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Abstract. In this article, we establish various fixed point results in the
structure of controlled metric spaces. By the help of that results, we give
efficient solution of a Fredholm type integral equation. Moreover, some
examples are given to show the conceptual depth within this approach.

1 Introduction

More than a century ago in 1903, Fredholm [6] did wonders in the theory of non linear
integral equations by presenting an integration expression with fixed limits:
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k(ω) = Υ(ω) + λ

∫ q

p

Φ(ω, t)k(t) dt. (1)

In this expression, p and q are constants and λ is a parameter. Given Υ(ω) and the
kernel function Φ(ω, t), the problem is typically to find the function k(ω). Integral
equations of Fredholm have been widely used in different fields of mathematics, e.g,
physical mathematics, computational mathematics and approximation theory. Mo-
tivated by his great work, many researchers have focused their work on solving the
Fredholm integral equation by applying the technique of fixed point theory. Rus in
[15] used Krasnoselskii’s fixed point theorem on cones in order to obtain positive
continuous solutions of the following Fredholm integral equation

k(ω) = Υ(ω) +

∫ T

0

Φ(ω, t)f(k(t)) dt, ω ∈ [0,T], T > 0. (2)

using limit type conditions for f in (0,∞). In [4], Berenguer et al. established a method
ofo a numerical approximation of the fixed point of an operator, especially the integral
one associated with a non linear Fredholm integral equation, that uses the properties
of a classical Schauder basis in the Banach space C([a, b]×[a, b]). In the same direction,
Pathak et al. in [13] proved a fixed point result for a pair of weakly compatible
mappings, and by the use of that result they proved the existence of a solution
of a system of non linear integral equations. For more related works, you can see
[8, 14, 2, 1]. Recently, Karapinar et al. in [9] proved fixed point results over extended
b-metric spaces and applied that results to find a solution of the equation (1). The in-
depth analysis of a non linear expression has resulted one of the best principle, called
the Banach contraction principle (BCP). Researchers have been greatly benefited from
generalizations of this principle. BCP has been widely utilized by many researchers
in their vital researches. In nut shell, many portion of fixed point theory contains
BCP generalization. Below, we recall some basic generalizations of it.

Definition 1.1 ([11]). A mapping T : S1∪S2 → S1∪S2 is called cyclic, if T(S1) ⊂ S2

and T(S2) ⊂ S1, where S1, S2 are nonempty subsets of a metric space (W, d).

Definition 1.2 ([11]). A cyclic map T : S1∪S2 → S1∪S2 is called cyclic contraction,
if for all ω1 ∈ S1, ω2 ∈ S2, there exists κ ∈ (0, 1) such that

d(Tω1,Tω2) ≤ κd(ω1, ω2).

Definition 1.3 ([10]). A cyclic map T : S1 ∪ S2 → S1 ∪ S2 is called a cyclic orbital
contraction, if for all ω1 ∈ S1, there exists κ ∈ (0, 1) such that

d(T2nω1,Tω2) ≤ κd(T2n−1ω1, ω2), (3)

where ω2 ∈ S1, n ∈ N and S1, S2 are closed subsets of W.

Definition 1.4 ([16]). A mapping T : W → W on a metric space (W,d) is called
F-contraction, if there exists Ω > 0 such that
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Ω + F(d(Tω1,Tω2)) ≤ F(d(ω1, ω2)), (4)

for all ω1, ω2 ∈W with d(ω1, ω2) > 0, where F : [0,∞)→ R is function satisfying the
following axioms:

(I) F is strictly increasing;

(II) for each sequence {an} ⊂ (0,∞) of positive real numbers, limn→∞ an = 0 if
and only if limn→∞ F(an) = −∞;

(III) for each sequence {an} ⊂ (0,∞) of positive real numbers, limn→∞ an = 0,
there exists κ ∈ (0, 1) such that limn→∞(an)κF(an) = 0;

We denote by F the family of all functions F satisfying (I)− (III).

In 2015, Cosentino et al. [?]ointroduced theofollowingoDefinition, andoprovedofixed
pointoresults overomulti valued F-contraction inob-metric [5, 3]ospaces.

