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Abstract. In this article, we establish various fixed point results in the
structure of controlled metric spaces. By the help of that results, we give
efficient solution of a Fredholm type integral equation. Moreover, some
examples are given to show the conceptual depth within this approach.

1 Introduction

More than a century ago in 1903, Fredholm [6] did wonders in the theory of non linear
integral equations by presenting an integration expression with fixed limits:
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k(w) =T(w) + A/qq>(w, t)k(t) dt. (1)

In this expression, p and q are constants and A is a parameter. Given Y (w) and the
kernel function ®(w, t), the problem is typically to find the function k(w). Integral
equations of Fredholm have been widely used in different fields of mathematics, e.g,
physical mathematics, computational mathematics and approximation theory. Mo-
tivated by his great work, many researchers have focused their work on solving the
Fredholm integral equation by applying the technique of fixed point theory. Rus in
[15] used Krasnoselskii’s fixed point theorem on cones in order to obtain positive
continuous solutions of the following Fredholm integral equation

k(w) = T(w) + /0T<I>(w, Ofk(t)dt, wel0,T], T>0. (2)

using limit type conditions for fin (0, c0). In [4], Berenguer et al. established a method
of anumerical approximation of the fixed point of an operator, especially the integral
one associated with a non linear Fredholm integral equation, that uses the properties
of a classical Schauder basis in the Banach space C([a, b] X [a, b]). In the same direction,
Pathak et al. in [13] proved a fixed point result for a pair of weakly compatible
mappings, and by the use of that result they proved the existence of a solution
of a system of non linear integral equations. For more related works, you can see
[8, 14, 2, 1]. Recently, Karapinar et al. in [9] proved fixed point results over extended
b-metric spaces and applied that results to find a solution of the equation (1). The in-
depth analysis of a non linear expression has resulted one of the best principle, called
the Banach contraction principle (BCP). Researchers have been greatly benefited from
generalizations of this principle. BCP has been widely utilized by many researchers
in their vital researches. In nut shell, many portion of fixed point theory contains
BCP generalization. Below, we recall some basic generalizations of it.

Definition 1.1 ([11]). A mapping T': S1US2 — S1US; is called cyclic, if T(S1) C Sz
and T(Sz2) C S1, where Si, Sa are nonempty subsets of a metric space (W, d).

Definition 1.2 ([11]). A cyclic map T: S1 US> — S1US; is called cyclic contraction,
if for all wy € S1, we € Sa, there exists xk € (0,1) such that

d(Twr, Tw2) < kd(w1,w2).

Definition 1.3 ([10]). A cyclic map T:S; USs — S1 U Sz is called a cyclic orbital
contraction, if for all wy € Si, there exists k € (0,1) such that

d(T* w1, Twa) < kd(T?" w1, wa), (3)
where w2 € S1, n € N and Si1, Sz are closed subsets of W.

Definition 1.4 ([16]). A mapping T : W — W on a metric space (W, d) is called
F-contraction, if there exists 2 > 0 such that
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Q + F(d(Twy, Tws)) < F(d(w1,ws)), (4)

for all w1, ws € W with d(w1,w2) > 0, where F: [0,00) — R is function satisfying the
following axioms:

(I) Fis strictly increasing;

(II) for each sequence {an} C (0,00) of positive real numbers, lim, oo an = 0 if

and only if limy, e F(an) = —o0;

(III) for each sequence {an} C (0,00) of positive real numbers, limy, o0 an = 0,
there exists x € (0,1) such that limy, e (an)"F(an) = 0;

We denote by F the family of all functions F satisfying (I) — (I11).

In 2015, Cosentino et al. [?] introduced the following Definition, and proved fixed
point results over multi valued F-contraction in b-metric [5, 3] spaces.

Definition 1.5. Let x > 1 be a real number. Then by F,. we denote the family of
all functions F': (0,00) — R, which satisfies the following axioms:
(I) Fis strictly non-decreasing;

(IT) for each sequence {a,} C (0,00) of positive real numbers, lim, o an = 0 if
and only if lim, . F(an) = —o0;

(III) for each sequence {an} C (0,00) of positive real numbers, lim,_, o a, = 0,
there exists I € (0,1) such that lim, 0 (a,) F(a,) = 0;

(IV) For each sequence {an nen of positive numbers such that
7+ F(kan) < F(an—1), for all n € N and some 7 > 0,

then

7+ F(k"a,) < F(K"_lanq), for all n € N.

