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Abstract. In this study, pseudo almost automorphic(PAA) solutions of
a Liénard-type system with multiple delays are considered. By applying
the main features of PAA, Banach fixed point theorem and some differ-
ential inequalities, sufficient conditions for the existence and uniqueness
of such solutions are obtained . Since the PAA is more general than the
almost periodicity(AP) and pseudo almost periodicity(PAP), this work
is a new and complementary compared to previous studies. In addition,
an example is given to show the correctness of the created conditions.
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1 Introduction

It is known that Liénard differential equation systems have wide appli-
cation properties in many scientific fields such as physics, engineering
and mechanics [5, 9, 10, 21]. Therefore, it is very important to obtain
results regarding the qualitative behavior of the solutions of such equa-
tion systems. In the literature, qualitative features such as oscillation,
periodicity, AP, and PAP of the solutions of such equations are quite
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common [6, &, 11, 12, 13, 14, 15]. Gao and Liu [8] studied the following
AP solutions of the following multiple-delay Liénard equation:

m

2(8) + g (2(1)) 2 (8) + ho (2(8) + D hi (2(t = 04(1)) = q(t). (1)

=1

By applying some analysis techniques and taking an appropriate Lya-
punov function, the authors obtained some adequate conditions that
guarantee the existence and exponential stability of AP solutions of (1).
Liu [13] created some conditions for a Liénard-type system to obtain
AP solutions and exponential stability of these solutions by applying
mathematical analysis techniques. Xu and Liao [18] discussed following
Liénard type system

N
~
—
—~
~
SN—
I

—Iﬁ:(t)Z1 (t) + Zg(t) + Al (t), (2)
Zo(t) = K(t)za(t) — K7 (t)21(t) — g(21(t)) X [22(t) — w(t)z1(t) + Ax(t)]

—ho(21(t)) = > _ hi (21(t — 0i(1))) + As(t),

i=1

where these authors got some conclusions about the PAP solutions of
system (2). Bochner in [1] introduced the theory of AA to the literature.
Additionally, Xiao et al. [16] introduced the concept of PAA, which is a
generalization of the notions of AP, AA, and PAP to the literature. Due
to their application in mathematical biology, mechanics and physics,
important results such as the existence of AA and PAA solutions and
the stability of these solutions are the most interesting subjects in the
qualitative theory. Recently, important findings such as the existence
and uniqueness of AA and PAA solutions have been widely discussed in

many types of differential equations [1, 2, 3, 15, 16, 19, 20, 22]. As far
as we know from the literature, there is no study related to the PAA
solutions of the system (2). Xu and Liao [18] obtained some conditions

for the existence of PAP solutions of the system (2). Since the PAA
function class is more general than the PAP class, it is quite important
to consider the PAA class. In this study, we obtain sufficient conditions
for the existence and uniqueness of PAA solutions of system (2). The
results obtained here are new and complementary previous studies.
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2 Preliminary Results

Define the following notations:
{z:()} = (21(8), 22()) € R?, [2] = {|z:(t) |} and |2 ()| = max {|zi(£)]}-

Let BC(R, R) denotes collection of bounded continuous functions. BC(R,R)

is Banach space with norm ||z|| = sup;cg |2(t)|. Also we use the nota-
tions

2 = supyen [2(0)], 2 = infen [2(0)]
where 2(t) € BC(R, R).

Definition 2.1. (See [10]) Let f € C(R,R). For f to be AP(R,R) it
s necessary and sufficient that the familiy of functions H = {fh} =
{f(t+h)}, —00 < h < o0, is compact in C(R).

Definition 2.2. (See [2]) z1 € C(R,R) is called AA(R,R) if for every
real sequence (v'y,), there exists a subsequence (vy,) such that

nh_g)lo 21(t 4 vy) = 29(1)

and

71151010 zo(t —vy) = 21()

for each t € R.

Example 2.3. The function ¢(t) = cos(m) € AA(R,R) but

Y(t) is not AP(R,R), because ¥(t) ¢ BC(R).

Definition 2.4. (See [3]) f € C(R,R) is called PAA(R,R) if it can be
noted as

f=fi+fa,

with fi € AAR,R) and fa € PAA)(R) where space PAA)(R,R) is
defined by

q
PAA(R) = {ﬁ e BC(RR)| lim ;q / | fa(t)] dt = o} .
—q

Lemma 2.5. (See [10]) PAA(R,R) is a Banach space with norm ||z|| , =
supe |2(t)]-
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Figure 1: Graphic of f(t).
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Figure 2: Graphic of f(¢ — 0.001 cost).

It is clear that AA(R,R) CPAA(R,R)C BC(R,R).

