,
= bng(xn—i-l)xn-i-l + anf(Axn)A-Tn > 0.

Then {F,} is an increasing sequence. Since {z,} is not eventually
constant, we have either F,, > 0 for all n > ng with a natural num-
ber ng > 1 or F,, < 0 for all n > 1. Obviously, {z,} is eventually
strongly monotone and {x,} € A in the first case. We will show that
{zy} is strongly monotone and {z,} € B in the second case. Indeed,
assume x1 > 0, then F,, < 0 implies Az; < 0, that is zo < 7.
We claim that zo > 0. Otherwise, we have Azy > 0, but from (1),
azf(Ax2) = a1 f(Az1) + big(z2) < 0. This is a contradiction. Following
the same arguments we can show that {z,} is a positive strongly de-
creasing sequence for all n > 1. Similarly, we can prove that {z,} is a
negative strongly increasing sequence for all n > 1 if 1 < 0. Therefore,
{zn}€eB. O

Note that a class A solution could be bounded or unbounded, and
a class B solution could converge to 0 or a nonzero limit. It makes
sense to further classify the solutions of (1) into four mutually disjoint
subclasses:

Ap = {{:L'n} €A: nlg]& lzn| =1 < oo},
Aso = {{l’n} eA: nh_)rgo |xn| = oo},
By = {{xn} € B: nh_}ngoa:n =1+# O},

By = {{xn} € B: lim z, = O}.

n—oo

We will discuss the existence of these four subclass solutions in the last
two sections.
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3 Boundedness of Solutions
We now explore the boundedness of all solutions of equation (1).

Theorem 3.1. Let (H1), (H2), and (H3) hold. Then all solutions of
(1) are bounded if and only if S1 < oco.

Proof. Necessity. Since all class B solutions are bounded, we focus
on class A solutions. Let {z,} be a bounded class A solution of (1).
Without loss of generality, assume x,, > 0 and Az, > 0 forn > ng > 1
and lim,, o x, = < co. Then

Alan f(Azn)) = Lby,

where

L= mi > 0.
mﬂ{)ﬂglgglg(r)

Summarizing both sides of the inequality from ng to n — 1, we have

n—1 n—1
an f(A2n) > ang f(Any) + LY by > LY by
J=mno J=no

Then

n—1
1 1
— 3" by <~ f(Ax).

Jj=no
It follows from (H1) that
1= 1
(o 2o b) = wr (g ) A
j=no
Hence
) 1 k—1 1
S (Yo b)) =M ()= wns)
k=no+1 Jj=ng

and S7 < oo follows.
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Sufficiency. Let {z,} be an unbounded class A solution. Without
loss of generality, we assume z,, > 0 and Az, > 0 for n > ng > 1. By
(H2) we have

n—1

an f(Azn) = ang f(Awn,) + Z bjg(zj41)
J=no
< any f(Azng) + g(2n) nz:l b
j=no

= g(wn)<a"°f Bin) Z b;)

Jj=no
< g(wn)<a"°f$x"° Z b; )

o) j=no

Selecting a constant () > 1 such that

anof(Aan + Z b < Q Z bj,

X
g( no Jj=no Jj=no

we obtain

F(A,) < Qo) ij

.7 no
(H1) implies that
n—1
A < M Qo) (- Y0 1)
J_nol n—1
< M2FNQ M gl £ (- D0 )
Jj=no

Then
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Note that the sequence f~!(g(z,)) is increasing

o T S T (o) = an S

Summarizing both sides of the inequality from ng + 1 to oo and noting
that lim,,_yoo £, = 00 we have

o0 n—1
o dr 1
e SMATNQ) Y (- D).
—1 — J
/%H f=g(r)) n an S
S1 < oo yields
/ To_dr
enger | H(9(1)) ’
which contradicts to (H3). So, all solutions are bounded. [

Remark 3.2. Define a function g as

o) = {cpp(rlnp«\), 7 > e,

eP—2r, Ir| <e,

where p > 1. It is easy to check that ¢ is continuous and increasing on
(—00,00). Moreover, the major condition (3) of Theorem 1 [3] and the
condition (14) of Theorem 4 [2] are not satisfied since

: g(r)
lim sup =
|r|—o00 q}p(r)

However, (H3) is valid because

/:too 1 g /:too dr
——dr = = 00.
e f7Hg(r)) +e Tlnr

Therefore, Theorem 4 [2] Theorem 1 [3] are not applicable to these types
of difference equations, but Theorem 3.1 works.
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Remark 3.3. If (H3) is not satisfied, then Theorem 3.1 may fail. Con-
sider the following difference equation

A((n—1)Azy) = mg(xnﬂ)a n>2, (3)

where g(r) = r?sgnr. Clearly, {x,} with x,, = (n— 1)n is an unbounded
solution of (3), but (H3) is invalid since

400 1 400 dT‘
—— _dr= = < .
/ﬂ g™ /i iz =%

If we drop conditions (H2) and (H3) but require the boundedness of
g(r), we still have the boundedness result.

