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Abstract. In this study, pseudo almost automorphic(PAA) solutions of
a Liénard-type system with multiple delays are considered. By applying
the main features of PAA, Banach fixed point theorem and some differ-
ential inequalities, sufficient conditions for the existence and uniqueness
of such solutions are obtained . Since the PAA is more general than the
almost periodicity(AP) and pseudo almost periodicity(PAP), this work
is a new and complementary compared to previous studies. In addition,
an example is given to show the correctness of the created conditions.
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1 Introduction

It is known that Liénard differential equation systems have wide appli-
cation properties in many scientific fields such as physics, engineering
and mechanics [5, 9, 10, 21]. Therefore, it is very important to obtain
results regarding the qualitative behavior of the solutions of such equa-
tion systems. In the literature, qualitative features such as oscillation,
periodicity, AP, and PAP of the solutions of such equations are quite

Received: March 2021; Accepted: November 2021

1



2 R. YAZGAN

common [6, 8, 11, 12, 13, 14, 15]. Gao and Liu [8] studied the following
AP solutions of the following multiple-delay Liénard equation:

z(t) + g (z(t)) z′(t) + h0 (z(t)) +
m∑
i=1

hi (z(t− σi(t))) = q(t). (1)

By applying some analysis techniques and taking an appropriate Lya-
punov function, the authors obtained some adequate conditions that
guarantee the existence and exponential stability of AP solutions of (1).
Liu [13] created some conditions for a Liénard-type system to obtain
AP solutions and exponential stability of these solutions by applying
mathematical analysis techniques. Xu and Liao [18] discussed following
Liénard type system

z′1(t) = −κ(t)z1(t) + z2(t) +A1(t), (2)

z′2(t) = κ(t)z2(t)− κ2(t)z1(t)− g(z1(t))× [z2(t)− κ(t)z1(t) +A1(t)]

− h0(z1(t))−
m∑
i=1

hi (z1(t− σi(t))) +A2(t),

where these authors got some conclusions about the PAP solutions of
system (2). Bochner in [4] introduced the theory of AA to the literature.
Additionally, Xiao et al. [16] introduced the concept of PAA, which is a
generalization of the notions of AP, AA, and PAP to the literature. Due
to their application in mathematical biology, mechanics and physics,
important results such as the existence of AA and PAA solutions and
the stability of these solutions are the most interesting subjects in the
qualitative theory. Recently, important findings such as the existence
and uniqueness of AA and PAA solutions have been widely discussed in
many types of differential equations [1, 2, 3, 15, 16, 19, 20, 22]. As far
as we know from the literature, there is no study related to the PAA
solutions of the system (2). Xu and Liao [18] obtained some conditions
for the existence of PAP solutions of the system (2). Since the PAA
function class is more general than the PAP class, it is quite important
to consider the PAA class. In this study, we obtain sufficient conditions
for the existence and uniqueness of PAA solutions of system (2). The
results obtained here are new and complementary previous studies.
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2 Preliminary Results

Define the following notations:
{zi(t)} = (z1(t), z2(t)) ∈ R2, |z| = {|zi(t)|} and ‖z(t)‖ = max

1≤i≤2
{|zi(t)|} .

LetBC(R,R) denotes collection of bounded continuous functions. BC(R,R)
is Banach space with norm ‖z‖∞ = supt∈R |z(t)|. Also we use the nota-
tions

_
z = supt∈R |z(t)| , z

^
= inft∈R |z(t)| ,

where z(t) ∈ BC(R,R).

Definition 2.1. (See [10]) Let f ∈ C(R,R). For f to be AP (R,R) it
is necessary and sufficient that the familiy of functions H =

{
fh
}

=
{f(t+ h)} , −∞ < h <∞, is compact in C(R).

Definition 2.2. (See [2]) z1 ∈ C(R,R) is called AA(R,R) if for every
real sequence (v′n), there exists a subsequence (vn) such that

lim
n→∞

z1(t+ υn) = z2(t)

and
lim
n→∞

z2(t− υn) = z1(t)

for each t ∈ R.

Example 2.3. The function ψ(t) = cos( 1
2+sin t+sin

√
2t

) ∈ AA(R,R) but

ψ(t) is not AP (R,R), because ψ(t) /∈ BC(R).

