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Abstract. In this paper, we investigate some qualitative properties of
a class of nonlinear singular systems with multiple constant delays. By
using the Lyapunov-Krasovskii functional (LKF) method and integral
inequalities, we obtain some new sufficient conditions which guarantee
that the considered systems are regular, impulse-free and exponentially
stable. Two numerical examples are provided to illustrate the applica-
tion of the obtained results using MATLAB software. By this paper,
we extend and improve some results in the literature.
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1 Introduction

When we look at the mathematics literature, it is seen that there are
many articles on the stability of solutions of delay differential equations.
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Especially, in recent years, in many books and papers, linear and non-
linear singular systems have been discussed and numerous results have
been obtained on the stability and admissibility of these systems. In
addition, as some recent and interesting works, mathematical modeling
of human liver, fractional dynamics, chaotic and non-chaotic behaviors
and so on for some different mathematical models have been investigated
in the literature [1-6,26-28]

As we know, singular systems, which are also called differential-
algebraic, implicit, semi-state or descriptor systems are widely used in
various engineering systems such as manufacturing, chemical, economic
and circuit systems. The researches on these fields are greatly impor-
tant. The problems of stability and admissibility behaviors for singular
systems with delays have been investigated by many researchers (see,
for example [7-25] and references therein).

Some recent and related results can be summarized as the following;:

In 2011, Ding et al. [7] considered the following nonlinear singular
system with time-varying delay:

E(IZ(t) = A.’L‘(t) + B:L'(t — h(t)) + Glfl(t, a:(t)) + Ggfg(t, a:(t — h(t))

Using Lyapunov-Krasovskii functional and free-weighting method, the
authors established some sufficient conditions for the uniformly asymp-
totic stability of solutions of this singular system.

Later, Liu [10] considered the following linear singular system with
constant delay:
Ei(t) = Az(t) + Bx(t — h).

By means of Lyapunov-Krasovskii functional and the integral inequal-
ities, the author obtained asymptotic and exponential stability results
for this system.

Further, in 2014, Liu et al. [11] considered the following linear sin-
gular system with constant delay:

Ei(t) = Ax(t) + Agz(t — 7).



ON QUALITATIVE BEHAVIORS OF NONLINEAR...

By applying Lyapunov-Krasovskii functional and the Wirtinger-based
integral inequality method, Liu et al. [11] obtained a new stability cri-
terion for this system in terms of a linear matrix inequality (LMI).

The motivation of this paper has been inspired by the results of
Ding et al. [7], Liu [10], Liu et al. ([11], [12]) and those in the literature.
Here, we consider the following nonlinear singular system with multiple
constant delays:

Eix(t) =Axz(t) + Bx(t — hy) + Cx(t — he) + Fo(t, z(t))
+ Fi(t,z(t — h3)) + Fa(t,z(t — ha)),t > 0, (1)

with
x(@) = ¢(9),9 € [—h,O],h = maw{hl, h2, h3, h4} > 0,

where z(t) € R" is the state vector, h1, ho, hg, hy > 0 are constant delays,
¢(t) is a continuous initial function defined on [—h, 0],z = z(t + 0) for
—h <6 <0. A€ R"™™ is a negative definite real symmetric constant
matrix, B,C € R™*"™ are real constant matrices, the matrix £ € R™*"™ is
singular, and it is assumed that rankE =r < n,n > 1. F;(t,0) =0, F; €
CY{R* x R*",R"), (i = 0,1,2), and they satisfy the Lipschitz condition:

IFi(t, z0) — Fi(t, o)l < |Ui(z0 — wo)ll, vt € BT, ¥wo,50 € R*,  (2)

where Uy, Uy, Uy are some known constant matrices.

2 Preliminaries

We now give some definitions and lemmas, which are needed in advance.

Definition 1.1 ([6]). The pair (E, A) is said to be regular if det(sE —
A) # 0. The pair (E, A) is said to be impulse-free if deg(det(sE — A)) =
rank(E).

Definition 1.2 ([23]). The singular delay system (1) is said to be reg-
ular and impulse-free if the pair (E, A) is regular and impulse-free.
Definition 1.3 ([23]). The singular delay system (1) is said to be ad-
missible if it is regular, impulse-free and stable.
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Lemma 1.1 (][23]).Suppose that the pair (E, A) is regular and impulse-
free. Then, the solution of the singular delay system (1) exists and is
impulse-free and unique on [0, 00).

