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Abstract. The aim of inequalities is to develop tools for analyzing the
problems in pure and applied mathematics. Our primary objective in
this research is to introduce some new type inequalities connected with
Caputo fractional derivative. In the light of the operator, we extend
and generalize some important inequalities to this fractional calculus
dealing with synchronous functions.
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1 Introduction

The theory of inequalities plays an important role in mathematical anal-
ysis. Because of its importance, many authors has studied to extend and
generalize the inequalities. Since L’Hospital and Leibniz asked about the
notion of the derivative of order n = 1/2, fractional calculus was devel-
oped in the seventeenth century. Fractional calculus theory is not only
the subject of mathematics but also physics, engineering, economics and
others. Over the last decade, fractional inequalities have gained consid-
erable importance and popularity. The most powerful and effective ways
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to generalize the classical inequalities are the fractional inequalities. The
results obtained by using fractional operators are more general than the
classical results in the literature. For instance, Khan et al. [15] consid-
ered a class of n decreasing positive functions and used Saigo fractional
integral operator to produce some inequalities. For a detailed informa-
tion about fractional calculus can be found in [10, 12, 16, 19].

In the literature, we use the fractional inequalities in scientific prob-
lems. In [7], the authors investigated a new version for the mathemat-
ical model of HIV. Baleanu et al. [5] studied the existence of solu-
tions for a fractional hybrid integro-differential equation. Aydogan et
al. [3] introduced new higher order derivatives and studied the exis-
tence of solutions for two such type higher order fractional equations.
For a review of the applications of this topic, we direct the reader to
[1, 2, 4, 6, 8, 9, 11, 13, 14, 17, 18, 20, 22].

In [21], Ucar and Hatipoglu obtained some new inequalities using
beta- fractional operator for synchronous functions. In this paper, we
motivate by the two differentiable functions u and v which are syn-
chronous on [a, b]. (i.e. (u (x)− u (y)) (v (x)− v (y)) ≥ 0 for any x, y)
We use more useful fractional Caputo operator which is a modified con-
cept of the Riemann Liouville fractional derivative to obtain inequalities.
We start with the following definition.

Definition 1.1. Assume that β > 0, t > a, β, a, t ∈ R. Then the Caputo
fractional differential operator of order β is defined as

CDβf (t) :=

 1
Γ(n−β)

t∫
a

f (n)(τ)

(t−τ)β−n+1dτ, n− 1 < β < n ∈ N
dn

dtn f (t) , β = n ∈ N
.

We call this operator Caputo fractional derivative. Italian mathe-
matician Caputo introduced this operator in 1967.

2 Main Results

In this section, we first prove the following useful inequality using Caputo
derivative and extend this inequality for this interesting calculus.
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Theorem 2.1. Assume that the functions f (n) and g(n) are two syn-

chronous functions on [0,∞) . Then the following inequality holds

CDα
t (fg (t)) tn−α

Γ (n− α+ 1)
≥ CDα

t (f (t))C Dα
t (g (t)) (1)

for all α > 0, t ≥ 0.

Proof. Since the functions f (n) and g(n) are two synchronous functions

on [0,∞) , then we can write(
f (n) (τ)− f (n) (ρ)

)(
g(n) (τ)− g(n) (ρ)

)
≥ 0

and

f (n) (τ) g(n) (τ)+f (n) (ρ) g(n) (ρ) ≥ f (n) (τ) gn (ρ)+f (n) (ρ) g(n) (τ) . (2)

If we multiply both sides of the inequality (2) by (t−τ)n−α−1

Γ(n−α) and
integrate with respect to τ from 0 to t, we have

1

Γ (n− α)

t∫
0

(t− τ)(n−α−1) f (n) (τ) g(n) (τ) dτ

+
1

Γ (n− α)

t∫
0

(t− τ)(n−α−1) f (n) (ρ) g(n) (ρ) dτ

≥ 1

Γ (n− α)

t∫
0

(t− τ)(n−α−1) f (n) (τ) g(n) (ρ) dτ

+
1

Γ (n− α)

t∫
0

(t− τ)(n−α−1) f (n) (ρ) g(n) (τ) dτ

CDα
t (fg (t)) +

f (n) (ρ) g(n) (ρ)

Γ (n− α)

t∫
0

(t− τ)(n−α−1) dτ ≥ g(n) (ρ)C Dα
t (f (t))

+f (n) (ρ)C Dα
t (g (t)) .
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Then we get

CDα
t (fg (t)) + f (n) (ρ) g(n) (ρ)

tn−α

Γ (n− α+ 1)
≥ g(n) (ρ)C Dα

t (f (t))

+f (n) (ρ)C Dα
t (g (t)) .