Recently in [12], Mlaiki et al. introduced controlled type metric space as a general-
ization of a b-metric space, which is different from extended b-metric spaces [7].

Definition 1.6 ([12]). Let W be a nonempty set and a : W x W — [1,00). Then a
mapping do : Wx W — [0, 00) is called a controlled metric, if for all wi,ws,ws € W,
it satisfies the following axioms:

(i) d (wl,UJQ):O iff w1 = w2,

(i) d

(wl,w2) (w2,w1)7
(iii) da(w1,ws) < awr,w2)da(wi,w2) + a(wz, ws)da (w2, ws).
(W,

The pair da.) is called a controlled metric space.

Remark 1.1 Every b-metric space is a controlled metric space, if we take a(w1,ws2) =

s > 1 for all wi,ws € W. Generally, a controlled metric space is not an extended b-
metric space, if we take same functions o = 6 as follows:
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Example 1.7 ([12]). Let W={1,2,...... }. Define do : Wx W — [0, 00) as:
0, if w1 = W2;
i7 Af . d . dd;
do(wr,w) =4 % if w1 is even and ws is o

if w1 is odd and ws is even;

£

2 b
, otherwise.

[

Hence (W, d.) is a controlled metric space, where av: W x W — [1, 00) is defined as:

w1, if wy is even and w2 is odd;
a(wi,w2) = w2, if wy is odd and ws is even;
1,  otherwise.

Clearly, d, is not an extended b-metric for the same function a = 6.

In this paper, we introduce and establish new sort of contractions, called controlled
cyclic orbital contractions and controlled cyclic orbital F-contractions in the setting of
controlled metric spaces. By the help of that results, we are in the position to consider
real-life applications in a very general structure such as simple and efficient solution
of a Fredholm integral equation in the setting of a controlled metric space. Moreover,
some examples are given to show the conceptual depth within this approach.

2 Main Results

In this section, we introduce the notion of controlled cyclic orbital contractions.

Definition 2.1. Let Si, S2 be nonempty subsets of a controlled metric space (W, da).
Then a cyclic map T : S;US2 — S1USq is called a controlled cyclic orbital contraction,
if for some wy € S1, there exists x € (0, 1) such that

Ao (T? w1, Twa) < Kkda (T wi, w2), (5)
where ws € S; and n € N.
Theorem 2.2. Let S1 and Sz be nonempty closed subsets of a complete controlled

metric space (W, do) such that do is a continuous functional. Let T': SiUS2 — S1USs
be a controlled cyclic orbital contraction. Also suppose that for any wo € W,

. a(wi+1,wi+2) 1
sup lim ——————= i+1, < -, 6
muzp1 Jim o (wn, i) a(Wig1, Wm) % (6)
where w, = T"wo, n=1,2,.... Then S1 N Sz is nonempty and T has a unique fixed

point.

Proof. Suppose there exists wg € S satisfying equation (5). Define an iterative
sequence {wy, } starting from wo as follows:

w1 = Two, wa = Tw; = T(Two) = ’Tzwo, e, Wp = ,Iﬂw(),...
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From equation (5), we have

da(Tzwo7 Two) < Kdo(Two,wo)-

Recursively, we have

da(TSwo, T2w0) < nda(’l'awo, Two)
S lizda(Two,w()).

As for any n € N| either n or n + 1 is even, so we have

do (T wo, T"wo) < K" da(Two,wo),

that is,

do(Wn+1,wn) < K"da(w1,wo)-

From the triangle inequality and equation (7) for m > n, we have

da(Wnywm) < a(Wn, wWnt1)da(Wn, Wnt1) + @(Wnt1, Wm ) da (Wnt1, Wm)

< own, Wnt1)da(Wn, wnt1) + (wn, wm)(Wn+1, Wn+2)da(Wnt1, Wntz)