Lemma 1.2 ([10]). For any positive semi-definite matrix

X1 X2 Xi3
X=| X{, Xoo Xo3 | >0
XL XL Xss

the following integral inequality holds:

—/t i (s) X338 (s)ds S/ [ 2T(t) 2T(t—h) @T(s) ]

—h t—h
X1 X2 X3 x(t)
X X1T2 XQQ X23 x(t—h) ds.
XL XL o0 i(s)

Lemma 1.3 (Schur Complement) ([23]). Given any real matrices
Py, P, and P3 with P = P{ and P3 > 0. Then, we have

P+ PPy'PY <0

if and only if

P P
[ Py —P; ] <!
or equivalently
_P T
s Bl
P P

3 Main Results

A. Assumptions
Throughout this work, we suppose the following condition holds.

(A1) E is a singular matrix, rankE =r < n; P,R;,Q;,T},(j = 1,2) ,
are positive definite symmetric matrices and S, U;, (i = 0,1, 2), matrices
with appropriate dimensions and positive semi-definite matrices
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X1 X2 X3 Yii Y2 Yis
X=| X, X Xo3 | >0,Y=|Y] Yo Yo3 |>0
Xy Xgy Xz Y Yih Ya

such that the following LMIs hold:

PTE=FETP >0, (3)
[ Mix Myp Mz 0 0 Mg Mz7 Mg Mg ]
* M22 0 0 0 0 0 0 M29
* * M33 0 0 0 0 0 M39
* * * My O 0 0 0 0
M = * * * x*  Mss O 0 0 0 <0,
* * * * x Mg O 0 Mg
* * * * * x* M 0 Mg
* * * * * * x  Mgg Mgg
| * * * * * * * Moy |
(4)
ET(Ry — X33)E > 0, E"(Ry — Y33)E > 0,
ET(h X114+ X13 + X{5 + hoYi1 + Yi3 + Y5)E > 0, (5)

where Z € R"*("=") is any matrix satisfying ETZ = 0 and

My =ATP + PA+ ATZST + SZTA+ Q1+ Qo+ T1 + T + UL Uy
+ ET (M X1 + X3+ X5 4 hoYi1 + Yis + YE)E,

My =PBy, + SZT By, + ET (h1 X123 — X153 + X&)E,

M3 =PBy, + SZT By, + ET (haY12 — Y13 + Yob) E,

My =P, My7 = P, Mg = P,

Mg =hi AT Ry + ho AT Ry,

My =— Q1 + ET(h1 Xop — Xo3 — X1,)E,
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Mag =hy B} Ry + ho BE. Ry,

M3z = — Q2 + ET (haYas — Yoz — Y33) E,

M3y =h1 Bl Ry + ha BE, Ry,

My =—T, + e UL Uy, Mss = —Ts + eaUL U,

Mgs = — €0l , Mgg = h1 R1 + haRa,

Moy = — €11, M79g = hiR1 + haoRo,

Mgg = — eal, Mgg = h1 Ry + hoRg, Mgg = —h1 Ry — haRa,

where I is n x n— identity matrix, and ¢;, (i = 0,1, 2) are positive con-
stants.

Theorem 2.1. If the condition (A1) holds, then system (1) is asymp-
totically admissible.

Proof. Firstly, we show that the system (1) is regular and impulse free.
For this purpose, we choose two invertible matrices G, H € R™*" such
that

E:GEH:H 8} (6)

Then, the matrix Z can be defined as

_r| 0
e [K]

where K € R=7)X("=7) i3 any invertible matrix.

Next as in (6), we can define

o o A1 A2 a T 51
_ T pr—1 P Py T, |0
P =G~ PG _[Pg, P4]’Z G Z—[K}

From My < 0,e0Uf Uy > 0 and the condition (A1), we can write the
following inequality:
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IFr=ATP+PA+ATZST + SZTA <.

Pre- and post- multiplying I' < 0 by H” and H, respectively, then we
have

I=H'TH=A"P+PA+A Z5 +S5SZ'4
I Ty
— o _ __ | <O0. 7
* A4TP4 + Py Ay + A4TKSQT + SQKTA4 ( )

Since I'; and 'y are unrelated to the following discussion, the real ex-
pressions for these two variables are omitted here. Next, it follows from
the inequality (7) that

A P+ PiAs+ AL KSy + 5K Ay <0, (8)

and thus A, is nonsingular. For this reason, the pair (E, A) is regular
and impulse-free (see [23]). In the light of Definition 1.2, the system (1)
is also regular and impulse-free.

We now prove the asymptotic stability of the system (1). For this
aim, we define a new LKF as follows:

where
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Vi(t,zy) =27 (t)PEx(t),
Vo(t, zt) _/t—h mT(s)le(s)ds—i—/t_h 2T (5)Qax(s)ds
0yt
Va(t, z¢) :/_h /t+09b(a)ETR1E:b(a)dozd0
0t
i(a)ET T(a)da
+/_h2/t+9 () ET Ry Bi(o)dewdh,

Va(t, zy) :/t—h mT(s)T1$(s)ds+/t_h 21 (s)Thx(s)ds.