(3)

Multiplying both sides of the inequality (3) by (t−ρ)n−α−1

Γ(n−α) we have

(t− ρ)n−α−1

Γ (n− α)
CDα

t (fg (t))

+
(t− ρ)n−α−1

Γ (n− α)
f (n) (ρ) g(n) (ρ)

tn−α

Γ (n− α+ 1)

≥(t− ρ)n−α−1

Γ (n− α)
g(n) (ρ)C Dα

t (f (t)) +
(t− ρ)n−α−1

Γ (n− α)
f (n) (ρ)C Dα

t (g (t)) .

(4)

If we integrate the inequality (4) with respect to ρ from 0 to t, we
obtain

1

Γ (n− α)

t∫
0

CDα
t (fg (t)) (t− ρ)(n−α−1) dρ

+
(t− ρ)n−α−1

Γ (n− α) Γ (n− α+ 1)

t∫
0

f (n) (ρ) g(n) (ρ) (t− ρ)(n−α−1) dρ

≥ 1

Γ (n− α)

t∫
0

CDα
t (f (t)) g(n) (ρ) (t− ρ)(n−α−1) dρ

+
1

Γ (n− α)

t∫
0

CDα
t (g (t)) f (n) (ρ) (t− ρ)(n−α−1) dρ

and then we can write
CDα

t (fg (t)) tn−α

Γ (n− α+ 1)
+

CDα
t (fg (t)) tn−α

Γ (n− α+ 1)
≥C Dα

t (f (t))C Dα
t (g (t))

+CDα
t (g (t))C Dα

t (f (t))

CDα
t (fg (t))

tn−α

Γ (n− α+ 1)
≥ CDα

t (f (t))C Dα
t (g (t)) .
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So that we prove the inequality. □

Theorem 2.2. Let the functions f (n) and g(n) be as in Theorem 1. Then

for all t ≥ 0, α > 0, β > 0 we have

tn−β

Γ (n− β + 1)
CDα

t (fg (t)) +
tn−α

Γ (n− α+ 1)
CDβ

t (fg (t))

≥ CDα
t (f (t))C Dβ

t (g (t)) +
C Dα

t (g (t))C Dβ
t (f (t)) . (5)

Proof. If we multiply both sides of the inequality (3) by (t−ρ)n−β−1

Γ(n−β) we
have

(t− ρ)n−β−1

Γ (n− β)
CDα

t (fg (t)) +
(t− ρ)n−β−1

Γ (n− β)
f (n) (ρ) g(n) (ρ)

tn−α

Γ (n− α+ 1)

≥ (t− ρ)n−β−1

Γ (n− β)
CDα

t (f (t)) g(n) (ρ) +
(t− ρ)n−β−1

Γ (n− β)
f (n) (ρ)C Dα

t (g (t))

and integrating this inequality with respect to ρ from 0 to t we obtain

CDα
t (fg (t))

Γ (n− β)

t∫
0

(t− ρ)n−β−1 dρ

+
tn−α

Γ (n− β) Γ (n− α+ 1)

t∫
0

(t− ρ)n−β−1 f (n) (ρ) g(n) (ρ) dρ

≥
CDα

t (f (t))

Γ (n− β)

t∫
0

(t− ρ)n−β−1 g(n) (ρ) dρ

+
CDα

t (g (t))

Γ (n− β)

t∫
0

(t− ρ)n−β−1 f (n) (ρ) dρ.

Then we have

tn−β

Γ (n− β + 1)
CDα

t (fg (t)) +
tn−α

Γ (n− α+ 1)
CDβ

t (fg (t))

≥ CDα
t (f (t))C Dβ

t (g (t)) +
CDα

t (g (t))C Dβ
t (f (t)) .

Hence the proof is completed. □



6 D. UÇAR AND E. ÇELİK

Theorem 2.3. We assume that the functions (fi)
(n) (i = 1, 2, ...,m) are

m positive increasing functions on [0,∞) . Then we have the following
inequality

CDα
t

(
m∏
i=1

fi (t)

)
≥
(
Γ (n− α+ 1)

tn−α

)m−1 m∏
i=1

(
CDα

t (fi (t))
)

(6)

holds for any t ≥ 0, α > 0.