+ a(wn, win ) (wn 12, wWm ) do (Wnt2,wm)

m—2

< a(wn, wnt1)da(Wn, wnp1) + Y <H a(%’Mm)) o(wi, wit1)da (Wi, wit1)
i 1 \j=1

——
m—1
+ H a(w]'v wm)a(wm—la wm)da (Wm—l, wm)
j=n+1

m—1 i
< a(wn, wn41)da(Wn, was1) + D <H a(wijm)> a(wi, Wit 1) da (Wi, wit1)

i=n+1 \j=1

< [a(wn,y wnt1)&™ + 2 <H a(wj7wm)) a(wi,wi+1)mi]da(w1,wo).

i=n+1 \j=1

Using (6) for any wo € S1, we get the series > oo, (H;zl a(wj, wm)) a(wi,wit1)K" con-

verges by the ratio test for eachm € N. Let S = >72 | (H;Zl a(wj, wm)) a(ws, wit1)K"

and

Sp = Z <H a(wq,wm)> a(wp, wpt1)KF.

p=1 \q=1
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Thus, for m > n, we have
do(Wn,wm) < [(Wn, wnt1)&™ + (Sm—1 — Sn)]da(w1,wo). (8)

Condition (6) implies that lim,_. Sn exists and hence the real sequence {S,} is
Cauchy. Finally, if we take limit in the inequality (8) as n,m — oo, we deduce that
lim  dao(wn,wm) =0, 9)
n,m—oo
that is, {wn} is a Cauchy sequence. Hence as a result, there exists p € S1 U Sz
such that w, — p. Now, note that {wan} = {T2"w0} is a sequence in S; and
{wan—1} = {T? wo} is a sequence in Sy and both converge to p. As the sets
S1 and S are closed in Wand p € S; NSz, hence S; NSz is nonempty. Next, we prove
that p is a fixed point of T. The continuity of d, yields that

da(p, Tp) = lim da(T%w, Tp)

n—oo

<k lim da(T*" 'w, p)

n— oo

=0.

Thus p is a fixed point of T. For the uniqueness, assume there exists o € S; N Sa,
p # o such that To = p. Now,

da(p, 0) = da(Tp, To)
S K;da(p7 Q)
< do‘(ﬂ? Q)

Which is a contradiction. Hence, p = ¢ and p is the unique fixed point of T. O

Remark 2.3. Since a controlled metric space is not in general an extended b-metric
space. Therefore Theorem 2.2 is different from Theorem 1 of Karapinar et al. [9].

Remark 2.4. (1) For a(wi,w2) = s > 1, the above theorem reduces to the b-
metric space.

(2) For a(wi,ws) =1, the above theorem reduces to the main result of Karpagam
et al. [10].

Example 2.5. Let W =R. Define do : Wx W — [0, 00) by da(w1,w2) = (w1 —wg)z.
Then, clearly (W, d,) is a complete controlled metric space with a: Wx W — [1, 00)
defined as a(w1,ws) = 3wi +2w2+2. Let S1 = [0, %] and So = [i, 1]. Define a mapping
T:S1USy — S1USs as

1 1
2 0< w1 < =
T — ’ = = 1>
w1 { g(lfun), i<w1§1.
First, we have to show that T is a cyclic map.
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(i) Ifwy =0€ Sy, then TO= 1 € S,.
(i) If wy = 5 € S1, then T3 = % € S,.
(iii) € So, then T% = £ € Si.
(iv) If w1 =1€ Sy, then T1 =0 € S;.

Hence T(S1) C Sz, T(S2) € Si and T is a cyclic map. Next fix any wi € Si. Let
w1 = 0, then we have

= =
I

If w1 =

—_

Tw, = %, T?w, = T(Tw) = =,

w

Thus T"w; = %, therefore T?"w; = % and T?" tw, = % For w2, we will take the
following cases:

Case 1: Ifwy =0, TO = %, then do(T?" w1, Tws) = da
da(%,O) = é. Hence, for k = % €(0,1)

3,3) =0and do (T w1, w2) =

doé(T%wl7 Tws) < nda(TQ"Awl,wz),

Case 2: Ifws =

; (1 . Té:%,thenda(TMwl,Twz):da(%,%):Oandda(ﬁn_lwl,wg):
a\3s3

1
3
) = 0. Hence, for k = 1 € (0,1)

Ao (T?" w1, Twa) < kda (T w1, wo).