Theorem 3.4. Let (H1) hold. Assume that there exists a constant K >
0 such that |g(r)] < K for all v € R. Then all solutions of (1) are
bounded if and only if S1 < co.

Proof. The proof of necessity is similar to Theorem 3.1.
Sufficiency. Let {z,} be a unbounded class A solution. Without loss
of generality, we assume xz,, > 0 and Ax,, > 0 for n > ng > 1. Note that

n—1
anf(Azn) = an, f(Axp,) + Z bjg(zj+1)
Jj=no
n—1

< ang f(Axpy) + K Z b.

Jj=no

Select a constant @ > 1 such that

n—1 n—1
anof(Amno) + K Z bj <q Z bj7

Jj=no Jj=no

then

n—1

F(Ar) <Q- S b

Jj=no
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By (H1),

n—1
Az, < MEQ (o X by).
Jj=no

Summarizing both sides from ng + 1 to n we have

n i—1
rait— e < MEQ) Y (Y 0).

i=no+1 ' j=no

The limit lim, .~ z,, = oo implies that S; = oo, which contradicts to
the assumption. So, all solutions of (1) are bounded. [

4 Class A Solutions

In this section, we focus on class A solutions of (1) and provide the
existence of different class A solutions.

Theorem 4.1. Equation (1) has solutions in class A.

Proof. Let {x,} be a solution of (1) with initial conditions z; > 0,
x9 > x1. By Theorem 2.1, we have F,, = a,, f(Axzy)x, > 0 for all n > 1.
Hence, z,Ax, > 0 for all n > 1 and {z,} is a positive class A solution.
Similarly, Let {z,} be a solution of (1) with initial conditions z; < 0,
zo < x1. Then z,Ax, > 0 for all n > 1 and {x,} is a negative class A
solution. O]

The following corollaries are directly from Theorem 3.1 and Theo-
rem 3.4.

Corollary 4.2. Let (H1), (H2), and (H3) hold. If (1) has a bounded
class A solution, then all class A solutions are bounded. On the other
hand, if (1) has a unbounded class A solution, then all class A solutions
are unbounded.

Corollary 4.3. Let (H1) hold and the function g be bounded in R. If (1)
has a bounded class A solution, then all class A solutions are bounded.
On the other hand, if (1) has a unbounded class A solution, then all
class A solutions are unbounded.
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Next, we deal with the existence of different types of class A solu-
tions. The first one is the existence of subclass A solutions.

Theorem 4.4. Let (H1) hold. Then equation (1) has solutions in the
subclass Ay if and only if S1 < oo.

Proof. Necessity. Suppose that {z,} is a solution of (1) in the subclass
Ap. Assume z, > 0 and Az, > 0 for n > ng > 1 without loss of
generality. Let lim,_,o x, = [ and define

L= min g¢g(r)>0.

Tpg STl
Note that
n—1 n—1
anf(Azy) = anof(Axno) + Z bjg(xj+1) =L Z bj.
Jj=no Jj=no
Then

n—1
1 1
_ < .
o ]E b; < Lf(Aa:n)
=nyg

Applying (H1) we have
1 = 1
S ) <M _1<—)A -
f (an JZ bj) < Mf L .
=ngo

Summarizing both sides from ng 4+ 1 to co implies

o0

1 k—1 1
f*l(;k S b) < MPH (5 )= 2ugn) < oo
2 ,

k=no+1 j=ng

Hence, we have S7 < cc.
Sufficiency. Let M; = maxj<,<2 ¢(r). From S; < oo we can choose
ny > 2 such that

G
J

k=n1

k-1 .
Z—1bj) = Mf=1(M) )



MONOTONIC SOLUTIONS OF SECOND ORDER ... 11

Let X be the Banach space of all bounded sequences {z,} defined
for all n > n; with supremum norm sup,,>,, |7,|. Consider the subset

Q of X defined by
Q:{x:{xn}eX:1§xn§2,n2n1}.