It is clear that the LKF in (9) is positive definite. In view of the Newton-

Leibnitz formula, calculating the time derivative of the LKF V' (¢, z¢) in
(9) along the system (1), we obtain

V(taxt) = Z‘/Z(ta It)v (10)

where

Vit, zy) =27 () AT Pa(t) 4+ 27 (t) PAx(t)
+ mT(t — h1)B} Px(t) + 2”7 (t — ho) B, Px(t)
2" (t)PBp,x(t — h1) + 2" (£) PBp, x(t — ha)
+ Fo (t,z(t))Pz(t)
+ F1 (t,2(t = ha))Px(t) + F3 (t,2(t — ha)) Pa(t)
2 (t)PFy(t, x(t))

a(
+ 2T () PF(t, z(t — h3)) + L (t)PFy(t, z(t — hy)),  (11)
Va(t, o) =27 (1) Qua(t) — a7 (t — h1)Qua(t — )

2 (1) Qo (t) — & (¢ — ha)Qax(t — ho), (12)
Va(t, zy) =ha” () ET Ry Ei(t)

t
- / iT(s)ET R1Ed(s)ds + hoi” (t)ET RoEi(t)
t—h1
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t
— / &7 (s)ET RyEi(s)ds
t—ho
t
=h1iT (t)ET R Ei(t) — / T (s)ET(Ry — X33)E(s)ds
t—hq
t
— / i (s)ET X33 Fi(s)ds
t—h1

+ hoi T (1) ET Ry Bi(1) — /t th T () ET (R — Vi) Ei(5)ds

— /t th i1 (s)ETYs3Ei(s)ds, (13)
Va(t, z) =2t () Thx(t) — 2T (t — hg)Tha(t — ha) + 21 (t) Tox(t)
— 2T (t — hy)Tox(t — hy). (14)

Next, we calculate the derivative of the terms in (13) as follows, respec-
tively:

maT () ET R Ei(t) =hi[2” () AT + 27 (t — h) B}, + 2" (t — ho) B,

+ FX(t,2(t)) + FL(t, z(t — hs))

+ FL(t,2(t — ha))|R1[Az(t) + Bp,z(t — hy)

+ Bp,x(t — he) + Fo(t, z(t)) + Fi(t,z(t — h3))

+ F(t, z(t — ha))]

:hlsvT( VAT Ry Az (t) + haaT (t) AT Ry By, x(t — hy)

t
t
t

T(t)
( )ATRlFo(t z(t))
T()AT R Fy(t,z(t — h3))
T AT R Fy(t,z(t — hy))
+ hlmT( hl)Bh R Ax(t)
( hl)Bh RyBp,z(t — hy)
T — hl)BthlBh2 x(t — ha)
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+ hya” (t — h1) By, RiFo(t, z(t))

+ hz” (t — i) Bi, RiFi(t, z(t — hs))
+ b2 (t — 1) BE Ry Fy(t, o(t — ha)) (15)
+ hyzt(t — hg)B,Z;Rle(t)

+ hz" (t — ho) Bl Ri By, 2(t — ha)

+ hz” (t — ho) B, Ri By, 2(t — ho)
+ hx” (t — ho) B, Ri Fy(t, (1))

+ hz” (t — he) BiL, Ry Fy (t, z(t — hs))
+ hz” (t — he) BiL, Ri Fy(t, x(t — ha))
+ thO ,x(t)) Ry Ax(t)

+ thO ,x(t))R1Bp,x(t — h1)

+ h FL (t, 2(t)) R1 Bp,x(t — ho)

+ h FL(t, () Ry Fo(t, x(t))

+ h FL(t, (t)) Ry Fy (t, o(t — h3))

+ h FL(t, x(t)) Ry Fo(t, o(t — hy))

(t,x(
(t,z(
(t,x(
(t,x(
(t,x(
(t,x(
(t,x(
Lt (
+ h FL(t, 2(t — h3)) Ry Bp,x(t — ho)
(t,x(
(t,x(
(t,x(
(t,x(
(t,x(
(t,x(
(t,x(
(t,x(

+ M FL(t,2(t — hy))R1Fo(t, z(t — hy)), (16)
hoi™ (t)ET RyEi(t) =hs[z” (t) AT + 2™ (t — h1) B[,

+ 2" (t — ho) B}, + FY (t,x(t))

+ FY (t,x(t — h3)) + Fy (t, 2(t — ha))| Ro[Ax(t)

+ By, x(t — h1) + Bp,x(t — ho)

+ Fo(t, 2(t) + Fi(t, 2(t — ha)) 4+ Fa(t, 2(t — hy))]
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:hQLUT(t)ATRQA.’E(t) + hng(t)ATRgBh1$(t — hl)

