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Abstract. Decomposer functional equations were introduced by the
author and have been completely solved on arbitrary groups. Their so-
lutions are as decomposer functions and play important role regarding
to decomposition (factorization) of groups by their two subsets. In this
paper, we introduce an important class of strong decomposer functions,
namely parter (or cyclic decomposer) functions. As some important ap-
plications of this topic, we characterize all periodic , coperiodic functions
in arbitrary groups and give general solution of their functional equa-
tions: f(bx) = f(x) , f(ab) = f(x), f(bw) = bf(x) and f(xb) = f(x)b.
Moreover, we characterize all parter functions in arbitrary groups and
completely solve the decomposer equation with the condition which its
x-range is a cyclic subgroup of G. Finally, we give some functional char-
acterization for related projections and b-parts functions and also, we
introduce some uniqueness conditions for b-parts of real numbers.
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1. Introduction and Preliminaries

In [2] decomposer and strong decomposer functions on groups were in-
troduced and characterized. They have many important properties and
so close relations to factorization of groups by their two subsets, and
associative functions. Every strong decomposer function f on a group
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G is associative and induces another binary operation -y namely f-
multiplication such that (G, -f) is a grouplike (a new algebraic structure
that is something between semigroup and group, see [5,6]). Here, we
introduce and study an important special case of decomposer functions,
namely parter (or cyclic decomposer) functions. On the other hand, b-
parts of real numbers were introduced in [8] and some of their properties
have been studied in [8,4]. Here, we see that the b-decimal part function
is a real parter function and we consider it as our first idea for introduc-
ing the topic.

Let (G,.) be a group with the identity element e. If f, g are functions
from G to GG, then define the functions f.g and f~ by

Fo(@) = f@)g@) . [ @ =[] : Veed.

Note that the notation fg is used for the composition of f and g (fog),
also f~!is the inverse function of f. We denote the identity function on
G by tg or simply by ¢ and constant function f(z) = ¢ by ¢ (especially
when ¢ = e).

Forevery f : G — G ,weput f*=1.f~, fo = f~.cand call f* [resp. fi]
left x-conjugate of f [resp. right x-conjugate of f]. They are also called
x-conjugates of f. Clearly 1* =1, = e, e* =e. =1, f = (") = (f)"
Also, the identity (fg)~ = f~g implies f=f = ()7, (fg)* = g*.f*g
and (fg)« = f«g.9« . Note that f is idempotent if and only if f*f = e
(or fuf =e).

Additive notations. If (G,+) is additive group, then the notations e,
=, f-g, f.g~ arereplaced by 0, —f, f+ g, f —g and we have f* = f, =
t—f.

Example 1.1. Consider the additive group R and fix b € R\ {0}. For
each real number a denote by [a] the largest integer not exceeding a and
put (a) = a — [a] (the decimal part of a). Now, set

s = bl3] . (@) =b(3):
We call [a], b-integer part of a and (a), b-decimal part of a. Also, [ |p,
( )p are called b-decimal part function and b-integer part function, re-
spectively. Clearly ( ); = [y and [ ]; = ( )p, both are idempotent, so
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their compositions are zero and (R), = R, = b[0,1) = {bd|0 < d < 1}
and [R], = bZ = (b). Here, the b-parts functions are our idea for intro-
ducing b-parter functions as an important class of strong decomposer,
b-periodic and b-coperiodic functions.

2. Decomposer Type Functions on Groups

If f is an arbitrary function from G to G and f(z) = f(y), then x =
(@) f(y) = f(y)f«(z). The converse is valid if f is decomposer and we
have the following definition (see [2,3]).

Definition 2.1. Let f be a function from G to G. We call f:
(a) right [resp. left] strong decomposer if

f(fF@)y) = fly) [resp. f(zfi(y)) = f(z)] - Vo,yeC.

(b) right [resp. left] semi-strong decomposer if

(U (@)y) = f(f(e)y) [resp. f(zfi(y)) = f(zfle))] : Va,yeG.

(c) right [resp. left] decomposer if

F(r @) fy) = fly) [resp. f(f(@)fe(y)) = f(2)] : Vo,y €.

(d) right [resp. left] weak decomposer if
F(re)f(x) = f(x), f(f*(@)f(e)) = fle) : Veed.

resp. f(f(x)fi(e)) = f(z), f(f(e)fu(x)) = fle) : Vaedl]

(e) right [resp. left] separator if f*(G)N f(G) = {f(e)} [resp. f(G)N
fo(G) = {f(e)}].

We call f decomposer or two-sided decomposer [resp. separator] if it is
left and right decomposer [resp. separator].