Definition 1.5. Let κ ≥ 1 be aorealonumber. Then by Fκ weodenote theofamily of
allofunctions F : (0,∞)→ R, whichosatisfies theofollowing axioms:

(I) F isostrictly non-decreasing;

(II) foroeachosequence {an} ⊂ (0,∞) of positiveoreal numbers, limn→∞ an = 0 if
andoonly if limn→∞ F(an) = −∞;

(III) foroeachosequence {an} ⊂ (0,∞) of positiveoreal numbers, limn→∞ an = 0,
thereoexists l ∈ (0, 1) such that limn→∞(an)lF(an) = 0;

(IV) For each sequence {an}n∈N of positive numbers such that

τ + F(κan) ≤ F(an−1), for all n ∈ N and some τ > 0,

then

τ + F(κnan) ≤ F(κn−1an−1), for all n ∈ N.

Recently in [12], Mlaiki et al. introduced controlled type metric space as a general-
ization of a b-metric space, which is different from extended b-metric spaces [7].

Definition 1.6 ([12]). Let W be a nonempty set and α : W×W → [1,∞). Then a
mapping dα : W×W→ [0,∞) is called a controlled metric, if for all ω1, ω2, ω3 ∈W,
it satisfies the following axioms:

(i) dα(ω1, ω2) = 0 iff ω1 = ω2,

(ii) dα(ω1, ω2) = dα(ω2, ω1),

(iii) dα(ω1, ω3) ≤ α(ω1, ω2)dα(ω1, ω2) + α(ω2, ω3)dα(ω2, ω3).

The pair (W, dα) is called a controlled metric space.

Remark 1.1 Every b-metric space is a controlled metric space, if we take α(ω1, ω2) =
s ≥ 1 for all ω1, ω2 ∈ W. Generally, a controlled metric space is not an extended b-
metric space, if we take same functions α = θ as follows:
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Example 1.7 ([12]). Let W = {1, 2, . . . . . .}. Define dα : W×W→ [0,∞) as:

dα(ω1, ω2) =


0, if ω1 = ω2;
1
ω1
, if ω1 is even and ω2 is odd;

1
ω2
, if ω1 is odd and ω2 is even;

1, otherwise.

Hence (W, dα) is a controlled metric space, where α : W×W→ [1,∞) is defined as:

α(ω1, ω2) =


ω1, if ω1 is even and ω2 is odd;
ω2, if ω1 is odd and ω2 is even;
1, otherwise.

Clearly, dα is not an extended b-metric for the same function α = θ.

In this paper, we introduce and establish new sort of contractions, called controlled
cyclic orbital contractions and controlled cyclic orbital F -contractions in the setting of
controlled metric spaces. By the help of that results, we are in the position to consider
real-life applications in a very general structure such as simple and efficient solution
of a Fredholm integral equation in the setting of a controlled metric space. Moreover,
some examples are given to show the conceptual depth within this approach.

2 Main Results

In this section, we introduce the notion of controlled cyclic orbital contractions.

Definition 2.1. Let S1, S2 be nonempty subsets of a controlled metric space (W, dα).
Then a cyclic map T : S1∪S2 → S1∪S2 is called a controlled cyclic orbital contraction,
if for some ω1 ∈ S1, there exists κ ∈ (0, 1) such that

dα(T2nω1,Tω2) ≤ κdα(T2n−1ω1, ω2), (5)

where ω2 ∈ S1 and n ∈ N.

Theorem 2.2. Let S1 and S2 be nonempty closed subsets of a complete controlled
metric space (W, dα) such that dα is a continuous functional. Let T : S1∪S2 → S1∪S2

be a controlled cyclic orbital contraction. Also suppose that for any ω0 ∈W,

sup
m≥1

lim
i→∞

α(ωi+1, ωi+2)

α(ωi, ωi+1)
α(ωi+1, ωm) <

1

k
, (6)

where ωn = Tnω0, n = 1, 2, . . . . Then S1 ∩ S2 is nonempty and T has a unique fixed
point.

Proof. Suppose there exists ω0 ∈ S1 satisfying equation (5). Define an iterative
sequence {ωn} starting from ω0 as follows:

ω1 = Tω0, ω2 = Tω1 = T(Tω0) = T2ω0, . . . , ωn = Tnω0, . . .
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From equation (5), we have

dα(T2ω0,Tω0) ≤ κdα(Tω0, ω0).

Recursively, we have

dα(T3ω0,T
2ω0) ≤ κdα(T2ω0,Tω0)

≤ κ2dα(Tω0, ω0).