+ hoxl (t) AT Ry By, x(t — ha) + hox™ (t) AT Ry Fy(t, 2(t))
+ hoxT (1) AT Ry Fy (t, 2 (t — hs)) + hoxT (t) AT RoFy(t, 2(t — hy))
+ hox™ (t — h1)Bil, RoAx(t) + hoa' (t — hy) B} RoBp, x(t — hy)
+ hox™ (t — h1) B, RoBy,x(t — ho)

+ hox™ (t — h)BiL, RoFy(t, (1))

+ hozT (t— hl)Bh1 RoFi(t,z(t — h3))

+ hozT (t— h]_)BthQFQ(t,LU(t — hy))

+ hgl‘ (t — ho) h2R2Ax(t)

+ hoa' (t — hg) Bi,, Ry By, x(t — hy)

+ hozT (t — ho) h2RQBh2 x(t — ha)

+ hozT (t— hg)Bh2R2F0(t x(t))

+ hozT (t— hg)Bh2R2F1 (t,z(t — h3))

+ hox" (t — ho) Bil, RoFy(t, x(t — ha))

+ h2Fo (t,z(t))RaAx(t)

+ h2F0 (t,z(t))RaBp,x(t — h1)

+ h2F0 (t,z(t))RaBn,x(t — ha)

+ h2F0 (t,z(t))RaFo(t, x(t))

+ h2F0 (t,z(t))RaF (t, x(t — h3))

+ h2F0 (t,z(t))RaFa(t, x(t — hyg))

+ ho L (t, 2(t — h3)) Ry Az (t)

+ ho FL (t, x(t — h3))Ro By, x(t — hy)

+ ho FL (t, x(t — h3))RoBp,x(t — ho)

+ hoFL (¢, 2(t — h3))RoFo(t, z(t))

+ thlT(t, x(t — h3))RoFy(t,z(t — h3))

+ h2F1 (t,z(t — hg))RoFo(t, z(t — hy))

+ th2 (t,z(t — hg))RaAx(t)
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+ h2F2 (t,x(t — ha))RoBp,x(t — hq)

+ ho Ff (t, (t — hy))RoBp,x(t — ho)

+ hoFy (t,x(t — ha)) RoFy(t, (1))

+ ho Ff (t, x(t — hy))RoFy (t, 2(t — h3))

+ hoFL(t, 2(t — hy)) RoFa(t, 2(t — hy)). (17)

Using Lemma 1.2 and the Newton-Leibnitz formula for the terms

t
_ / i ()BT Xys B (s)ds
t—hq
and .
— / i1 (s)ETYs3Ei(s)ds
t—ho

n (13), respectively, we obtain the following inequalities:

t
/ i1 (s) X33i(s)ds (18)
t—hq
¢ X1 X2 Xuz x(t)
< / [2T() aT(t—hy) #7(s) | | XD Xo» Xog | | a(t—hi) | ds
t=h XL XL 0 a(s)

eT () [ X1t + XT + Xy3)a(t) + 27 (8)[m X12 — Xi3 + XE]z(t — hy)
+ 2T (t — ) [ XL, — XTI + Xos)z(t)

+ 2l (t — hy)[hi Xog — Xoz — Xd]x(t — hy), (19)
¢
_ / i () Yaui(5)ds
t—ho
¢ Yi1 Y2 Yis x(t)
S/ [ xT(t) JIT(t — hg) j}T(S) ] 1/175 Y22 Yég x(t — hg) ds
t=h Y5 Y 0 i(s)

SI'T(t) [hQYH + Ylj?: + Hg]l’(t) + ZL’T(t)[hQYm — Yig + YVQ%]ZL’(t — h2)
+a"(t — ho)[haY1h — Yy + Yas]a(t)
+ .”L‘T(t — hQ)[hQYQQ — Y23 — Yé‘g]l’(t — hQ) (20)
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In addition, nothing E7Z = 0, we can deduce

0 =2i7(t)ET ZST x(t),
0=2T(t)ATZSTx(t) + 27 (t — hl)B;:;ZSTx(t) + 2T (t - hg)B}ZZSTx(t)

+ 2T (t)SZT Ax(t) + 2T (t)SZT By, x(t — hy) + 27 (£)SZT By, 2(t — ho).
(21)

For nonlinear functions Fj(¢, xz(t)) endowed with ¢; > 0, (i = 0, 1,2), we
can obtain

