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1 Introduction

Fixed point theory is a significant tool for some various sections of anal-
ysis such as nonlinear functional analysis, convex analysis, and math-
ematical analysis. Also, it has many applications in mathematics and
other sciences. After the first results of Banach in 1922, many authors
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studied on this theory in various spaces (for more details, see Rhoades
[14], Rahimi and Soleimani Rad [12] and Kirk and Shahzad [10]). One of
these spaces is a b-metric space defined by Bakhtin [3] (also, see [2, 5]).

Definition 1.1. [3, 5] Let X # () and s > 1 be a real number. Assume
that a mapping d : X x X — [0,00) for every k,l,p € X satisfies in the
following relations:

(dr) d(k,l) =0iff k =1;

(d2) d(k,1) = d(l, k);

(ds) d(l,p) < sld(l, k) + d(k,p)] .

Then d is named a b-metric on X and (X, d) is named a b-metric space.

Notice that a b-metric is a metric with s = 1. But, the inverse
always is not valid. Hence, b-metric spaces is an expansion of metric
spaces. Also, for notions in this space such as convergence, completeness,
continuity, etc, we refer to Agarwal et al. [1].

In 2008, Eshaghi et al. [8] defined the idea of orthogonal sets and
orthogonal metric spaces. Very recently, many authors extended orthog-
onal metric spaces and discussed on fixed points for several various con-
tractive mappings on such spaces in [1, 7, 13] and references contained
therein. In the sequel, we consider some definitions and notations about
these concepts.

Definition 1.2. [3] Assume X # () and consider a binary relation L on
X x X as follows:

there exists a ag € X such that for all b€ X : (bLag) or (apLb).

Then X is named an orthogonal set (or same O-set). Also, ag is named
an orthogonal element.

Example 1.3. [0] Let X = [2,00) and consider el f if e < f for every
e, f € X. Then, by considering ag = 2, (X, L) is an O-set.
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Definition 1.4. [3] Consider an O-set (X, L) with a sequence {ay}
therein. Then {a,} is named orthogonal sequence (or same O-sequence)
whenever

for all n € N: (apLlans1) or (antilap).

Analogously, a Cauchy sequence {a,} is named a Cauchy O-sequence
whenever

forall n € N: (apLlany1) or (ant1lay).

Now, if we consider a b-metric instead a metric, then we can rewrite
the following definitions that were previously introduced by other re-
searchers. Consider (X, 1) and a b-metric d on X with a real number
s > 1. The triple (X, L,d) is named an orthogonal b-metric space.

Definition 1.5. [3] The triple (X, L, d) is named a complete O-b-metric
space (O-complete) whenever each Cauchy O-sequence converges in X.

Note that each complete b-metric space is O-complete. However, the
converse is not value.

Definition 1.6. [3] Assume that (X, L,d) is an orthogonal b-metric
space and T is a self-mapping on X. T is named an orthogonal preserv-
ing (L-preserving) whenever gLl implies T'(g) LT(l) for all g,l € X.

Definition 1.7. [13] Assume that (X, L, d) is an orthogonal b-metric
space and T is a self-mapping on X. Then T is named orthogonal
continuous (L-continuous) in a € X if for all O-sequences {a,} in X so
that a,, — a then T'(a,) — T'(a). Also, T' is L-continuous on X if T’
is _L-continuous for all a € X.

Notice that a l-continuous mapping is not necessary continuous.
Thus, continuity is stronger than O-continuity in b-metric spaces.

Now, we review some basic definitions regarding best proximity point
theory. Assume that U,V are two non-empty subsets of a metric space
(X,d) and define d(U,V) = inf{d(u,v);u € U, v € V}. The point
u € U is the best proximity point (briefly, bpp) of a non-self mapping
F:U — Vifd(u, Fu) = d(U,V). Some bpp results in various metric
spaces can be found in [9, 11, 15] and references therein.
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For two arbitrary subset U,V # (), consider

Up={ueU:d(u,v)=d(U,V) for some v € V},
Vo={v eV :d(u,v)=d(U,V) for some u € U}.