As for any n ∈ N, either n or n+ 1 is even, so we have

dα(Tn+1ω0,T
nω0) ≤ κndα(Tω0, ω0),

that is,

dα(ωn+1, ωn) ≤ κndα(ω1, ω0). (7)

From the triangle inequality and equation (7) for m > n, we have

dα(ωn, ωm) ≤ α(ωn, ωn+1)dα(ωn, ωn+1) + α(ωn+1, ωm)dα(ωn+1, ωm)

≤ α(ωn, ωn+1)dα(ωn, ωn+1) + α(ωn, ωm)α(ωn+1, ωn+2)dα(ωn+1, ωn+2)

+ α(ωn, ωm)α(ωn+2, ωm)dα(ωn+2, ωm)

...

≤ α(ωn, ωn+1)dα(ωn, ωn+1) +

m−2∑
i=n+1

(
i∏

j=1

α(ωj , ωm)

)
α(ωi, ωi+1)dα(ωi, ωi+1)

+

m−1∏
j=n+1

α(ωj , ωm)α(ωm−1, ωm)dα(ωm−1, ωm)

≤ α(ωn, ωn+1)dα(ωn, ωn+1) +

m−1∑
i=n+1

(
i∏

j=1

α(ωj , ωm)

)
α(ωi, ωi+1)dα(ωi, ωi+1)

≤ [α(ωn, ωn+1)κn +

m−1∑
i=n+1

(
i∏

j=1

α(ωj , ωm)

)
α(ωi, ωi+1)κi]dα(ω1, ω0).

Using (6) for any ω0 ∈ S1, we get the series
∑∞
i=1

(∏i
j=1 α(ωj , ωm)

)
α(ωi, ωi+1)κi con-

verges by the ratio test for eachm ∈ N. Let S =
∑∞
i=1

(∏i
j=1 α(ωj , ωm)

)
α(ωi, ωi+1)κi

and

Sn =

n∑
p=1

(
p∏
q=1

α(ωq, ωm)

)
α(ωp, ωp+1)κp.



6 N. ALAMGIR et al.

Thus, for m > n, we have

dα(ωn, ωm) ≤ [α(ωn, ωn+1)κn + (Sm−1 − Sn)]dα(ω1, ω0). (8)

Condition (6) implies that limn→∞ Sn exists and hence the real sequence {Sn} is
Cauchy. Finally, if we take limit in the inequality (8) as n,m→∞, we deduce that

lim
n,m→∞

dα(ωn, ωm) = 0, (9)

that is, {ωn} is a Cauchy sequence. Hence as a result, there exists ρ ∈ S1 ∪ S2

such that ωn → ρ. Now, note that {ω2n} = {T 2nω0} is a sequence in S1 and
{ω2n−1} = {T 2n−1ω0} is a sequence in S2 and both converge to ρ. As the sets
S1 and S2 are closed in W and ρ ∈ S1∩S2, hence S1∩S2 is nonempty. Next, we prove
that ρ is a fixed point of T. The continuity of dα yields that

dα(ρ,Tρ) = lim
n→∞

dα(T2nω,Tρ)

≤ κ lim
n→∞

dα(T2n−1ω, ρ)

= 0.

Thus ρ is a fixed point of T. For the uniqueness, assume there exists % ∈ S1 ∩ S2,
ρ 6= % such that T% = %. Now,

dα(ρ, %) = dα(Tρ,T%)

≤ κdα(ρ, %)

< dα(ρ, %).

Which is a contradiction. Hence, ρ = % and ρ is the unique fixed point of T. �

Remark 2.3. Since a controlled metric space is not in general an extended b-metric
space. Therefore Theorem 2.2 is different from Theorem 1 of Karapinar et al. [9].

Remark 2.4. (1) For α(ω1, ω2) = s ≥ 1, the above theorem reduces to the b-
metric space.

(2) For α(ω1, ω2) = 1, the above theorem reduces to the main result of Karpagam
et al. [10].

Example 2.5. Let W = R. Define dα : W×W→ [0,∞) by dα(ω1, ω2) = (ω1−ω2)2.
Then, clearly (W,dα) is a complete controlled metric space with α : W×W→ [1,∞)
defined as α(ω1, ω2) = 3ω1+2ω2+2. Let S1 = [0, 1

3
] and S2 = [ 1

4
, 1]. Define a mapping

T : S1 ∪ S2 → S1 ∪ S2 as

Tω1 =

{
1
3
, 0 ≤ ω1 ≤ 1

4
;

1
2
(1− ω1), 1

4
< ω1 ≤ 1.