Proof. Using induction method we can write

CDα
t (f1 (t)) ≥ CDα

t (f1 (t))

for m = 1 and for all t ≥ 0, α > 0. We have from (1),

CDα
t (f1f2 (t)) ≥

Γ (n− α+ 1)

tn−α
CDα

t (f1 (t))
C Dα

t (f2 (t))

for m = 2 and for all t ≥ 0, α > 0. We assume that the inequality

CDα
t

(
m−1∏
i=1

fi (t)

)
≥
(
Γ (n− α+ 1)

tn−α

)m−2
(

m−1∏
i=1

(
CDα

t (fi (t))
))

(7)

holds for all t ≥ 0, α > 0. Since the functions (fi)i=1,2,...,m are positive

increasing functions then
m−1∏
i=1

fi is an increasing function. Applying

Theorem (2.1) for
m−1∏
i=1

fi := g (t) and fm (t) = f (t) , we write

CDα
t

((
m−1∏
i=1

fi (t)

)
fm (t)

)
= CDα

t (gf (t))

≥ Γ (n− α+ 1)

tn−α
CDα

t (g (t))C Dα
t (f (t)) .

Using the inequality (7) we prove the inequality (6).

CDα
t

((
m−1∏
i=1

fi (t)

)
fm (t)

)
≥ Γ (n− α+ 1)

tn−α
CDα

t

m−1∏
i=1

(fi (t)) (D
α
t (fm (t)))

CDα
t

(
m∏
i=1

fi (t)

)
≥
(
Γ (n− α+ 1)

tn−α

)m−1 m∏
i=1

(
CDα

t (fi (t))
)
.

This completes the proof. □
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Theorem 2.4. We assume that the functions f and g are defined on
[0,∞) and f is increasing, g is Caputo differentiable. Then the inequality

CDα
t (gf) (t) ≥ Γ (n− α+ 1)

tn−α

[
CDα

t (g (t))C Dα
t (f (t)) (8)

−m
Γ (2)

Γ (2− α)
t1−α CDα

t (f (t))

]
+mCDα

t (tf (t))

holds for all t ≥ 0, α > 0 where m := inft≥0
CDα

t (g (t)) is a real number.

Proof. We define the function h (t) := g (t) − mt . Since g(n) is Ca-
puto differentiable, the function h is also Caputo differentiable and it is
increasing on [0,∞) . Using the inequality (1), we obtain

CDα
t (h (t) f (t)) ≥ Γ (n− α+ 1)

tn−α
CDα

t (h (t))C Dα
t (f (t))

CDα
t (g (t) f (t))−mCDα

t (tf (t)) ≥ Γ (n− α+ 1)

tn−α

[
CDα

t (g (t))C Dα
t (f (t))

−m
Γ (2)

Γ (2− α)
t1−α CDα

t (f (t))

]
CDα

t (gf (t)) ≥ Γ (n− α+ 1)

tn−α

[
CDα

t (g (t))C Dα
t (f (t))

−m
Γ (2)

Γ (2− α)
t1−α CDα

t (f (t))

]
+mCDα

t (tf (t)) .

We proved (8) for all t ≥ 0, α > 0. □

Theorem 2.5. Let the functions f and g are defined [0,∞) . We assume
the function f is decreasing and the function g is Caputo differentiable.
If there exists a real number M := supt≥0

CDα
t (g (t)) , then we have

CDα
t (gf) (t) ≥ Γ (n− α+ 1)

tn−α

[
CDα

t (g (t))C Dα
t (f (t))

−M
Γ (2)

Γ (2− α)
t1−α CDα

t (f (t))

]
+MCDα

t (tf (t))

for all t ≥ 0, α > 0.
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Proof. We defined the function G (t) := g (t)−Mt . Since the function
G is Caputo differentiable and decreasing on [0,∞) , one can easily prove
the inequality as in the proof of Theorem (2.4) □

Theorem 2.6. Assume that the functions f and g are Caputo differen-
tiable and there exists m1 := inft≥0

CDα
t (f (t)) , m2 := inft≥0

CDα
t (g (t)).

Then we have

CDα
t [(f (t)−m1t) (g (t)−m2t)]

≥Γ (n− α+ 1)

tn−α

{
CDα

t (f (t))C Dα
t (g (t))

−m2
CDα

t (f (t))
Γ (2)

Γ (2− α)
t1−α

−m1
Γ (2)

Γ (2− α)
t1−α CDα

t (g (t))

+m1m2
Γ (2) Γ (2)

Γ (2− α) Γ (2− α)

}

Proof. We define the functions F (t) := f (t)−m1t and G (t) := g (t)−
m2t . It is clear that the functions F (t) and G (t) are increasing on
[0,∞) . Using inequality (1), we calculate

CDα
t (F (t)G (t)) = CDα

t [(f (t)−m1t) (g (t)−m2t)]

≥Γ (n− α+ 1)

tn−α
CDα

t (f (t)−m1t)
C Dα

t (g (t)−m2t)

CDα
t

[
f (t) g (t)−m2f (t) t−m1g (t) t+m1m2t

2
]