0 < — eoFd (t, x(t)) Fo(t, z(t)) + eox” (1)UL Upz(t),

0<— €1F1T(t,217(t — hg))Fl(t,fL‘(t — hg)) + 611’T(t — hg)UirUll'(t - h3),
0<— EQFQT(t, :E(t — h4))F2(t, ."L‘(t — h4)) + Ezl'T(t — h4)U2TU21'(t — h4)
(22)
On the gathering the estimates (10)-(22), we have
] t
V(t,x) <€T(t)2E(t) — / @7 (s)ET(Ry — X33)Fi(s)ds
t—h1
t
— [ BT (e~ Yo Bi(s)is, (23)
t—ho

where

e8(t) =2zt (t) 2T (t — hy) 2T (t — hy) 2T (t — h3) 27 (t — hy)
Fg(t7$(t)) Fir(t’ ‘T(t - hS)) FQT(twr(t - h4))

and
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[E11 E12 Z13 0 0 Eis Z17 E1g
*  Hog EHaz O 0 Z96 Zor Eas
* * Eg3 0 O 336 537 538
- * * x  Hyg O 0 0 0
- * * * x Hgy O 0 0
* * * * ¥ Zgg =67 =68
* * * * * x  Hyr Erg
| * * * * * * *  Zgg |

with

21 =ATP+ PA+ ATZST + SZT A+ Q1 + Qa + UL Uy
+ ET(h1 X11 + Xi5 + X13)E
+ Ty + Ty + BT (hoYi1 + Yih + Yi3)E
+ mATRIA + ha AT Ry A,
E12 =PBj, + SZT By, + ET (i X12 — X13 + X5)E
+ mATR By, + ho AT Ry By,
E13 =PBp, + SZTBh2 + ET(haY12 — Y13 + ng)E
+ h1 AT Ry By, + ha AT Ry By,
Z16 =P + hi AT Ry + hoAT Ry, E17 = P+ hi AT Ry + ho AT Ry,
Si1g =P + hATR; + ho AT R,
Eoe = — Q1 + ET(h1 X2 — Xo3 — X44)F + hlBi:zFlRlBin
+ haBi, Ry By, ,
E93 =h1Bf. R1Bp, + ha Bl RoBy,,
Eo6 =h1Bi, Ri + ho B} Ra,Za7 = hiBi, R1 + ho B} Ro,
Eos =h1Bi R1 + ho Bl Rs,
Es3 = — Q2 + ET (hoYay — Yag — Yo3) E + hy B, R\ By,
+ haBi, Ry Bp,
Z36 =h1BY, R + hoBf, Ry, 37 = hi BE, Ry + ha B} Ry,
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Ess =h1BJ,R1 + haBJ, R,

Eu =—Ti+eaU{ U1, Es5 = =T + e2U3 Uy,
E66 =h1R1 + hoRa — €01, =67 = h1 Ry + ha Ry,
E6s =h1R1 + haRo,

Err =h1Ry + hoRo — €11,Z78 = hi Ry + hoRa,
=88 =h1R1 + hoRy — eol.

In order to guarantee V (¢, ;) < 0, we need to ensure that 2 < 0, ET (R; —
X33)E > 0 and ET(Ry — Y33)E > 0. It follows from the Lyapunov-
Krasovskii stability theorem and Lemma 1.3 and the Schur complement
(see [23]) that the conditions (4) and (5) are satisfied. Therefore, the
zero solution of the system (1) is asymptotically stable. Consequently,
since the system (1) is regular, impulse free and asymptotically stable,
it is asymptotically admissible.

Now, we present a new assumption for the next theorem.
B. Assumption

(A2) Assume that there exist a singular matrix E with rankFE =
r < n, positive definite symmetric matrices P, R;,Q;, T}, (j = 1,2), the
matrices S,U;, (i = 0,1,2) with appropriate dimensions and positive
semi-definite matrices

X1 X2 X3 Yi1 Y2 Yis
X=| XL X Xo3 |>0Y=]|YL Yoo Yo3 |>0
Xiy Xgz Xas Yy Y3 Vi

such that the following LMIs hold:

PTE=ETP >0, (24)
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[ N11 N1z Niz 0 0 Nig Niz Nig Nig |
* N22 0 0 0 0 0 0 N29
* * N33 0 0 0 0 0 Nz
* * x Ny O 0 0 0 0
N = * * * * Nz O 0 0 0 < 0,
* * * * x Ngg O 0 Ngo
* * * * * * Ngm 0 Nrpg
* * * * * * *  Ngg Ngg
R * * * * * * *  Ngg |
(25)
ET(Ry — X33)E > 0,E" (Ry — Ys3)E > 0,
ET(hX11 + X1z + X{5 + hoY11 + Y13 + Y{5)E >0, (26)