First, we have to show that T is a cyclic map.
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(i) If ω1 = 0 ∈ S1, then T0 = 1
3
∈ S2.

(ii) If ω1 = 1
3
∈ S1, then T 1

3
= 1

3
∈ S2.

(iii) If ω1 = 1
4
∈ S2, then T 1

4
= 1

3
∈ S1.

(iv) If ω1 = 1 ∈ S2, then T1 = 0 ∈ S1.

Hence T(S1) ⊆ S2, T(S2) ⊆ S1 and T is a cyclic map. Next fix any ω1 ∈ S1. Let
ω1 = 0, then we have

Tω1 =
1

3
, T2ω1 = T(Tω1) =

1

3
, . . . .

Thus Tnω1 = 1
3
, therefore T2nω1 = 1

3
and T2n−1ω1 = 1

3
. For ω2, we will take the

following cases:

Case 1: If ω2 = 0, T0 = 1
3
, then dα(T2nω1,Tω2) = dα( 1

3
, 1

3
) = 0 and dα(T2n−1ω1, ω2) =

dα( 1
3
, 0) = 1

9
. Hence, for κ = 1

4
∈ (0, 1)

dα(T2nω1,Tω2) ≤ κdα(T2n−1ω1, ω2).

Case 2: If ω2 = 1
3
, T 1

3
= 1

3
, then dα(T2nω1,Tω2) = dα( 1

3
, 1

3
) = 0 and dα(T2n−1ω1, ω2) =

dα( 1
3
, 1

3
) = 0. Hence, for κ = 1

4
∈ (0, 1)

dα(T2nω1,Tω2) ≤ κdα(T2n−1ω1, ω2).

Case 3: If 0 < ω2 <
1
3
, we will take subcases:

Subcase A: If 0 < ω2 ≤ 1
4
, Tω2 = 1

3
, then dα(T2nω1,Tω2) = dα( 1

3
, 1

3
) = 0 and

dα(T2n−1ω1, ω2) = dα( 1
3
, ω2) = ( 1

3
− ω2)2. Hence for κ = 1

4
∈ (0, 1)

dα(T2nω1,Tω2) ≤ κdα(T2n−1ω1, ω2).

Subcase B: If 1
4
< ω2 ≤ 1

3
, Tω2 = 1

2
(1 − ω2), then dα(T2nω1,Tω2) = dα( 1

3
, 1

2
(1 −

ω2)) = ( 1
3
− 1

2
+ ω2

2
)2. This implies that dα(T2nω1,Tω2) = (−1

6
+ ω2

2
)2 =

1
4
(ω2 − 1

3
)2, and dα(T2n−1ω1, ω2) = dα( 1

3
, ω2) = ( 1

3
− ω2)2. Hence for

κ = 1
4
∈ (0, 1)

dα(T2nω1,Tω2) ≤ κdα(T2n−1ω1, ω2).

Hence, in all cases, the conditions of Theorem 2.2 are satisfied, and 1
3

is the unique
fixed point of T.

Definition 2.6. Let S1, S2 be nonempty subsets of a controlled metric space (W, dα).
Then a cyclic map T : S1 ∪ S2 → S1 ∪ S2 is called a controlled cyclic orbital F-
contraction, if for some ω1 ∈ S1, there exists Ω > 0 such that for all ω1, ω2 ∈W with
dα(Tω1,Tω2) > 0, the following inequality holds:

Ω + F(κdα(T2nω1,Tω2)) ≤ F(dα(T2n−1ω1, ω2)), (10)

where κ > 1, ω2 ∈ S1 and n ∈ N.
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Theorem 2.7. Let S1 and S2 be two nonempty subsets of a complete controlled
metric space (W, dα).Let T : S1 ∪ S2 → S1 ∪ S2 be a continuous controlled cyclic
orbital F-contraction such that for any ω0 ∈W,

sup
m≥1

lim
i→∞

α(ωi+1, ωi+2)

α(ωi, ωi+1)
α(ωi+1, ωm) < κ, (11)

where κ > 1 and ωn = Tnω0, n = 1, 2, . . . . Then S1 ∩ S2 is nonempty and T has a
fixed point.

Proof. let us consider an arbitrary ω0 ∈ S1 satisfying equation (10). As for any
n ∈ N, either n or n+ 1 is even, so we have

F(κndα(Tn+1ω,Tnω)) ≤ F(dα(Tω, ω))− nΩ. (12)

By taking limit n → ∞ in equation (12), we get limn→∞ F(κndα(ωn, ωn+1)) = −∞.
Thus from condition (II) of Definition 1.4, we have

lim
n→∞

κndα(ωn, ωn+1) = 0.