Lemma 2.6.
then S(t — k),

Example 2.7. The function f defined by f(t) = e 2" +4)(t) is PAA(R,
function but it is not AA(R,R). The graphs of the f(t) and f(t —

(
S

(t

[
+

See [3])

R(t

If v
);

(t) € AA(R,R) and S(t), R(t) € PAA(R,R),

S(t) x R(t), S(t — v(t)) € PAA(R,R).

0.001cost) functions are in Figure 1 and Figure 2.

The following conditions are given for our main results:

R)
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(Z1) h; are global Lipschitz with Lipschitz constants L and there
exists positive £ such that

hi(s1) — hi(s2)| < L |61 — o

for all 61,62 € R, |g(<)| <&, hi(0) = ho(0) = 0.

(Z2) 0i(t), k(t), A1(t), Aa(t), q(t) € PAA(R,R), inf k(t) > 0, for all
teR,i=1,2,...m

(Z3)

2= (o) ] i)
j)v= <§)_1max{1, <E2+§[1+E+21]+L6‘+§:L?>},

=1

k)= (n>_1max (1, [EQ + ’E‘§+f(‘21‘ +HLE+Y hﬂ) .

3 PAA solutions

Theorem 3.1. Suppose that (Z1) — (Z3) hold. Define a nonlinear op-
erator G for each o = (p1, p2)€ PAAR,R?), (Gp) := 2,(t) where

t s —+o00 s
olt) = ([ e gentnny yan,— [ e Sy,
—0o0 t

where

71(t) = pa(t) + AL(?)
Ya(t) = —K3(t )901( ) — g(e1(t)[pa(t) — k() (t) + Ar(t)]

— ho(p1(t Zh p1(t —oi(t))) + Aa(t).

Then Go € PAA(R, R?).
Proof. Noting that Gy € PAA(R,R?)then it follows from Definition

2.4 such that
(o) - Gy 328
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And so

(@) = [ e T M m(s) + mas))ds
— [ e ke ”(u)du(721(3)+722(8))d8
_ ft eI r 711( )ds N ffooe_ftsfﬁ(u)du,ylz(s)ds
fJFOOe N /@(u du721< )dS _j:roo e N n(u)du722(8)ds
= (G1p) + (Gay) .

Firstly, we prove that (G1¢) € AA(R,R?).
Let (a’5,) C R be a sequence. It can be extracted a subsequence (ay,)
of (a'y,) such that

&wwﬂm:@wvnmwﬂaw:@m)
lim (s + an) Fo1(t) lim o1 (s — an) Y21(5)

n——+00
for all t € R.

Define
O S
+oo 7ft m(u)du,721( )ds )

t

Then we have

Tl e ST (5)ds
(Grp) (t+ an) = (Gl(p) () ( oo e [T st Wiy (s)ds

t—i—an

—[t& u)du,yll( )dS
f+oo e_ft ")/21(8)d8

( tJran —f H(T+an)dT711(8)dS )

S e o M ()

Jie ) N“)duﬁl( )ds
f+oo B V4451 (s)ds

_ ( fioo e fz N(T-i-an)dr,yll(u + an)du - fioo e qu:‘f T+an)d7',.}/11( )du )

_ t+oo - I K(T+lln)dT,.le (u+ an)ds + ft-i-oo o= I I{(T+CLn)dT,Y21(u)d5
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+oo e fi H(T+H”)d75/21(’u,)d8 + ft+oo o fts H(T)dTﬁ/gl(UJdu

. < JL e hunrandrs, )y — [1 e SRR ()t )
_ ( St e BTy ) — Ay () )

o — tnT a T ~
_ t+ e fu (T+an)d [,-)/21(u+an) —721(u>]d$

+ Sl ler Jurtrtan)dr _ o= [ a()dry ) (4)du
[ e St bande o= [R5, (1)ds )

Using Theorem 1.80 in [7], we get lim (Gip) (t + an) = (élsp) (t).

Similarly, we can prove that h_)m <é1g0> (t — an) = (Gi1y) (t) which
n—oo
implies that the function (G7p) € AA(R,R?).
Secondly, we can get

i 1 [ a g — (1 1 [7] — [ k(u)du d
sim oo [ Gy 01t = (im oo [ [ e Rt sy

+o0 t
/ e Js /i(u)du,y22(8)ds )
t

t
/ e fst R(u)du’ylg(s)ds dt

[e.e]

t
/ e Jo Kty o) ds

—4q

—q
/ e Ja iy o (s5)ds

—00

< lim 1 /q Iy1a()l] dt /t 6—H(t—8)d8
i 2
— g—oo 2q q 2 —q

dt

dt

_ STEVHZAY g _ om2ay —
_q_{go (1 e ) O

1 q
lim /
q—0o0 2(] —q
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Then |
lim / (Ga) (8)] dt = 0,

g—o0 2¢q —q
which implies that (Ga¢) € AAg(R,R?). Thus, Gy € PAAR,R?). O

Theorem 3.2. Suppose that assumptions (21)—(Z3) hold. Then system
(2) has a unique PAA solution in the region