Definition 1.8. [16] Assume that U,V are two non-empty subsets of
(X,d) and Uy # (). Then (U, V) has P-property iff

implies d(u1,uz) = d(vi,v2),

d(ul, 1}1) = d(U, V)
d(UQ, UQ) = d(U, Vv

where u,us € Uy and vy, vy € Vj.
Obviously, the pair (U, U) has P-property.

Definition 1.9. [15] Assume that (X, <) is a partially ordered set and
(U,V) is a pair of non-empty subsets of X. A mapping F': U — V is
named proximally increasing if

v < vy
d(ui, Fv1) =d(U,V) implies w1 < ug,
d(UQ, FUQ) = d(U, V)

where ui, uo,v1,v9 € U.

In this section, we explained a record of both fixed point theory and
bpp theory. Also, we considered some preliminaries which is needed in
the sequel. In the next section, we define a new concept of proximity,
which is named _L-proximally increasing, and obtain some bpp theorems.
Ultimately, we establish several fixed point results in orthogonal b-metric
spaces in section 3.

2 Bpp Results

First we define the following concept.
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Definition 2.1. Assume that (X, L,d) is an orthogonal b-metric space.
A mapping F' : U — V is named L-proximally increasing if

v1 Lvg
d(uy, Fu1) =d(U,V) implies wujlug,
d(UQ, F’UQ) = d(U, V)
where ui, uo,v1,v9 € U.
Here, we express and prove the main theorem of this section.

Theorem 2.2. Assume that (X, L,d) is an orthogonal complete b-metric
space. Also, suppose that (U, V') is a pair of non-empty closed subsets of
X and Uy # 0. Moreover, let T : U — V' be a mapping so that

i) T is a L-preserving and L-proximally increasing mapping provided
that T(Uy) € Vo, and (U, V') has P-property;
1) There exist orthogonal elements ag, a1 € Uy provided that

d(ay,Tay) = d(U,V);

iii) T is an O-continuous mapping on U provided that
d(Ta,Th) < aQ(a,b) (1)
with
Q(a,b) = max{d(a,b),d(a,Ta) — sd(U,V),d(b, Tb) — sd(U,V)}
for all point a,b € U so that alb and o € [0, S%)

Then T has a bpp @’ € U so that d(a’,Ta’") = d(U,V). Moreover, if for
two bpp(s) x,y € U we have x Ly, then T has a unique bpp in U.

Proof. By (ii), there are ag, a; € Uy provided that d(ai,Tag) = d(U, V)
and ag_Lay. Since Tay € T'(Uy) C Vp, there is element asy in Uy provided
that d(az,Ta;) = d(U,V). Since T is a L-proximally increasing map-
ping, we obtain a;las. Continuing this process, we attain a sequence
{an} in Up so that

d(any1,Tay) =d(U, V)  forallm €N, (2)

with aglay, aylas, aslas, ..., anlapiy, - ...
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Thus, {a,} is an O-sequence. Since (U, V') has P-property, we gain

d(aps1,Tay) =d(U,V . .
{ (a +1 a ) ( ) 1mphes d(an+1aan) = d(TCLn,Tanfl)

d(an, Tan—1) =d(U, V)

for each n € N. Now, we demonstrate {a,} is a Cauchy O-sequence.
Using (1), we get

d(an+17 an) = d(Tana Tanfl) < aQ(am anfl)a
where

Q(an, an—1) = max{d(an, an—1),d(an, Tay,) — sd(U,V),
d(an-1,Tan—1) — sd(U,V)}.