Case 3: If 0 < we < %, we will take subcases:

Subcase A: If 0 < we < i, Twy = %, then da(T2"w17TwQ) = da(%, ) = 0 and

1
3
do(T*" w1, w2) = da(3,w2) = (3 — w2)?. Hence for k = € (0,1)
da(T%wl, Tws) < /ida(T%flwl,wg).

Subcase B: If & < wy < %, Twy = 1(1 — ws), then do(T*"w1, Twa) = El?(% la -
2

w2)) = (% — 3 +%2)%. This implies that do (T*" w1, Tws) = (F- 4+ 42)* =
(w2 — 3)?, and do(T%" 'wi,w2) = da(3,w2) = (3 — w2)?. Hence for
k=1€e(0,1

da(T%wl, Tws) < /ida(T%flwl, wa).

Hence, in all cases, the conditions of Theorem 2.2 are satisfied, and % is the unique
fixed point of T.

Definition 2.6. Let Si, S2 be nonempty subsets of a controlled metric space (W, da).
Then a cyclic map T : St USs — S1 U Sz is called a controlled cyclic orbital F-
contraction, if for some w; € S1, there exists 2 > 0 such that for all wi,ws € W with
do(Twi, Twz) > 0, the following inequality holds:

Q+ F(fida(TQ"wl, Two)) < F(da(T%flwl,an)), (10)
where kK > 1, wp € S; and n € N.
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Theorem 2.7. Let S; and Sz be two nonempty subsets of a complete controlled
metric space (W,do).Let T : S1 U Sz — S1 USy be a continuous controlled cyclic
orbital F-contraction such that for any wo € W,

a(Wit1,Wit2)

li H m) < K, 11
B o) (e < )
where k > 1 and w, = T'wo, n = 1,2,.... Then S1 N Sz is nonempty and T has a

fized point.

Proof. let us consider an arbitrary wo € Si satisfying equation (10). As for any
n € N, either n or n + 1 is even, so we have

F(K"do (T 'w, T"w)) < F(da(Tw,w)) — nd. (12)

By taking limit n — oo in equation (12), we get limp— o0 F(K" do(wn, wn+1)) = —o0.
Thus from condition (I7) of Definition 1.4, we have

lim &"da(wn,wnt1) = 0.
n— oo

Also from condition (III), there exists [ € (0,1) such that

lim (k" de (W, wnt1)) F("de(wn, wni1)) = 0.

n—>00

From equation (12), for all n € N, the following holds:

lim (5" do(Wny Wt 1)) F(&"da(Wny wni1)) — Hm (K" da(wn, wni1)) F(Ag) <

n—o0 n—oo

lim — (k" da(wn,wnt1))'nQ < 0. (13)

n—o0

By letting n — oo in (13), we obtain

lim 7(k"da(wn,wni1))" = 0. (14)

n—oo

From equation (14), there exists nq € N such that n(xk" da(wn,wn+1))" < 1 for all
n > ni. Thus for all n > ni, we have

1

K™n

da(wnywn+1) < 1 (15)
[]

From the triangle inequality and equation (15) for m > n > n1, we have
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do (T w, T"w) = do(wn,wm)
< a(wnvwn+l)da(wmwn+l) + a(wnJrlvwm)da(wnJrhwm)
(wnvwn+1)da(wn7wn+1) + Oé(wmwm)a(wn+1,wn+2)da(wn+17wn+2)

(wnv w’m)a(w"Jr27 wm)da (w’ﬂ+27 wm)

IN

m—2 i
a(wn, wnt1)da(Wn, wnt1) + D (Ha(wijm)> a(wi, wit1)da (Wi, Wit1)
i=n+1 \j=1
m—1
+ H a(wj7wm)a(wm—hwm)da(wm—lgwm)
j=n+1

S a(w'rm wn+1)

m—1 [
1 + E Oéw],wm (wi7wi+1)7
1
J

~—

k"N i=n+1 j=1 Kt
o0 1 1
< awn, wni)) — + Y (H a(wjvwm)> ofwi, wig1) — -
K™ 2ok \j=1 K41

By (11), the series > 07 | —2+ 7", o((wi, wm ) (wi, wi+1) converges by the ratio test
for each m € N. Let