Also from condition (III), there exists l ∈ (0, 1) such that

lim
n→∞

(κndα(ωn, ωn+1))lF(κndα(ωn, ωn+1)) = 0.

From equation (12), for all n ∈ N, the following holds:

lim
n→∞

(κndα(ωn, ωn+1))lF(κndα(ωn, ωn+1))− lim
n→∞

(κndα(ωn, ωn+1))lF(A0) ≤

lim
n→∞

−(κndα(ωn, ωn+1))lnΩ ≤ 0. (13)

By letting n→∞ in (13), we obtain

lim
n→∞

n(κndα(ωn, ωn+1))l = 0. (14)

From equation (14), there exists n1 ∈ N such that n(κndα(ωn, ωn+1))l ≤ 1 for all
n ≥ n1. Thus for all n ≥ n1, we have

dα(ωn, ωn+1) ≤ 1

κnn
1
l

. (15)

From the triangle inequality and equation (15) for m > n ≥ n1, we have
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dα(Tnω,Tmω) = dα(ωn, ωm)

≤ α(ωn, ωn+1)dα(ωn, ωn+1) + α(ωn+1, ωm)dα(ωn+1, ωm)

≤ α(ωn, ωn+1)dα(ωn, ωn+1) + α(ωn, ωm)α(ωn+1, ωn+2)dα(ωn+1, ωn+2)

+ α(ωn, ωm)α(ωn+2, ωm)dα(ωn+2, ωm)

≤ . . .

≤ α(ωn, ωn+1)dα(ωn, ωn+1) +

m−2∑
i=n+1

(
i∏

j=1

α(ωj , ωm)

)
α(ωi, ωi+1)dα(ωi, ωi+1)

+

m−1∏
j=n+1

α(ωj , ωm)α(ωm−1, ωm)dα(ωm−1, ωm)

≤ α(ωn, ωn+1)
1

κnn
1
l

+

m−1∑
i=n+1

(
i∏

j=1

α(ωj , ωm)

)
α(ωi, ωi+1)

1

κii
1
l

≤ α(ωn, ωn+1)
1

κnn
1
l

+

∞∑
i=n+1

(
i∏

j=1

α(ωj , ωm)

)
α(ωi, ωi+1)

1

κii
1
l

.

By (11), the series
∑∞
n=1

1

κnn
1
l

∏n
i=1 α(ωi, ωm)α(ωi, ωi+1) converges by the ratio test

for each m ∈ N. Let

S =

∞∑
i=1

1

κii
1
l

i∏
j=1

α(ωj , ωm)α(ωi, ωi+1), Sn =

n∑
p=1

1

κpp
1
l

p∏
q=1

α(ωq, ωm)α(ωp, ωp+1).

Therefore for m > n, we have

dα(ωn, ωm) ≤ α(ωn, ωn+1)
1

n
1
l

+ Sm−1 − Sn. (16)

Condition (11) yields that limn→∞ Sn exists and hence the real sequence {Sn} is
Cauchy. Taking n,m→∞, in the inequality (16), we get that

lim
n,m→∞

dα(ωn, ωm) = 0. (17)

We conclude that {ωn} is a Cauchy sequence. Hence, as a result, there exists ρ ∈
S1 ∪ S2 such that ωn → ρ. Now, note that {ω2n} = {T 2nω0} is a sequence in S1 and
{ω2n−1} = {T 2n−1ω0} is a sequence in S2 and both converge to ρ. As the sets S1 and
S2 are closed in W and ρ ∈ S1 ∩ S2. Hence, S1 ∩ S2 is nonempty. Next, we prove that
ρ is a fixed point of T. Let ρ 6= Tρ, then from the triangle inequality

dα(ρ,Tρ) ≤ α(ρ,T2nω0)dα(ρ,T2nω0) + α(T2nω0,Tρ)dα(T2nω0,Tρ). (18)

Since T2n−1ω0 → ρ as n→∞, and from the continuity of T, we have limn→∞ dα(T2nω0,Tρ) =
0. Hence, from equation (18), we get dα(ρ,Tρ) = 0 as n→∞. Hence, ρ = Tρ and ρ
is the fixed point of T.