Now,
o if Q(an,an—1) = d(an,an—1), then Q(an,an—1) < sd(an,an—1);
o if Q(an, an—1) = d(an, Ta,) — sd(U, V), then

Q(an,an—1) = d(an, Tay) — sd(U, V)
=d(ayn,Tay) — sd(ant1,Tay)
< sld(an, ant1) + d(ans1, Tan)] — sd(an+1, Tay)

Sd(ana an+1)7

which is a contradiction;
o if Q(an,an—1) = d(an—1,Tan—1) — sd(U,V), then

Q(am an—l) = d(an—h Tan—l) —sd(U,V)
(an—la Tan—l) - Sd(any Tan—l)
sld(an—1,an) + d(an, Tan—1)] — sd(an, Tan—1)

sd(ap—1,an).

IA
.

Therefore, Q(an, an—1) < sd(ap,an—1) for all n € N. Hence, we have

d(ant1,an) = d(Tan, Tap—1) < aQ(an, an-1) < asd(an, an-1)
< ..o < (as)™d(ay,ap).
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1
Now, set § = as. Since @ < — and s > 1, then s < 1. Now, for every
s
m,n € N with m > n, we have
d(ana am) < 5[d<an7 an—i—l) + d(an—l-b am)]
< sd(an, any1) + s[sd(any1, ani2) + sd(any2, am)]

< Sd(am an—i—l) + 32d(an+17 an+2) +...+ Sm_n_ld(am—ly am)

< [sB™ + 28"+ 4+ s34 >ay, ag)

< (1Sﬁﬁ )d(a1,a9) — 0 as n — 00. (3)
— fBs

So, (3) implies that {a,} is a Cauchy O-sequence in U. But, (X, L,d) is
O-complete and U is a closed subset of X. Thus, the Cauchy O-sequence
{an} converges to some @' € U. Since T is an O-continuous mapping
on U, we get Ta, — Ta'. Since the mapping d is continuous, we get
d(ant1,Ta,) — d(a’,Ta’). On the other hand, by (2), d(an+1,Tay)
is a constant sequence converges to d(U, V). Consequently, d(a’,Ta’) =
d(U,V), i.e.,a € U is a bpp for T.

To demonstrate the uniqueness, assume that a” is another bpp of
the mapping T so that a’ La”. Since (U, V') has P-property, we get

{d(a', Ta') = d(U, V)

implies d(a’,a”) = d(Td', Td"
Ao Tay = au,vy  mlies dlaat)=dl )

for a’,a” € Uy and Ta',Ta"” € V. Hence, by (1) and 0 < o < s% with
s > 1, we obtain
d(d',a") = d(Ta', Ta")
< amax{d(d’,a"),d(d’,Ta") — sd(U,V),
d(a",Ta") — sd(U,V)} = ad(d’,d"),

which implies that d(a’,a”) = 0; that is @’ = a”, and the proof ends.
Il

Theorem 2.3. Assume that (X, L,d) is an orthogonal complete b-metric
space. Also, suppose that (U, V') is a pair of non-empty closed subsets of
X and Uy # 0. Moreover, let T : U — V' be a mapping so that
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i) T is a L-preserving and L-proximally increasing mapping provided
that T(Uy) C Vi, and (U, V') has P-property;

it) There exist orthogonal elements ag, a1 € Uy provided that
d(al, Ta,o) = d(U, V);
iii) T is an O-continuous mapping on U provided that
d(Ta,Th) < ad(a,b) + Bd(a,Ta) + vd(b,Tb) — (B + v)sd(U,V)
(4)
for all a,b € U so that alb and o, B, > 0 with as+ Bs+vs> < 1.
Then T has a bpp o’ € U so that d(a/,Ta’) = d(U, V).
Proof. As in the proof of previous theorem, we have an O-sequence
{an} in Uy so that d(an+1,Ta,) = d(U,V) for all n € N, where ag_Lay,
ailas, aslas, ..., apLlapi1, . ... Since (U, V) has P-property, we gain
{d(anH, Tay) = d(U,V)

implies d(ani1,an) = d(Tay, Ta,_
d(an, Tan_1) = d(U, V) p (an+1 ) ( 1)

for each n € N. First we demonstrate that {a,} is a Cauchy O-sequence.
Now, by (4), we get
d(az,a1) = d(Tay,Tap) < ad(a1,ap) + Bd(ar, Tay) + vd(ag, Tap)
— (B+7)sd(U,V)
< ad(ay,ap) + Bsd(ay, Tag) + Bsd(Tay, Tay)
+ vysd(ag, a1) + ysd(ay, Tagp)
— (B +7)sdlai, Tao) . ()
——
AU,V