Definition 2.4. (See [3]) f ∈ C(R,R) is called PAA(R,R) if it can be
noted as

f = f1 + f2,

with f1 ∈ AA(R,R) and f2 ∈ PAA0(R) where space PAA0(R,R) is
defined by

PAA0(R) :=

f2 ∈ BC(R,R)| lim
q→∞

1

2q

q∫
−q

‖f2(t)‖ dt = 0

 .

Lemma 2.5. (See [16]) PAA(R,R) is a Banach space with norm ‖z‖∞ =
supt∈R |z(t)|.
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Figure 1: Graphic of f(t).
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Figure 2: Graphic of f(t− 0.001 cos t).

It is clear that AA(R,R) ⊂PAA(R,R)⊂ BC(R,R).

Lemma 2.6. (See [3]) If υ(t) ∈ AA(R,R) and S(t), R(t) ∈ PAA(R,R),
then S(t− k),S(t) +R(t), S(t)×R(t), S(t− υ(t)) ∈ PAA(R,R).

Example 2.7. The function f defined by f(t) = e−2t
2
+ψ(t) is PAA(R,R)

function but it is not AA(R,R). The graphs of the f(t) and f(t −
0.001cost) functions are in Figure 1 and Figure 2.

The following conditions are given for our main results:
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(Ξ1) hi are global Lipschitz with Lipschitz constants Lhi and there
exists positive ξ such that

|hi(ς1)− hi(ς2)| ≤ Lhi |ς1 − ς2|

for all ς1, ς2 ∈ R, |g(ς)| ≤ ξ, hi(0) = h0(0) = 0.
(Ξ2) σi(t), κ(t), A1(t), A2(t), q(t) ∈ PAA(R,R), inf κ(t) > 0, for all

t ∈ R, i = 1, 2, ...,m.
(Ξ3)

i) γ =
(
κ
^

)−1
max

{∣∣∣_A1

∣∣∣ , ∣∣∣_A2

∣∣∣} ,
j) ν =

(
κ
^

)−1
max

{
1,

(
_
κ
2

+ ξ[1 +
_
κ +

_

A1] + Lh0 +
m∑
i=1

Lhi

)}
,

k) π =
(
κ
^

)−1
max

(
1,
[
_
κ
2

+
∣∣∣_κ∣∣∣ ξ + ξ(

∣∣∣_A1

∣∣∣+ 2) + Lh0 +
∑m

i=1
hhi

])
.

3 PAA solutions

Theorem 3.1. Suppose that (Ξ1) − (Ξ3) hold. Define a nonlinear op-
erator G for each ϕ = (ϕ1, ϕ2)∈ PAA(R,R2), (Gϕ) := zϕ(t) where

zϕ(t) =

(∫ t

−∞
e−

∫ s
t κ(u)duγ1(t)dt,−

∫ +∞

t
e−

∫ s
t κ(u)duγ2(t)dt

)
,

where

γ1(t) = ϕ2(t) +A1(t)

γ2(t) = −κ2(t)ϕ1(t)− g(ϕ1(t))[ϕ2(t)− κ(t)ϕ1(t) +A1(t)]

− h0(ϕ1(t))−
n∑
i=1

hi (ϕ1(t− σi(t))) +A2(t).

Then Gϕ ∈ PAA(R,R2).

Proof. Noting that Gϕ ∈ PAA(R,R2)then it follows from Definition
2.4 such that (

γ1(s)
γ2(s)

)
=

(
γ11(s) + γ12(s)
γ21(s) + γ22(s)

)
.
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And so

(Gϕ) =

( ∫ t
−∞ e

−
∫ s
t κ(u)du(γ11(s) + γ12(s))ds

−
∫ +∞
t e−

∫ s
t κ(u)du(γ21(s) + γ22(s))ds

)

=

( ∫ t
−∞ e

−
∫ s
t κ(u)duγ11(s)ds

−
∫ +∞
t e−

∫ s
t κ(u)duγ21(s)ds

)
+

( ∫ t
−∞ e

−
∫ s
t κ(u)duγ12(s)ds

−
∫ +∞
t e−

∫ s
t κ(u)duγ22(s)ds

)
= (G1ϕ) + (G2ϕ) .