�
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Remark 2.8. As controlled metric space is a generalization of b-metric space, which
is different from extended b-metric space. Therefore Theorem 2.7 is different from
Theorem 2 of Karapinar et al. [9].

Remark 2.9. (a) For α(ω1, ω2) = s ≥ 1, Theorem 2.7 reduces to the b-metric
space.

(b) For α(ω1, ω2) = 1, Theorem 2.7 reduces to the metric space.

Example 2.10. Let W = { 1
2n : n ∈ N} ∪ {0}. Define dα : W ×W → [0,∞) by

dα(ω1, ω2) = (ω1 − ω2)2. Then, clearly (W,dα) is a complete controlled metric space
with α : W ×W → [1,∞) defined as α(ω1, ω2) = 3ω1 + 2ω2 + 1. Let S1 = { 1

22n−1 :
n ∈ N} ∪ {0} and S2 = { 1

22n : n ∈ N} ∪ {0}. Define a mapping T : S1 ∪ S2 → S1 ∪ S2

as

Tω1 =

{
1

2n+1 , if ω1 ∈ { 1
2n : n ∈ N};

0, if ω1 = 0.

Clearly T(S1) ⊆ S2, T(S2) ⊆ S1 and T is a cyclic map. Next, fix any ω1 ∈ S1. Let
ω1 = 1

22n−1 , then we have

Tω1 =
1

22n
, T2ω1 = T(Tω1) =

1

22n+1
, . . . .

Thus, T2nω1 = 1
22n+2n−1 = 1

24n−1 and T2n−1ω1 = 1
24n−2 . For ω2, we will take the

following cases:

Case 1: If ω2 ∈ S1/{0, 1}, let

ω2 =
1

22m−1
, (m > n ≥ 1).

We have Tω2 = 1
22m . Also,

dα(T2nω1,Tω2) = dα

(
1

24n−1
,

1

22m

)
=

(
1

24n−1
− 1

22m

)2

=

(
22m − 24n−1

24n+2m−1

)2

,

and

dα(T2n−1ω1, ω2) = dα

(
1

24n−2
,

1

22m−1

)
=

(
1

24n−2
− 1

22m−1

)2

=

(
22m−1 − 24n−2

24n+2m−3

)2

.
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Define the function F : [0,∞)→ R by F(t) = ln t, for all t ∈ [0,∞) and Ω > 0.

F(2dα(T2nω1, ω2))− F(dα(T2n−1ω1, ω2)) = ln 2 + 2

(
ln

22m − 24n−1

24n+2m−1
− ln

22m−1 − 24n−2

24n+2m−3

)
= ln 2 + 2 ln

(
22m − 24n−1

24n+2m−1
× 24n+2m−3

22m−1 − 24n−2

)
= ln 2 + 2 ln

(
22m − 24n−1

22m−1 − 24n−2
× 2−2

)
= 2 ln

(
22m − 24n−1

22m+1 − 24n

)
= ln 2 + 2 ln

(
22m − 24n−1

2(22m − 24n−1)

)
= ln 2 + 2 ln

1

2

< −1

3
.

Case 2: If ω2 = 0, T0 = 0, then

dα(T2nω1,Tω2) = dα

(
1

24n−1
, 0

)
=

(
1

24n−1

)2

,

and

dα(T2n−1ω1, ω2) = dα

(
1

24n−2
, 0

)
=

(
1

24n−2

)2

.

Thus, we have

F(2dα(T2nω1, ω2))− F(dα(T2n−1ω1, ω2)) = ln 2 + 2

(
ln

1

24n−1
− ln

1

24n−2

)
= 2 ln

(
1

24n−1
× 24n−2

1

)
= ln 2 + 2 ln

(
2−1)

= ln 2 + 2 ln
1

2

< −1

3
.



12 N. ALAMGIR et al.

Hence, for Ω = 1
3

and κ = 1
3
, T is a controlled cyclic orbital F -contraction. Thus, all

the conditions of Theorem 2.7 are satisfied, and 0 is the fixed point of T.

3 Applications to the Existence of a Solution
of a Fredholm Integral Equation

In this section, we ensure the existence of solution of a Fredholm integral equation.