Thus, (5) implies that d(az,a1) < (8%2%)d(a1,a0). By continuing this

Bs
procedure, we get d(apt+1,an) < A"d(a1,ap) for each n € N, where

A= (ff—g‘; < 5 (since as + fs + vs%2 < 1). Now, for every m,n € N
with m > n, we gain

SA™
1—sA
The continue of the proof is like the Theorem 2.2. O

d(an,am) < (

)d(ai,a0) — 0 as n — oo.
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Corollary 2.4. Assume that (X, L1,d) is an orthogonal complete b-
metric space, and (U,V) is a pair of non-empty closed subsets of X
with Uy # (). Moreover, suppose that T : U — V is a L-preserving and
L -proxzimally increasing mapping so that T(Uy) C Vg, and (U, V') has P-
property. Also, assume that there exist orthogonal elements ag,a; € Uy
so that d(a1,Tag) = d(U,V) and T is an O-continuous function on U
satisfying in one of the following cases:
(I) for each a,b € U so that alb and B € [0, =), we have

7824—8

d(Ta,Tb) < Bld(a,Ta) + d(b,Tb) — 2sd(U, V)];

(II) for everya,b € U so that alb and o, B > 0 with as+(s?+5)B < 1,
we have

d(Ta,Th) < ad(a,b) + Bld(a, Ta) + d(b, Tb) — 2sd(U, V)]

Then T has a bpp a' € U so that d(a’,Ta’) = d(U,V).

Proof. We can prove this corollary by considering o = 0 and 5 =  (for
the relation (I)), and 8 = 7 (for the relation (II)) in Theorem 2.3. O

Example 2.5. Consider X = R? and define d : X x X — [0,+00) by
d((a1,b1), (az,b2)) = (a1 — az)® + (by — by)?

for all (aj,b1),(az,b2) € R2. Then (X,d) is a b-metric space, where
s = 2. Also, Let U = {(a,l) :a €0, 1]} and V = {(b,()) :be|o, 1]}
Clearly, d(U,V) = 1, U = Uy and V = V. In particular, Uy is non-
empty.

Consider a binary relation L on X by (a1, b1)L(ag, b2) if |a1 —az| > %
or byjby = 0. Then (a1,0) is same element agp in Definition 1.2. Also, we
define the mapping T : U — V by

(0,00 0<a<l,

T(a,1) = 1 (a €[0,1]).

(5,0) a=1
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Then T is a L-preserving. Also, assume (a1, 1), (az,1) € U, (a1,1)L(ag,1)
and o = —. Then we have

e if aj,ag € [0,1), then

A(T(a1.1).T(a2.1)) = d((0,0). 0.0)) =0
< i(611 — as)”
- 25
24—5max{(a1—a2)2,a%+1—2,a%+1—2}

<0 <0
24—5 max {d((al, 1), (az,1)),
d((a1,1),T(a1,1)) — 2d(U, V),

d((az, 1), T(az, 1)) — 2d(U, V)},

= 2 Q((@, 1), (a2,1),

e if aj Vag =1 (let ag = 1), then |a; — ag| > % and

d(T(a1,1),T(1,1)) = d((O,O),(é,O)) = ;
< %(al -1)?
_4 2 42 1
= omas { (a1 1) 7a1+§2_2’%2;%}
_ %max {d((@1,1),(1,1)), d((a1,1),(0,0)) = 2d(U, V),
(1.1, (3.0)) 24V 1)}

= % max {d((ah 1), (1, 1))’

d((a1,1),T(a1,1)) — 2d(U, V),
d((1,1),T(1,1)) — 2d(U, V)}

= -Q((m,1),(1,1).
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Thus, T satisfies the relation (1). Moreover, all hypotheses of Theorem

2.2 with o = % is satisfied. Hence, T has a bpp o’ = (0, 1).