Firstly, we prove that (G1ϕ) ∈ AA(R,R2).
Let (a′n) ⊂ R be a sequence. It can be extracted a subsequence (an)

of (a′n) such that(
lim

n→+∞
γ11(s+ an)

lim
n→+∞

γ21(s+ an)

)
=

(
γ̃11(t)
γ̃21(t)

)
,

(
lim

n→+∞
γ̃11(s− an)

lim
n→+∞

γ̃21(s− an)

)
=

(
γ11(s)
γ21(s)

)
for all t ∈ R.

Define (
G̃1ϕ

)
(t) =

( ∫ t
−∞ e

−
∫ s
t κ(u)duγ̃11(s)ds

−
∫ +∞
t e−

∫ s
t κ(u)duγ̃21(s)ds

)
.

Then we have

(G1ϕ) (t+ an)−
(
G̃1ϕ

)
(t) =

( ∫ t+an
−∞ e−

∫ t+an
s κ(u)duγ11(s)ds

−
∫ +∞
t+an

e−
∫ t+an
s κ(u)duγ21(s)ds

)

−

( ∫ t
−∞ e

−
∫ t
s κ̃(u)duγ̃11(s)ds

−
∫ +∞
t e−

∫ s
t κ̃(u)duγ̃21(s)ds

)

=

( ∫ t+an
−∞ e−

∫ t
s−an κ(τ+an)dτγ11(s)ds

−
∫ +∞
t+an

e−
∫ t
s−an κ(τ+an)dτγ21(s)ds

)

−

( ∫ t
−∞ e

−
∫ t
s κ(u)duγ̃11(s)ds

−
∫ +∞
t e−

∫ s
t κ(u)duγ̃21(s)ds

)

=

( ∫ t
−∞ e

−
∫ t
u κ(τ+an)dτγ11(u+ an)du−

∫ t
−∞ e

−
∫ t
u κ(τ+an)dτ γ̃11(u)du

−
∫ +∞
t e−

∫ t
u κ(τ+an)dτγ21(u+ an)ds+

∫ +∞
t e−

∫ t
u κ(τ+an)dτ γ̃21(u)ds

)
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+

( ∫ t
−∞ e

−
∫ t
u κ(τ+an)dτ γ̃11(u)du−

∫ t
−∞ e

−
∫ t
s κ(τ)dτ γ̃11(u)dt

−
∫ +∞
t e−

∫ t
u κ(τ+κn)dτ γ̃21(u)ds+

∫ +∞
t e−

∫ s
t κ(τ)dτ γ̃21(u)du

)

=

( ∫ t
−∞ e

−
∫ t
u κ(τ+an)dτ [γ11(u+ an)− γ̃11(u)]du

−
∫ +∞
t e−

∫ t
u κ(τ+an)dτ [γ21(u+ an)− γ̃21(u)]ds

)

+

( ∫ t
−∞ [e−

∫ t
u κ(τ+an)dτ − e−

∫ t
s a(τ)dτ ]γ̃11(u)du

−
∫ +∞
t [e−

∫ t
u κ(τ+an)dτ − e−

∫ t
s κ(τ)dτ ]γ̃21(u)ds

)
.

Using Theorem 1.80 in [7], we get lim
n→∞

(G1ϕ) (t + an) =
(
G̃1ϕ

)
(t).

Similarly, we can prove that lim
n→∞

(
G̃1ϕ

)
(t − an) = (G1ϕ) (t) which

implies that the function (G1ϕ) ∈ AA(R,R2).
Secondly, we can get

lim
q→∞

1

2q

∫ q

−q
|(G2ϕ) (t)| dt = ( lim

T→∞

1

2q

∫ q

−q

∣∣∣∣∫ t

−∞
e−

∫ t
s κ(u)duγ12(s)ds

∣∣∣∣,
− lim
q→∞

1

2q

∫ q

−q

∣∣∣∣∫ +∞

t
e−

∫ t
s κ(u)duγ22(s)ds

∣∣∣∣)
= lim

q→∞

1

2q

∫ q

−q

∣∣∣∣∫ t

−∞
e−

∫ t
s κ(u)duγ12(s)ds

∣∣∣∣dt
≤ lim

q→∞

1

2q

∫ q

−q

∣∣∣∣∫ t

−q
e−

∫ t
s κ(u)duγ12(s)ds

∣∣∣∣dt
+ lim
q→∞

1

2q

∫ q

−q

∣∣∣∣∫ −q
−∞

e−
∫ t
s κ(u)duγ12(s)ds

∣∣∣∣dt
≤ lim

q→∞

1

2q

∫ q

−q
‖γ12(s)‖ dt

∫ t

−q
e
−κ
^
(t−s)