Theorem 3.1. Let W = C([a, b],R) be the space of all continuous real valued func-
tions defined on closed interval [a, b] with a controlled metric given as

dα(ω1, ω2) = sup
t∈[a,b]

|ω1(t)− ω2(t)|2. (19)

Clearly, (W,dα) is a complete controlled metric space with α : W ×W → [1,∞)
defined as α(ω1, ω2) = 3|ω1(t)| + 2|ω2(t)| + 2. Let us consider the Fredholm integral
equation:

ω(t) =

∫ b

a

M(t, r, ω(r)) dr + v(t), (20)

where t, r ∈ [a, b], v : [a, b] → R and M : [a, b] × [a, b] × R → R both are continuous
functions. Let S1 = S2 = W = (C([a, b]),R). Clearly, S1, S2 are closed subsets of W.
Define T : S1 ∪ S2 → S1 ∪ S2 by

ω(t) =

∫ b

a

M(t, r, ω(r)) dr + v(t), for t, r ∈ [a, b], (21)

where both v and M are continuous functions. Clearly, T(S1) ⊂ S2 and T(S2) ⊂ S1.
Thus, T is a cyclic map on S1 ∪ S2. Moreover, let us consider that for ω ∈ W and
t, r ∈ [a, b], the following condition holds:

|M(t, r, ω(r))−M(t, r,Tω(r))| ≤ 1

2
|ω(r)− Tω(r)|. (22)

Then, the integral equation (20) has a solution. Now, we will show that T satisfies
all the conditions of Theorem 2.2. For ω ∈W, consider

|T2ω(t)− Tω(t)|2 = |T(Tω(t))− Tω(t)|2

= |
∫ b

a

[M(t, r,Tω(r))−M(t, r, ω(r)) dr|2

≤
∫ b

a

1

4
|Tω(r)− ω(r)|2 dr

≤ 1

4
dα(Tω, ω).

This implies that
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dα(T2ω,Tω) ≤ 1

4
dα(Tω, ω),

where κ = 1
4
∈ (0, 1). Thus, all the conditions of Theorem 2.2 follow by the hypothesis.

Hence, T has a fixed point, that is, the Fredholm integral equation (20) has a solution.

Theorem 3.2. Let W = C([a, b],R) be the space of all continuous real valued func-
tions defined on the closed interval [a, b] with a metric given by

dα(ω1, ω2) = sup
t∈[a,b]

|ω1(t)− ω2(t)|2. (23)

Clearly, (W,dα) is a complete controlled metric space with α : W ×W → [1,∞)
defined as α(ω1, ω2) = 3|ω1(t)| + 2|ω2(t)| + 2. Let us consider the Fredholm integral
equation

ω(t) =

∫ b

a

M(t, r, ω(r)) dr + v(t), (24)

where t, r ∈ [a, b], v : [a, b] → R and M : [a, b] × [a, b] × R → R both are continuous
functions. Let S1 = S2 = W = (C([a, b]),R). clearly S1, S2 are closed subsets of W.
Define T : S1 ∪ S2 → S1 ∪ S2 by

ω(t) =

∫ b

a

M(t, r, ω(r)) dr + v(t), for t, r ∈ [a, b], (25)

where both v and M are continuous functions. Clearly, T(S1) ⊂ S2 and T(S2) ⊂ S1.
Thus, T is a cyclic map on S1 ∪ S2. Moreover, let us consider that for ω ∈W, Ω > 0
and t, r ∈ [a, b], the following condition holds:

|M(t, r, ω(r))−M(t, r,Tω(r))| ≤ |1
2
e−

Ω
2 (ω(r)− Tω(r))|. (26)

Then, the integral equation (24) has a solution. Now, we will show that T satisfies
all the conditions of Theorem 2.7. For ω ∈W, consider

|T2ω(t)− Tω(t)|2 = |T(Tω(t))− Tω(t)|2

= |
∫ b

a

[M(t, r,Tω(r))−M(t, r, ω(r)) dr|2

≤
∫ b

a

|1
2
e−

Ω
2 (Tω(r)− ω(r))|2 dr

≤ 1

4
e−Ωdα(Tω, ω).

Which implies that

4dα(T2ω,Tω) ≤ e−Ωdα(Tω, ω).

Thus,
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ln(4dα(T2ω,Tω)) ≤ ln(e−Ω) + ln(dα(Tω, ω)).

That is,
Ω + ln(4dα(T2ω,Tω)) ≤ ln(dα(Tω, ω)).

Hence, all the conditions of Theorem 2.7 are satisfied for F(t1) = ln t1, t1 > 0 and
κ = 4. Thus, T has a fixed point, that is, the Fredholm integral equation (24) has a
solution.
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