where Z € R"*("=") is any matrix satisfying E7Z = 0 and

Ny =(A+05a) TP+ P(A+0.5al) + ATZ2ST + 82T A
+ Q1+ Qo+ Ti + T+ eUj Up
+ e MET(h X1y + X135+ X5)E
+e 2 ET(hyVyy + Yis + Y5 E,
Nis =PBy,, + SZT By, + e *MET(hi X190 — X13 + XL)E,
Ni3 =PBy, + SZT By, + e " ET (hyY1o — Yi3 + Y5 E,
Nig =P,Ni7 = P,Nig = P, Nig = hi A" Ry + hy A" Ry,
Nog = M [ET (hy Xog — Xo3 — X1)E — Q1]
Nag =h1B{, Ri + ho B} Rs,
N3z =~ “"2[ET (hyYay — Yoz — Y35)E — Q2]
Nsg =hi B} Ry + ho Bl Ry, Nuy = —e ™" Ty + U Uy,
Nss = — e *MTy 4+ eUT Uy, Ngg = —eol, Ngg = hi R1 + ho Ry,
Nz = —e1l, N7g = hiRy + haRo, Ngg = —€al, Ngg = h1Ry + haRa,
Ngg = — h1Ry — hoRa,
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where I is n x n— identity matrix, and €;, (i = 0,1, 2) are positive con-
stants.

Theorem 2.2. If the assumption (A2) holds, then system (1) is expo-
nentially admissible.

Proof. In Theorem 2.1, it has been shown that the system (1) is regular
and impulse free. We now show that the zero solution of system (1) is
exponentially stable. From this point of view, we define as a new LKF
by

V(tal‘t) = Z‘/Z(ta -Tt)a (27)

where

Vi(t, z) =etzt (t)PEx(t),

Vata) = [ e ()Qua()ds
[ e (5)Qun(s)is
t—ha

3(t, x¢) / / (@)ET Ry Ei(a)dadd
hy Jt+0

/ / () ET RyEi(a)dadb,
ho Jt+0

Va(t, x¢) —/t . ezt (s)Tya(s )ds+/t . ezl (s)Thx(s)ds.

It is clear that the LKF (25) is positive definite. Calculating the time
derivative V (¢, z;) along the system (1) and using the Newton-Leibnitz
formula, we get

V(tvxt) = Z‘/Z(ta xt)v (28)

where

17
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Vi(t, z) =zt (t)(A + 0.5aD) T Px(t) + 21 (t)P(A + 0.5a1)x(t)
+ xT(t — h1)B} Px(t) + 27 (t — ha) B, Px(t)
o (t)PBp,x(t — hy) + 27 () PBpya(t — he)

+ Fo (t,x(t))Px(t) + Fi (t, x(t — hs)) Px(t)
+ F2 (t,z(t — hyg))Px(t)
2L () PFy(t,z(t)) + «T (t)PFL(t, z(t — h3))
wT () PFy(t, x(t — ha))}, (29)
Vs (t, ) —eo‘t{x HQ1x(t) — e~ T(t — h1)Qux(t — hy) + :UT(t)ng(t)
20Tt — ho)Qox(t — ho)}, (30)

t
Va(t, ) =e®thy i (1) ET Ry B (1) — / ¢33 (5) ET Ry Fi () ds
t—hq

t
+ e hyiT (t) ET RyEir(t) — / e i1 (s)ET RyFi(s)ds
t—ho
=" {hy it (t)ET Ry E(t)
t
- / G (SVET(Ry — Xa3)Ei(s)ds
t—h1

t
- / e i () ET X33 Ei(s)ds + hoi” (t) ET RyEi:(t)
t—hq

t
- / e DT (§)ET (Ry — Ya3)Eir(s)ds
t—ho

_ /t th 9650 1 () ET Yy Fi () ds ). (31)
Vit, xy) =e* {2t () Tya(t) — e (t — hy)Tia(t — hs) + 27 (£)Tox(t)
— ey T (4 — By Tou(t — ha)}. (32)

It is clear that, for any a scalar s € [t — hy,t],e” " < et < 1 and

t t
_ / DT (§)ET X3 Ei(s)ds < —e oM / i (s)ET X33 Fi(s)ds.
t—h -
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Similarly, for any a scalar s € [t — ho,t], we have e < et <
and

t

t
_/ ea(s_t)iT(s)ETi/éf}Ex.(S)dSS —e_ah2/ xT(S)ET}ggEx(S)dS
t

—ho t—ho

For nonlinear functions F;(¢, z(t)) endowed with ¢; > 0, (i = 0,1,2), it
follows that

0 < —eoFy (t,2(t)) Folt, x(t)) + eox” (t)Ug Up(t),
0<— ElFlT(t,.Z‘(t — hg))Fl(t,J}(t — hg)) + 61$T(t — hg)UlTUliv(t — h3),
0<— EQFQT(t,.Z‘(t — h4))F2(t,.7}(t — h4)) + 62$T(t — h4)U2TU2£U(t — h4).