≥ Γ (n− α+ 1)

tn−α

{
CDα

t (f (t))C Dα
t (g (t))−m2

CDα
t (f (t))C Dα

t (t)

−m1
CDα

t (t) CDα
t (g (t)) +m1m2

CDα
t (t)C Dα

t (t)
}
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CDα
t (fg (t))−mC

2 D
α
t (f (t) t)−C Dα

t (g (t) t) +m1m2
CDα

t

(
t2
)

≥ Γ (n− α+ 1)

tn−α

{
CDα

t (f (t))C Dα
t (g (t))

−m2
CDα

t (f (t))
Γ (2)

Γ (2− α)
t1−α −m1

Γ (2)

Γ (2− α)
t1−α CDα

t (g (t))

+m1m2
Γ (2) Γ (2)

Γ (2− α) Γ (2− α)

}
CDα

t (fg (t))−m2 tCDα
t (f (t))−m1 tCDα

t (g (t))

+m1m2
Γ(3)

Γ(3−α) t
2−α

≥ Γ(n−α+1)
tn−α

{
CDα

t (f (t))C Dα
t (g (t))−m2

CDα
t (f (t)) Γ(2)

Γ(2−α) t
1−α

−m1
Γ(2)

Γ(2−α) t
1−α CDα

t (g (t)) +m1m2
Γ(2)Γ(2)

Γ(2−α)Γ(2−α)

}
.

Hence the proof is completed. □

Remark 2.7. If the functions are asynchronous on [0,∞] , then the
inequalities (1) and (5) are reversed.

Example 2.8. Using the definition of synchronous functions, let the
functions f and g are defined on [0,∞] and differentiable. If we define
any functions f and g which are increasing, (or decreasing) one can
easily see that the functions satisfy the results of the theorems.

Conclusion 2.9. In this paper, we have introducedsome new type in-
equalities to a modified concept of a fractional calculus. The main results
improve previously results and this presents an approach to new versions
of inequalities using some different definitions of differential and integral
operators. As a result, we predict that the new versions of well known
inequalities may be obtained.
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[2] S. Alizadeh, D. Baleanu and s. Rezapour, Analyzing transient re-
sponse of the parallell RCL circuit by using the Caputo-Fabrizio
fractional derivative, Advances in Difference Equations, 55 (2020).

[3] M. S. Aydogan, D. Baleanu, A. Mousalou and S. Rezapour, On high
order fractional integro-differential equations including the Caputo-
Fabrizio derivative, Boundary Value Problems, 90 (2018).

[4] D. Baleanu, S. Etemad and Sh. Rezapour, A hybrid Caputo frac-
tional modelling for thermostat with hybrid boundary value condi-
tions, Boundary Value Problems, 64 (2020).

[5] D. Baleanu, S. Etemad and Sh. Rezapour, On a fractional hybrid
integro-differential equation with mixed hybrid integral boundary
value conditions by using three operators, Alexandria Engineering
Journal, 59 (2020), 3019-3027.

[6] D. Baleanu, S. Etemad and Sh. Rezapour, On the new fractional
hybrid boundary value problems with three-point integral hybrid
conditions, Advances in Difference Equations, 473 (2019).

[7] D. Baleanu, H. Mohammadi and Sh. Rezapour, Analysis of the
model of HIV-1 infection of CD4 T-cell with a new approach of
fractional derivative, Advances in Difference Equations, 71 (2020).

[8] D. Baleanu, S. Rezapour and Z. Saberpour, On fractional integro-
differential inclusions via the extended fractional Caputo-Fabrizio
derivation, Boundary Value Problems, 79 (2019).

[9] S. Belarbi and Z. Dahmani, On some new fractional integral in-
equalities, Journal of Inequalities in Pure and Applied Mathemat-
ics, 10 (2009), 5 pages.

[10] M. Caputo, Linear model of dissipation whose q is almost frequency
independent-II, The Geophysical Journal of the Royal Astronomical
Society, 13 (1967), 529-539.

[11] F. Chen, Extensions of the Hermite-Hadamard inequality for convex
functions via fractional integrals, Journal of Mathematical Inequal-
ities, 10 (2016), 75-81.



NEW TYPE CAPUTO FRACTIONAL INEQUALITIES 11

[12] K. Diethelm, The Analysis of Fractional Differential Equations,
Springer, Amsterdam, (2010).

[13] G. Farid, A. Jevad and S. Naqvi, Hadamard and Fejer-Hadamard
inequalities and related results via Caputo fractional derivatives,
Bulletin of Mathematical Analysis and Applications, 9 (2017), 16-
30.

[14] H. Khan, T. Abdeljawad, C. Tunç, A. Alkhazzan and A. Khan,
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