ds

+ lim
q→∞

sup |γ12(t)|
2q

∫ q

−q
dt

∫ −q
−∞
|e

− κ
^

(t−s)
|ds

= lim
q→∞

sup |γ12(t)|
2q(κ

^
)2

(1− e−2q) = 0.

Similarly, we can write

lim
q→∞

1

2q

∫ q

−q

∣∣∣∣∫ +∞

t
e−

∫ t
s κ(u)duγ22(s)ds

∣∣∣∣ = 0.
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Then

lim
q→∞

1

2q

∫ q

−q
|(G2ϕ) (t)| dt = 0,

which implies that (G2ϕ) ∈ AA0(R,R2). Thus, Gϕ ∈ PAA(R,R2). �

Theorem 3.2. Suppose that assumptions (Ξ1)−(Ξ3) hold. Then system
(2) has a unique PAA solution in the region

U =

{
ϕ| ‖ϕ− ϕ0‖ ≤

χν

1− ν
, ϕ ∈ BUC(R,R2) ∩ PAA(R,R2)

}
,

where

ϕ0 =

(∫ t

−∞
e−

∫ s
t κ(u)duA1(t)dt,

∫ +∞

t
e−

∫ s
t κ(u)duA2(t)dt

)
.

Proof. Let We can see [12] that U is closed subset. Define a mapping
N : U → U , by setting

(Nϕ) =

(
z1ϕ
z2ϕ

)
,

where,

z1ϕ(t) =

∫ t

−∞
e−

∫ s
t κ(u)du [ϕ2(s) +A1(s)] ds

z2ϕ(t) = −
∫ +∞

t
e−

∫ s
t κ(u)du

[
−κ2(s)ϕ1(s)− g(ϕ1(s))[ϕ2(s)− κ(s)ϕ1(s)

+ϕ1(s)]− h0(ϕ1(s))−
n∑
i=1

hi (ϕ1(s− σi(s))) +A2(t)

]
ds.

It is clear that

‖ϕ0‖ ≤ sup
t∈R

max

{∫ t

−∞
e−

∫ s
t κ(u)duA1(s)ds,

∫ +∞

t
e−

∫ s
t κ(u)duA2(s)ds

}

≤ max


∣∣∣_A1

∣∣∣
κ
^

,

∣∣∣_A2

∣∣∣
κ
^

 = γ < 1.
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Also

‖ϕ‖∞ ≤ ‖ϕ− ϕ0‖+ ‖ϕ0‖∞ ≤
γν

1− ν
+ γ =

λ

1− ν
< 1.

Therefore, we can write

‖Nϕ− ϕ0‖∞ =

(∣∣∣∣∫ t

−∞
e−

∫ s
t κ(u)duϕ2(t)dt

∣∣∣∣ , ∣∣∣∣∫ +∞

t
e−

∫ s
t κ(u)duγs

2
(t)dt

∣∣∣∣) ,
(3)

where

γs
2
(t) =− κ2(t)ϕ1(t)− g(ϕ1(t))[ϕ2(t)− κ(t)ϕ1(t) +A1(t)]− h0(ϕ1(t))

−
n∑
i=1

hi (ϕ1(t− σi(t))) .

Then, from (3) we get

‖Nϕ− ϕ0‖∞ =
(
κ
^

)−1
max

{
1,

(
_
κ
2

+ ξ[1 +
_
κ +

_

A1] +

m∑
i=0

Lhi

)}
‖ϕ‖∞

= ν‖ϕ‖∞ ≤ ν
γ

1− ν
.

Also

‖Nϕ‖∞ ≤ ‖Nϕ− ϕ0‖∞ + ‖ϕ0‖ ≤ ν
γ

1− ν
+ γ =

γ

1− ν
< 1.