From this point of view, it can be followed from the combination of the
equalities (26)-(30) and the above inequalities that

V(t, @) <e {7 (t)WE(t) — /tih e M iT ($)ET(Ry — X33)Ei(s)ds

t
— / e~ 23T (s)ET(Ry — Ys3)Ed(s)ds},
t—ho

where

T(t) =[zT(t) 2T (t — hy) 2T (t — hy) 2T (t — h3)
al(t — ha)Fy (t,x(t)F{ (t,2(t — h3)) Fy (t,2(t — ha))]

and

[ Wy Wyp Wy3 0 0 Wig W7 Wig |

*  Woy Woz 0 0 Wy Wor Wog

U — X * * \1144 0 0 0 0

* * * x Wss 0 0 0

* * * * x  Wgg Wer Wes

* * * * * x  Wor Weg
e * * * * * x  Wgg |

19
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with

Uy =(A+0.5a)T P+ P(A+0.5al) + ATZST + SZT A
+Q1+Q2+T1 + 15
+e M ET(h X1y + X + X13)E
+ eUT Uy + e M ET (hoY11 + Y5 + Yi3)E
+ W ATRIA + ho AT Ry A,
Wiy =PBy, +SZ' By, + e *MET(h1 X1 — X13+ X5)E
+ i ATR By, + ho AT Ry By,
W3 =PBy, + SZT By, + e M ET (hoY1s — Yi3 + Y5 E
+h1 AT Ry By, + ha AT Ry By,
Wi =P + hi ATR; + ho ATR;,
W7 =P + hi ATR) + ho ATR,,
Wig =P + hi ATR; + ho ATR,,
Wyy =e M [—Q1 + BT (h1 Xz — Xo3 — X33)E]
+ Bl Ry By, + haB}l RyBy,,
Wo3 =h1B{, R1By, + ho Bl RoDBy,,
W =h1 B, R + ha B} Ry, Uo7 = by B] Ry + ho B{, Ro,
Was =h1Bj, R1 + hy B} Ro,
U3y = *"2[—Qy + BT (haYas — Yo3 — Ys3) E|
+ hi B} Ri By, + haB}, Ry B,
W3 =hi BY, Ry + hoBYL Ry, sy = hy BY. Ry + hyBYL, Ry,
W33 =hy Bl Ry + haB] R,
Wy =— e T 4+ ULTUL, U5 = —e My + €U U,
Ues =h1Ry + haoRy — €0l, Vg7 = h1 Ry + hoRa,
Vg =h1 R + haRa,
W77 =hi Ry + hoRy — €11, Y78 = h1 Ry + haRo,
Ugs =h1R1 + haRy — eal.
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In order to guarantee V(t,z;) < 0, it is needed to show that ¥ < 0 and
ET(R; — X33)E > 0,ET(Ry — Y33)E > 0 From the above discussion,
it follows that all of those conditions, i.e., (23) and (24), hold. In this
case, we can conclude the zero solution of the system (1) is exponen-
tially stable. Consequently, since the system (1) is regular, impulse free
and exponentially stable, and it is exponentially admissible. This result
completes the proof of Theorem 2.2.

4 Numerical Applications

In this section, for the particular cases of the considered equations, we
give two examples to show the satisfaction of our assumptions
Example 3.1. For the particular case of the system (1), we consider
the following nonlinear singular system with two constant delays:

A([3 ][z ]) [ ][]

L[ 1208 0 [ ai(t—0.105
L[ -11025 1185 7 [ (t - 0.125)
.0 —1.1035 | | wo(t —0.125)
i 2
331( ) —x1(t)
+ i x1(t — 0.105)e™ x2(t—0.105)
2ot — 0.105)e~3(t=0-105)
+ | x1(t —0.125)e™ 7 (t—0.125)
2o (t — 0.125)e—3(t=0-125)

where
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(2 0 —17.885 0
E*_o 0]’A[ —5.95 —6.125}’

B [ 12085 0
P 1245 12095 |0
B, — [ —1.1025 —1.135
¢ 0 11035 |’

Fo(t, 2(t)) = 0 ]

(

(

Fu(t, 2t — b)) = E
(

(

2
1
Fy(t,z(t — d)) = 2o(t — 0.125)e—a3(t-0.125)

(t—0.125) ]

and

hi = hy = 0.105, hy = hy = 0.125.

It is clear that the system in Example 3.1 is regular and impulse free.
Let ¢y = 8.25,¢; = 8.45, €2 = 8.65 and choose

[ 9.305 —0.125 1.225 0

Xu = | —0.125  9.365 } 12 = [ 0 1252 ] ’
[1.215  0.65 |

X13 = | 0.65 1.485 |’
[ 4.625 1.25 | 1.125 1.225

Xaz = | 125 5.105 | X2 = [ 1.225 1.985 } ’

o [ 1.235 1.265 |

7 1265 1505 |
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Uy =

Under the above assumptions, all eigenvalues in the special case of the
LMI defined by E satisfy Apmez(Z) < —0.4722. Consequently, it is clear
that all conditions of Theorem 2.1 can be satisfied. Thus, the system