Obviously, 2 is a bounded, convex, and closed subset of X. Define an
operator T : 2 — X by

( ) llfnl, n=mni, ( )
['r n = 5
Zk Tll ( : Z] 7’111 1 ]g(:] 1))7 n>n1

T has several desirable properties for applying Schauder’s fixed-point
theorem as we will show in the following.

First of all, 7" maps Q into Q. Indeed, if x = {z,,} € Q, then by (4),
(5), and (H1),

k—1

1< (Ta), <14+ MfL (M) Zf ( 3 bj) <2
k=n1 j ni—1
Secondly, T' is continuous. Let 2™ = {2} € Q and
lim [z —z| = 0.
m—0o0

Then z € € because {2 is closed. We claim [|T2™ —Tz|| — 0 as m — oc.
Indeed, note that

| T2™ — Tx|| = sup [(Tz™), — (Txz)y|

n>ni
= S;lp nil { ( Z bjg(x ]-i-l ) <a1k Z bjg(j41 >”
Ry - W j=n- j=m—l
< i ‘f‘ ( Z bjg(x]y > < Z big(xjt ))
k=n1 R j=ni-1 £ =

For each fixed k, as m — oo, we have

( Z bgg J+1) ( Z bjg $g+1)

Jml Jml
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Observe that

9] . 1 k—1 . ) 1 k—1
S X b)) - (o X b))
k=n1 j

j=n1—1 Jj=n1—1
00 1 k—1
<oMf () Y f—l(; > by) <.
k=n1 k j=ni—1

By Lebesgue’s Dominate Convergence theorem, ||[T'2™ — Tx|| — 0 as
m — 00.

Finally, TQ) is precompact. Clearly, T'Q) is uniformly bounded. For
any € > 0, there exists n* > ny such that for any z € Q and m > n* we

have
k—1

2Mf_1(M1) Z f_l (alk Z bj) < e
k=m j=ni1—1
Note that n > m
[(T2)p, — (T)m|
n—1 1 k—1 m—1 1 k—1
= ’ f_l(; > bj9($j+1)> - f_1<; > bjg(ffjﬂ))‘
k=1 k j=ni—1 k=1 k jmni—1
n—1 1 k—1
= ‘f_l(ch > bjg(%'ﬂ))‘
k=m j=ni—1
0o k—1
<2myon) (o S b) <
k=m j=ni1—1

This shows that T2 is equicontinuous and hence T2 is precompact by
Ascoli-Arzela Theorem.

Since all the conditions of Schauder’s fixed-point theorem are sat-
isfied, we conclude that there exists £ = {Z,} € € such that z = T'z,

or
n—1 k—1
Tp =14 ) f_l(alk > bjg(fjﬂ))-

k::nl j:nl -1

It is easy to verify that T € Ay. O
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Remark 4.5. Theorem 4.4 generalizes Proposition 1 and Theorem 2

[3]-

The following results follow from Corollary 4.2, Corollary 4.3, and
Theorem 4.4.

Corollary 4.6. Let (H1),(H2) and (H3) hold. Then
1. A= Ay if and only if S1 < oo.
2. A= Ay if and only if S1 = oo.

Corollary 4.7. Let (H1) hold. Assume that the function g is bounded
in R. Then

1. A= Ay if and only if S1 < 0.
2. A= A if and only if S1 = oo.

5 Class B Solutions

In this section, we discuss the existence of different types of class B
solutions.

Theorem 5.1. Let (H1) hold. Then (1) has class B solutions.

Proof. The proof is similar to Theorem 1 in [2] with minor changes.
For real numbers > 0 and «, let © = {x,,} be the solution of (1) with
x1 = p and Az = a. Consider the set I' given by

I'={a < 0:3n; > 1 such that z,, z,,+1 < 0}.

Then I" # (). Indeed, if 21 = p and Az; = a1 < —pu, then oy € T’ by
noting that x1z9 = pu(pu + a1) < 0. Define

a=supl. (6)

Then @ < 0. We claim that the solution # = {Z,} of (1) such that
Z1 = p and AZy = & is a class B solution. Indeed, assume, instead,
that & € A. Then either there exists an integer n; > 1 such that z, <0

13
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and AZ, < 0 for all n > nq, or there exists an integer n; > 1 such that
AZ, >0 and Z, > 0 for all n > n;.