S = E Ha Wi, wm ) o(Wi, Wit1), E

Z
1"9“31

Knl

P
H wq,wm)a(wpvaJrl)

@.p—-

Therefore for m > n, we have

da(wnawm) < a(wnywnﬁ—l)% + Sm—l - Sn (16)

ni

Condition (11) yields that lim, . S, exists and hence the real sequence {S,} is
Cauchy. Taking n,m — oo, in the inequality (16), we get that

lim  da(wn,wm) =0. (17)

n,m— oo
We conclude that {w,} is a Cauchy sequence. Hence, as a result, there exists p €
S1 U Ss such that w, — p. Now, note that {w2,} = {TQ"wo} is a sequence in S; and
{wan—1} = {T?"'wo} is a sequence in S and both converge to p. As the sets S; and
Sy are closed in Wand p € S; N Sz. Hence, S; NSz is nonempty. Next, we prove that
p is a fixed point of T. Let p # Tp, then from the triangle inequality

da(p, Tp) < alp, T*"wo)du(p, T>"wo) + a(T*"wo, Tp)da (T "wo, Tp). (18)

Since T?"twy — pasn — oo, and from the continuity of T, we have limy, oo do (T2 wo, Tp) =

0. Hence, from equation (18), we get du(p, Tp) = 0 as n — oo. Hence, p = Tp and p
is the fixed point of T.
|
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Remark 2.8. As controlled metric space is a generalization of b-metric space, which
is different from extended b-metric space. Therefore Theorem 2.7 is different from
Theorem 2 of Karapinar et al. [J].

Remark 2.9. (a) For a(wi,wz) = s > 1, Theorem 2.7 reduces to the b-metric
space.
(b) For a(wi,ws) =1, Theorem 2.7 reduces to the metric space.

Example 2.10. Let W = {35 : n € N} U {0}. Define do : W x W — [0,00) by
da(wi,w2) = (w1 — w2)2. Then, clearly (W, d,) is a complete controlled metric space
with o : Wx W — [1,00) defined as a(wi,ws) = 3w + 2wz + 1. Let S1 = {5z :
n € N}U{0} and Sz = {537 : n € N} U {0}. Define a mapping T': S1 U Sz — S1 U Sz
as

1 . 1
_ [ z fwie{zm:neNk
Twn { 0, if wi = 0.

Clearly T(S1) C S, T(S2) C Si and T is a cyclic map. Next, fix any wi € Si. Let
w1 = 22"%1, then we have

Ty = T(Tun) = —

TUJ1 22 5 22n+1’
'I‘hus7 T2nw1 = W = 2471%1 and ,I‘Qn_l w1 = 2471%2 For w2, wWe will take the
following cases:
Case 1: If wy € 51/{0,1}, let
We have Twy = 22,” . Also,
n 1 1
do(T*" w1, Tws) = da (W QTm)
2
= (24n 1 227n)
92m _ gdn—1 2
247L+2m 1 ?
and

da(Tznilwhwz) = da ( 1 1 )

24n—2" 92m—1

2
(24n 2 92m— 1)
92m—1 _ gdn—2 2
( 24n+2m—3 ) :




A FREDHOLM INTEGRAL EQUATION VIA ... 11

Define the function F': [0,00) — R by F(t) = Int, for all ¢t € [0, 00) and Q > 0.

" e 22m _ 247171 22mfl _ 2471,72
F(Zda(Tz w1, w2)) — F(da(T2 1‘*’17‘”2)) =In2+42 (ln Qdntam—1 In 24n+2m—3 )
22m _ 2471,71 24n+2m73
= ln2 —+ 2 ln ( 24’n+2m*1 X 22m71 — 24’”*2)

22m724n—1 .
:ln2+ZID(WX2 )

2m _ g4n—1
2 <i>
22m+1 _ 24n

22m_24n71
:1n2+21n<—2(22m724n_1)>
1
=In2+2ln-
n2-+ n2
_ !
3

Case 2: If wa =0, TO = 0, then

and

Thus, we have

24n—1 n 24n—2

1 247172
=2In (24n7_1 X 1 )

=In2+2In(27")

F(2da(T?"w1,w2)) — F(da (T w1, w2)) =1n2 + 2 (ln 1 L)

1
=In2+2In=
n2-4 n2

_1
L
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Hence, for Q2 = % and Kk = g, T is a controlled cyclic orbital F-contraction. Thus, all
the conditions of Theorem 2.7 are satisfied, and 0 is the fixed point of T.