8.105
| —0.165

[ 1.125

0.5

[ 3.325
| 0.75

[ 2.685
— 1215

[ 8.65

0
3.2

~ | 3.063
[ 1245

0

[0
| 245

[ —0.05

0

[ —0.04

0

~0.165 ] |, _ [0125 0
8.125 | 127 0 0235 |’

0.5
1.265 |’

0.75 ] Vou — | 1627 1.325
3.845 |77 7 | 1.325 2.895 |’

1.215 |
2.578 |’

0 0 41 3.85
785 |"¢' T | 3.85 4.2 |°

3.063 ]

3.5

0 R, [ 2695 0
0.106 |72~ 0 0103 |’

~1.25
5= [ ~1.35 } ’

0 —0.03 0
—0.05 ] U= [ 0 —0.03 } :

0
—-0.04 |~

(1) is asymptotically admissible.

Example 3.2. As a special case of the system (1), we consider the

following nonlinear singular system with two constant delays:

23
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time(sec)

Figure 1: Trajectories of the solution of z(t) of the system in Example

3.1, when h = hye, = 0.125.

AHIE RN

[ —1.2085 0
_|_

[ 21 (t — 0.105)
| 2o(t —0.105
_I’
xI9

zo(t — 0.105)e™*

z1(t —0.125)e™*
zo(t — 0.125)e™*

2
1
2
2

( )
( )

( )
x1(t —0.105)e™*
( )

( )
( )

where

| —1.245 -1 2095]
[ —1.1025

0

[ x1(t)e

—1.135
—1.1035

—ai(t)

T (t)@fx% (®)

(t—0.125)
(t—0.125)

|

|



ON QUALITATIVE BEHAVIORS OF NONLINEAR...

(2 0 ~7.885 0
E‘_o 0]”4_[ ~3.95 —8.125}’
B — [ —1.2085 0
P -1.245 0 —1.2095 |7
B[ —11025 —1.135
4= ~1.1035 |’
M 2
z1(t)e~ 1t
Fo(t,$(t)) = $; t;e_x%(t) ] >
[ 21t — 0.105)e—*3(2=0.105)
Bl et =R =1 — 0.105)e-s3e-0109) |
[ @1 (t — 0.125)e~H(:-0.125)
Fy(t,z(t —d)) = ot — 0.125)e~73(1-0125)

and

h1 = h3 = 0.105, hg = hy = 0.125.

It is clear that the system given in Example 3.2 is regular and im-
pulse free. For the considered special case, let « = 0.2,¢y = 8.25,¢1 =

8.45, ¢2 = 8.65,
9.305 —0.125 1225 0

Xu = | —0.125  9.365 } 12 = [ 0 1252 ] ’
1215 0.65 |

X13 = | 0.65 1.485 |’
[ 4.625 1.25 | 1.125 1.225

Xaz = | 125 5.105 | X2 = [ 1.225 1.985 } ’

o [ 1.235 1.265 |

7] 1265 1505 |7
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v _[ 8105 —0165] , _[0125 0
" 0165 8125 [P 00 0235 |0
[ 1.125 0.5 |
Yis=| 05 1265 |
Yo — [3.325  0.75 | Vou — | 1627 1.325
271 075 3.845 |77 T [ 1.325 2.895 |
Voo — | 2:685 1.215 ]
B 1215 2578 |7
(85 0 4.1 3.85
P__o 7}’621_[3.85 4.2]’
[ 3.2 3.063
@2 = | 3.063 3.5 ] ’
[1.245 0 2.695 0
Rl__ 0 0.106]’R2_[ 0 0.103}’
[0 —1.25
Z‘_2.45]’S_[—1.35}’
[ —0.05 0 —-0.03 0
UO__ 0 —0.05]’U1_[ 0 —0.03}’
[ —0.04 0
Uz = 0 —0.04 ] '

Hence, it can be shown that the all eigenvalues of the LMI defined by ¥
satisfies ez () < —0.05.

Consequently, it is clear that all conditions of Theorem 3.2 hold.
Thus, the system (1) is exponentially admissible.
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2
I I I I T T— 02
— ()= 1.5
T Y S E
1 e RSl R —
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E
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time(sec) x10°

Figure 2: Trajectories of the solution of z(t) of the system in Example
3.2, when h = hpe = 0.125 and o = 0.20.

5 Conclusion

In this paper, we consider a class of nonlinear singular systems with
multiple constant delays. Defined a new Lyapunov-Krasovskii func-
tional, using LMI and integral inequality matrix, we investigate asymp-
totic admissibility and exponential admissibility of the considered sys-
tem. Two numerical examples are also given with their simulations to
demonstrate the applicability of the main results of this paper. The
obtained results include and generalize some recent results in the liter-
ature. As for proper future studies, instead of considered systems, their
fractional model can be investigated for the problems of this paper.
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