In the first case, take § > & such that § — & is sufficiently small.
Consider the solution {y,} of (1) given by the initial conditions y; = p
and Ay; = B. We know that there is some 1 < n* < nj such that
Tpx > 0 while ZTpxqp1 < 0. If Zpxgq < 0, then Zp«Zp+y1 < 0. It follows
from the continuous dependence on initial conditions we also have that
Yn*Ynr+1 < 0. If T+ = 0, then Zp»42 < 0. Again, by the continuous
dependence on initial conditions, we have y,» > 0 and yp«42 < 0. Note
that the sign of y,+y1 could be greater than, less than, or equal to 0.
For any case, we either have ypn+yn+1+1 < 0 0r Y+ 41ypn=+2 < 0. Therefore,
we have § € I which is a contradiction to (6)

In the second case, take f < & such that & — 3 is sufficiently small.
Again, we consider a solution {y,} of (1) given by the initial conditions
y1 = p and Ay; = B. Since AZ, > 0 and Z,, > 0 for all n > nq, the
continuous dependence on initial conditions implies that ¥, is positive
for all n > 1. Thus, g ¢ T for all § < & that is sufficiently close to &
which is a contradiction to (6). O

Remark 5.2. Theorem 5.1 generalizes Theorem 1 [2].

Theorem 5.3. Let (H1) hold. Then (1) has solutions in the subclass
By if and only if Sy < oo.

Proof. Necessity. Let {x,} be a solution of (1) in the subclass By.
Without loss of generality we assume x, > 0 and Az, < 0 for n > 1.
Let lim,,—yoo zn, = {. Then 0 <[ < oo0.

Note that a,f(Azy,) < 0 and A(anf(Azy)) = bpg(zn+1) > 0. The
sequence {a, f(Ax,)} is increasing and bounded above, so

lim a,f(Azy,) = H € (—00,0].

n—oo

Let L = minj<,<z, g(r). Then L > 0. Summarizing (1) from k to
infinity

H — apf(Axy) =) big(wjp1) = LY by
=k =k



MONOTONIC SOLUTIONS OF SECOND ORDER ... 15

Thus
1 & 1
—E < ——f(Axy).
akj:kbj— Lf< Ti)

By (H1) we have

G 2w s (- 7)an
j=k
Then . .
S (L) < (- B
k=1 j=k
and Sy < o0.

Sufficiency. Let M; = maxij<,<2¢(r) > 0. Since Sy < oo, we can
choose ny > 1 such that

1
> Zk S S )

k=n1

Consider the same Banach space X and subset €2 of X as in Theorem 4.4.
Define an operator T': Q2 — X by

k=n =k

Obviously, (T'z), < 2 for all n > n;. By (H1) we have
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By (H1) again
S ( - alk Z bjg(ﬂfjﬂ))
>Mf! ( Zb]g 33]—&-1)

> M2 fH =1 (alkibg)
j=k

Then
(Tx), > 2+ M?f7t L) Zf (1kij)z1
n=ni ji=k

Therefore, T" maps €2 into 2. Following the same discussions as Theo-
rem 4.4, we can show that 7" is continuous and T'(2 is precompact. So, all
conditions of Schauder’s fixed-point theorem are satisfied, we conclude
that there exists Z = {Z,,} € Q such that £ =Tz, or

:En:2+Zf_l<—alkij9(fj+1))-
k=n j=k

It is easy to verify that z € By. g

Remark 5.4. Theorem 5.3 improves Theorem 2 [2] by providing nec-
essary and sufficient conditions.

From Theorem 5.3 we have the result that the subclass By is empty.

Corollary 5.5. Let (H1) hold. Then B = By if and only if Sy =

6 Conclusion

The classification, existence, boundedness, and monotony of solutions
of a second order nonlinear difference equation (1) are studied in this
paper. It is proved that all the solutions are eventually monotonous in
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Chapter 2. The necessary and sufficient conditions for the boundedness
of all solutions are established in Chapter 3. As it is pointed out in
Remark 3.2, the major conditions (3) of Theorem 1 [3] and (14) of The-
orem 4 [2] are not satisfied for some types of difference equations, but
our assumption (H3) is valid. Therefore, Theorem 3.1 improves Theo-
rem 4 [2] and Theorem 1 [3]. The existence results of different types
of monotonous solutions are presented in Chapters 4 and 5. In partic-
ular, Theorem 4.4 generalizes Theorem 2 [3], Theorem 5.1 generalizes
Theorem 1 [2], and Theorem 5.3 improves Theorem 2 [2] by providing
necessary and sufficient conditions.
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