Now, suppose a” = (a,1) € U with a € (0, 1] is another bpp of T'. If
a € (0,1), then
d((a,1),T(a,1)) = d((a,1),(0,0)) = a® + 1 > d(U, V).
Otherwise, let a = 1. Then

d((1,1),T(1,1)) =d((1,1), (é,O)) = g > d(U,V),

which is a contradiction. Thus, (0, 1) is the unique bpp of T

3 Fixed Point Results

Here, we express several fixed point results in an orthogonal complete
b-metric space.

Theorem 3.1. (Rus-type contraction) Assume that (X, L,d) is an or-
thogonal complete b-metric space. Also, suppose that T : X — X is a
L-preserving and O-continuous mapping. Moreover, assume that there
exist o, B,y > 0 with as + B(1+ s) + (s> + s) < 1 provided that

d(Ta,Th) < ad(a,b) + Bld(a, Ta) + d(b, Th)]
+ v[d(a,Tb) 4+ d(b,T'a)] (6)

for every a,b € X, where alb. Then T has a unique fized point a’' € X
and T"a — a' for each a € X.

Proof. Suppose ag is an orthogonal element in X so that
for all be X : (apLb) or (bLag).

Consider a sequence {a,} by a, = T(an—1) = T"ag. By using the
property L-preserving of T', {a,} is an O-sequence, i.e.,

forall n e N: (apLlany1) or  (anyi1lay).
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Now, set a = a,—1 and b = a,, in (6). Then, for any n € N, we get

d(ap, ant1) = d(Tap—1,Tay) < ad(an—1,a)
+ Bld(an—1,Tan—1) + d(an, Tay)]
+yld(an—1,Tan) + d(an, Tan,—1)]
= ad(an—1,an)
+ Bld(an—1,an) + d(an, ant1)]
+ y[d(an—1, an+1) + d(an, an)]
< ad(an—1,an)
+ Bld(an-1,an) + d(apn, ant1)]
+ ysld(an—1,an) + d(an, an+1)]
< (a+p+vys)d(an-1,a,)
+ (B +ys)d(an, ant1)]. (7)
Now, (7) implies that d(an, an+1) < Ad(ap—1,a,) for each n € N, where
A= % < 5 By continuing this process, we get d(an,ant+1) <
Ad(ag,aq) for all n € N. Now, let m,n € N with m > n. Then, by the
same proof in Theorem 2.2, we get
SA"
1—MXs
which implies that {a,} is a Cauchy O-sequence in orthogonal O-complete

b-metric space X. Thus, {a,} converges to element o’ € X. Now, since
T is O-continuous and Ta,, — Ta’, we have

d(an,am) < (

)d(ag,a1) — 0 as n — 00,

d(a',Ta") = lim d(aps1,Ta’)

n—aoo
= lim d(Tay,,Td")=d(Td ,Ta") = 0.

n—aoo

Thus, o’ is a fixed point for T. Now, we demonstrate a’ is unique.
Assume b is another fixed point of T'. Then, we get

(apLa’ and aplb’) or (a’Llag and b Layg).
Since T is a 1 -preserving mapping, we obtain

(T"apLad" and T"aglV) or (a'LT"ap and V' LT"ayp)
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for any n € N. Using (6), we obtain

d(an,a’) = d(T"ag, T"a') < X\"d(ag,a’),
d(an,b') = d(T"ag, T™V') < \"d(ag,b').