1%
0 ={elllo - woll < 2% 0 € BUCRR) N PAAR R}

where

—00

t R —+o00 R
0o = < / e~ Ji rwdu 4 ()dt, / e Ji “<“>d“A2(t)dt).
t

Proof. Let We can see [12] that U is closed subset. Define a mapping

N :U — U, by setting
21
Ny) = 2,
o) = (7¢)

where,

Z1p(t) = / el [pa(s) + Ax(s)] ds

—00

+o0 s
2aalt) = — / e 17 K0 [ 2(9)01 () — gl (5))[pa(s) — m(s)ea(s)

+p1(s)] = ho(1(s) = D i (01(s = 0i(s))) + Aa(t) | ds.
i=1

It is clear that

t +oo
lleoll < sup Inax{/ e~ ftS“(“)d“Aﬂs)ds,/ e It ”(“)d“Az(s)ds}
teR t

—0o0

<max{ —,— » =y <1.
K K
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Also

o%
< — + |l < —+4 9=
H()C:Hoo = H(F (FOH H OHOO = )y Y 11—y

Therefore, we can write

t .
N — poll. = (\ [ ”(“)d"soz(t)dt‘ |

+oo R
/ e i “(“)d“fyj(t)dt‘) ,
t

where
() == K2 (D)1 (t) — gle1 () [wa(t) — K(E)pr(t) + Ar(t)] — ho(e1(t))

=Y hiei(t—ailt))) .
=1

Then, from (3) we get

IN¢ — Pollo = (5)_1ma><{1, <E2+5[1+E+?11] +ZL?) } ¢l

i=0
= Wl < v
Also
IN¢ll, < [IN@ — ol + ol < v +y = —— < 1.
1-v 1-—v
Therefore, can conclude from [17] that N is a self mapping from U to

U.
I(N@) () = (N9) ()l = ((Np1)(£) = (Nm) (@)l |(Nepr) (8) = (N ) (8))2])"

t . too r
< (/ R O —UQ(S)\ds,/ ) —72(t)|dt)

—00 t

t Y +oo .
< </ e Ji m(u)dudssupteR lp2(t) — 172(t)|,/ o= J7 r(w)du
t

—00
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x |=#2(s)(01(s) — m(s)) — g(1(s))[2(s) — w(s)1(s) + A1(s)]
+9(m(s)[ma(s) — w(s)m(s) + Ai(s)] = (ho(e1(s)) = ho(m(s)))

m m T
—(> hi(prls — o) = 3 i (it = 04(8))) ds)

=1 i=1
< </_t e~ I; n(u)dudssupteR lpa(t) — n2(t)], / - [Tk (w)du g

x {2 (t)supse g [@1(t) — m(t)] + Esupse g |0a(t) — na(t)| +
[k (t)[supiep |91 () — m(t)| + & [A1(t) | supiep |91 () — m(t)]
+ &supyeg [01(t) — m(t)| + hosupyeg 01 () — m ()] +

. T
+ > hisupyeg o1 (t — 0i(t)) = m(t — ai<t>>|})

=1

t s +oo R
< (/ e l; n(u)duds’/ e_ft ﬁ(u)duds
t

—0o0

x[n +‘ ‘§+§‘A1‘+2 +h0+z } ) Ml = nllo

< <f€)_1max (1[5 + ‘F&‘f—i-ﬁ(’Al’ +2)+ho+ Y i)l = nlle

—

=7lle =l

By (E3), we can conclude that N is a contraction. It follows that N
has a unique fixed point ¢ € N of (2), Uq = ¢q. From Theorem 3.1, ¢ is
PAA solution. O

Example 3.3. Considering the following Lienard-type system with mul-
tiple delays

Z1(t) = —k(t)z1(t) + 22(t) + Ax(8),

2(t) = K(t)z2(t) — ()21 (t) — g( 1(8)) x [22(t) = K(t)21(2) + Ax(2)]
= ho(z1(t)) = b1 (21(t = 01(1))) + Aa(2), (4)
where (t) = 24+ 2sin m, Aq(t) = -2 —QOcosm +

' ho=hy = sz +1 =z 1)), As(t) = cosx/g(ﬁ) + sin /7t +
e, g(z) = arctanz, o1(t) = lcost|.Then, L = £ = 1, k = 22,
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v=5 <1, 1= <1 v=2 <1 Then (Z1) — (Z3) in Theorem 3.2
hold, thus system (4) has an unique positive PAA solution.

Remark 3.4. In this study, some important results were obtained con-
cerning the PAA solutions of the Lienard type system discussed. As
seen in Example 2.7, the set of PAA functions is more extensive than
the known sets of AP, PAP and AA. Therefore, the main results of the
study are complementary to the new and previous studies. In addition,
an example is given that confirms the results.
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