3 Applications to the Existence of a Solution
of a Fredholm Integral Equation

In this section, we ensure the existence of solution of a Fredholm integral equation.

Theorem 3.1. Let W = C([a,b],R) be the space of all continuous real valued func-
tions defined on closed interval [a,b] with a controlled metric given as

do(wi,w2) = sup |wi(t) — wa(t)]?. (19)
t€la,b]

Clearly, (W,da) is a complete controlled metric space with o : W x W — [1,00)
defined as a(wr,w2) = 3lw1(t)| + 2|w2(t)| + 2. Let us consider the Fredholm integral
equation:

b
wlt) = [ Mtrw(r) dr+ v, (20)
where t,r € [a,b], v : [a,b] = R and M : [a,b] X [a,b] x R = R both are continuous

functions. Let Sy = Sz = W= (C([a,b]),R). Clearly, S1, Sz are closed subsets of W.
Define T: S1 USy — S1 US2 by

b
:/ M(t,r,w(r))dr +v(t), for t, r € la,b], (21)
where both v and M are continuous functions. Clearly, T(S1) C Sz and T(S2) C Si.

Thus, T is a cyclic map on S1 U Sa. Moreover, let us consider that for w € W and
t,r € [a,b], the following condition holds:

IM(t,r,w(r)) — M(t,r, Tw(r))| < %|w(7") — Tw(r)|. (22)

Then, the integral equation (20) has a solution. Now, we will show that T satisfies
all the conditions of Theorem 2.2. For w € W, consider

| T?w(t) — Tw(t)]” = |T(Tw(t)) — Tw(t)[®
|/ (t,r, Tw(r)) — M(t,r,w(r)) dr\2

/af\Tw W)l dr

< 2do(Tw,w).

This implies that
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da (T2, T) < {da(T,w),

where Kk = i € (0,1). Thus, all the conditions of Theorem 2.2 follow by the hypothesis.
Hence, T has a fized point, that is, the Fredholm integral equation (20) has a solution.

Theorem 3.2. Let W = C([a, b],R) be the space of all continuous real valued func-
tions defined on the closed interval [a,b] with a metric given by

dalwi, w2) = sup [ () — wa(t) (23)
t€(a,b]
Clearly, (W,da) is a complete controlled metric space with o : W x W — [1,00)
defined as a(wi,ws) = 3|lwi(t)| + 2|w2(t)| + 2. Let us consider the Fredholm integral
equation

b
w(t) :/ M(t,r,w(r))dr + v(t), (24)

where t,r € [a,b], v : [a,b] = R and M : [a,b] X [a,b] x R — R both are continuous
functions. Let S1 = S = W = (C([a, b]),R). clearly Si, Sz are closed subsets of W.
Define T: S1 USz — S1US2 by

b
t) :/ M(t,r,w(r))dr +v(t), for t, r € [a,b], (25)

where both v and M are continuous functions. Clearly, T(S1) C Sz and T(S2) C Si.
Thus, T is a cyclic map on S1 U Sa. Moreover, let us consider that for w € W, 2 >0
and t,r € [a,b], the following condition holds:

_a
2 (w(r) = Tw(r))|. (26)
Then, the integral equation (24) has a solution. Now, we will show that T satisfies
all the conditions of Theorem 2.7. For w € W, consider

Mt 0(r) = M(t, 7 Tu()] < |5e

| T*w(t) — Tw(t)|* = | T(Tw(t)) - Tw(t)|*

|/ (t, 7, Tw(r)) — M(t,7,w(r))dr|

Which implies that

4do (T?w, Tw) < e do(Tw,w).
Thus,

13
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In(4da (T?w, Tw)) < In(e™) + In(da (Tw, w)).

That is,

Q + In(4d (T?w, Tw)) < In(da(Tw,w)).

Hence, all the conditions of Theorem 2.7 are satisfied for F(t1) = Int1, t1 > 0 and
k = 4. Thus, T has a fized point, that is, the Fredholm integral equation (24) has a
solution.
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