Now, d(a’, V) < sd(d’,a,) + sd(ay,b') implies that ' = ¥; i.e., T has a
unique fixed point. ([

Corollary 3.2. (Chatterjea-type contraction) Assume that (X, L,d) is
an orthogonal complete b-metric space. Also, suppose that T : X — X
18 a L-preserving and O-continuous mapping. Moreover, assume that
there exists v > 0 with v € [0, 5271“) so that

d(Ta,Tb) < ~v[d(a,Tb) + d(b,Ta)]

for every a,b € X, where alb. Then T has a unique fized point a’' € X
and T"a — da’ for any point a € X.

Proof. Set « = =0 in (6) and apply Theorem 3.1. O

Corollary 3.3. (Kannan-type contraction) Assume that (X, L,d) is an
orthogonal complete b-metric space. Also, suppose thatT : X — X is a
L-preserving and O-continuous mapping. Moreover, assume that there
exists § > 0 with B € [0, 1) so that

' 1+s
d(Ta,Th) < Bld(a,Ta) + d(b, Th)]
for each a,b € X, where alb. Then T has a unique fized point a’ € X
and T"a — a' for each a € X.

Proof. Set « = =01in (6) and consider Theorem 3.1. O

Corollary 3.4. (Reich-type contraction) Let (X, L,d) be an orthogo-
nal complete b-metric space. Also, suppose that T : X — X be a

L-preserving and O-continuous mapping. Moreover, assume that there
exist a, B,y > 0 so that

d(Ta,Tb) < ad(a,b) + Bd(a,Ta) + vd(b, Thb)

for every a,b € X with alb, where as+ s+ v < 1. Then T has a
unique fized point a’ € X and T"a — a' for every v € X.

13
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Proof. Apply Theorem 3.1. O
Example 3.5. Set X = [0,12] and define d : X x X — [0,00) by
d(a,b) = |a — b|?

for each a,b € X. Consider the binary relation L on X by alb if
ab < (aVb), where a Vb = a or b. Then (X,d, L) is an O-complete
b-metric space with s = 2. Consider the mapping T : X — X by

g 0<a<s,
Ta = (a €0,12]).
0 3<a<i12

Let alband a = 16, =3 Land v = 214 in (6). Without loss of generality,

we may consider ab < b. Now, we have

eifa=0and 0 <b <3, thenTa—OandTb—% and
b2

d(Ta,Th) = 9

7[)2_}_1 471)2+i 10b2
_16 4 9 24 9

= ad(a,b) + B(d(a, Ta) + d(b,Tb)) + ~v(d(a,Tb) + d(b,Ta)),
eifa=0and 3<b<12, then Ta=Tb =0, and
d(Ta,Th) = 0
ERY 2, g2
< 16b + b 4()
= ad(a, b) + B(d(a, Ta) + d(b,Tb)) + v(d(a, Tb) + d(b, Ta)),

eif 0<b<land 0<a<3, thenTa—gandTb—% and

d(Ta,Th) = f|a —b?

9
< S+ 1)
T4 9 9
1 2 1 4a?  4b? 1 b a .,
< —la— Sl G SRR P _ ¢
R N G - )
= ad(a,b) + B(d(a, Ta) + d(b,Tb)) + ~v(d(a,Tb) + d(b,Ta)),
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eif 0 <b<1land3<a<12, then Ta=0and Tb= 2, and so

b2
d(T(I,Tb):g
1 o 1,5 4kt 1 bo o
< g — Z. _ Ala — =
< qgla— b0+ @+ =)+ oy - (Ja— g7 +b7)
= ad(a,b) + B(d(a,Ta) + d(b, Tb)) + v(d(a, Tb) + d(b, Ta)).

Thus, the relation (6) is valid. Clearly, T" is L-continuous with a =
%, 8 = i and v = i. So, all hypotheses of Theorem 3.1 are held.

Consequently, T" has a unique fixed point a = 0 in X.

Remark 3.6. In Theorem 3.1 and its corollaries, set s = 1. Then we
obtain same results in an orthogonal complete metric space.
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