Therefore, can conclude from [17] that N is a self mapping from U to
U .

‖(Nϕ)(t)− (Nη)(t)‖∞ = (|((Nϕ1)(t)− (Nη1)(t))1| , |((Nϕ1)(t)− (Nη1)(t))2|)T

≤
(∫ t

−∞
e−

∫ s
t κ(u)du |ϕ2(s)− η2(s)| ds,

∫ +∞

t
e−

∫ s
t κ(u)du |γ2(t)− γ̃2(t)| dt

)T
≤
(∫ t

−∞
e−

∫ s
t κ(u)dudssupt∈R |ϕ2(t)− η2(t)|,

∫ +∞

t
e−

∫ s
t κ(u)du
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×
∣∣−κ2(s)(ϕ1(s)− η1(s))− g(ϕ1(s))[ϕ2(s)− κ(s)ϕ1(s) +A1(s)]

+ g(η1(s))[η2(s)− κ(s)η1(s) +A1(s)]− (h0(ϕ1(s))− h0(η1(s)))

−(
m∑
i=1

hi (ϕ1(s− σi(s)))−
m∑
i=1

hi (η1(t− σi(t))))

∣∣∣∣∣ ds
)T

≤
(∫ t

−∞
e−

∫ s
t κ(u)dudssupt∈R |ϕ2(t)− η2(t)|,

∫ +∞

t
e−

∫ s
t κ(u)duds

×
{
κ2(t)supt∈R |ϕ1(t)− η1(t)|+ ξsupt∈R |ϕ2(t)− η2(t)|+

|κ(t)| supt∈R |ϕ1(t)− η1(t)|+ ξ |A1(t)| supt∈R |ϕ1(t)− η1(t)|
+ ξsupt∈R |ϕ1(t)− η1(t)|+ h0supt∈R |ϕ1(t)− η1(t)|+

+

m∑
i=1

hisupt∈R |ϕ1(t− σi(t))− η1(t− σi(t))|

})T
≤ (

∫ t

−∞
e−

∫ s
t κ(u)duds,

∫ +∞

t
e−

∫ s
t κ(u)duds

×
[
_
κ
2

+
∣∣∣_κ∣∣∣ ξ + ξ(

∣∣∣_A1

∣∣∣+ 2) + h0 +
∑m

i=1
hi

]
)T ‖ϕ− η‖∞

≤
(
κ
^

)−1
max

(
1,
[
_
κ
2

+
∣∣∣_κ∣∣∣ ξ + ξ(

∣∣∣_A1

∣∣∣+ 2) + h0 +
∑m

i=1
hi

])
‖ϕ− η‖∞

= π‖ϕ− η‖∞.

By (Ξ3), we can conclude that N is a contraction. It follows that N
has a unique fixed point q ∈ N of (2), Uq = q. From Theorem 3.1, q is
PAA solution. �

Example 3.3. Considering the following Lienard-type system with mul-
tiple delays

z′1(t) = −κ(t)z1(t) + z2(t) +A1(t),

z′2(t) = κ(t)z2(t)− κ2(t)z1(t)− g(z1(t))× [z2(t)− κ(t)z1(t) +A1(t)]

− h0(z1(t))− h1 (z1(t− σ1(t))) +A2(t), (4)

where κ(t) = 24 + 2 sin 1
2+sin t+sin

√
2t

, A1(t) = −2− 20cos 1
2+sin t+sin

√
2t

+

e−t
2
, h0 = h1 = 1

2(|z + 1| − |z − 1|), A2(t) = cos
√

5( 1
1+sin t) + sin

√
7t +

e−t
2
, g(z) = arctan z, σ1(t) = 1

2 |cos t|.Then, L = ξ = 1, κ
^

= 22 ,
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ν = 1
22 < 1, π = 1

22 < 1, γ = 21
22 < 1. Then (Ξ1) − (Ξ3) in Theorem 3.2

hold, thus system (4) has an unique positive PAA solution.

Remark 3.4. In this study, some important results were obtained con-
cerning the PAA solutions of the Lienard type system discussed. As
seen in Example 2.7, the set of PAA functions is more extensive than
the known sets of AP, PAP and AA. Therefore, the main results of the
study are complementary to the new and previous studies. In addition,
an example is given that confirms the results.
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