Note: In each parts of the above and other definitions if f(e) = e, then
we will add the word standard to the titles. For example ” f is standard
right separator” means f*(G) N f(G) = {e}.
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Fix ¢ € G. The functions ¢ and cz [resp. ¢ and z| are decomposer [resp.
strong decomposer|, we call them trivial decomposers [resp. trivial strong
decomposers).

In the additive real numbers group, |z| is standard separator (and idem-
potent) but it is not (standard) weak decomposer. The function f(z) =
max{z,0} is standard weak decomposer but it is not (standard) decom-
poser. Finally [ ], is standard decomposer but it is not (standard) strong
decomposer.

Theorem 2.2. Let f: G — G.
(a) f is right strong decomposer = f is right semi-strong decomposer
= f is right decomposer = f is right weak decomposer.
(b) f is standard right strong decomposer < f is standard right semi-
strong decomposer = f is standard right decomposer = f is standard
right weak decomposer = f is standard right separator.
(c) If f is right strong decomposer, then f is right separator, idempotent,
ff=[f(e) and

[l frr=rf=e , ({fle) <fI(G) <G
(d) If f is right decomposer and f*(G) < G, then f is right strong de-
composer (and visa versa). We have similar theorem for left decomposer
type functions.

Proof. See [2,3]. O

Example 2.3. Consider G = {1,a,a?, a3 b,ba,ba?,ba®} = Dy (a* =
b2 =1,bab = a~! = a3). Put Q = {1,ba,ba? ba®} and

xr x€f)
f(x):{bx x ¢ Q

Considering the relation z ¢ Q < bxr € , it can be seen that f is
(standard) right strong decomposer.

3. Parter, Periodic and Coperiodic Functions
on Groups

An exact observation of b-parts functions shows that their basic prop-
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erties are (z+b), = (x)p [i.e. ()p is b-periodic] and [R], = (b) (i.e. the -
range of ( ), is cyclic real subgroup) and other properties are concluded
from them. This fact lead us to an important vast class of (strong)
decomposer functions which are the most natural generalization of b-
parts functions. In this section we study those decomposer functions
such that f*(G) is cyclic subgroup and consider their relations to the
periodic and coperiodic functions.

Definition 3.1. We call a right [resp. left] decomposer function f right
[resp. left] parter (or cyclic decomposer) if f*(G) [resp. f(G)] is a cyclic
subgroup of G, and if this is the case f*(G) = (b) [resp. f.(G) = (b)],
then we call it right b-parter [resp. left b-parter]. The function f is called
b-parter if it is left and right b-parter. The identity function is trivial
(two-sided) standard e-parter. If G = (g), then the constant function e
is also another trivial g-parter function on G. Also, [ is right parter if
and only if f is right strong decomposer and f*(G) is subset of a cyclic
subgroup of G (by Theorem 2.2).

Example 3.2. The function f in Example 2.3 is b-parter, because is
right decomposer and f*(G) = (b) = {1,b}. The parter functions have
so closed relationship to periodic and coperiodic functions. Recall that
if b € G is fix. then a function f : G — G is called left [resp. right]
b-periodic if f(bx) = f(x) [resp. f(axb) = f(z)] for all z € G. It is
b-periodic if is left and right b-periodic. In group G, every function is
trivial (two-sided) e-periodic, and the function e is trivial (two-sided)
b-periodic, for all b € G.

Definition 3.3. We call f : G — G left [resp. right] b-coperiodic
if f(bx) = bf(x) [resp. f(axb) = f(x)b] for all x € G, and it is b-
coperiodic if is left and right b-coperiodic. The b-integer part function | |,
is standard b-coperiodic and the b-decimal part function ( )y is standard
b-periodic. In general, f: G — G is left [resp. right] b-coperiodic if and
only if fi [resp. [*] is left [resp. right] b-periodic:
f(bx) =bf(x) & fo(bx) = fu(z), f(xb) = f(x)b & f*(xb) = f*(z) : Va € G.

Example 3.4. If f is right [resp. left] strong decomposer and b € f*(G)

[resp. b € fi(G)],then f is left [resp. right] b-periodic. The function f
in Example 2.3 is left b-periodic but it is not right b-periodic.
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Definition 3.5. If A and Q are subsets of G, then the notation A = A-Q
means A = AQ and if w1 = dowo where 61,09 € A, wi,ws € £, then
01 =02 and w1 = wo. If A= A-Q, then we say A is direct product of
(subsets) A and . By the notation A = A : Q we mean A =A-Q and
ANQ = {e} and say A is standard direct product of A and . Note that
additive notations are A+Q (direct sum of subsets) and A+Q (standard
direct sum of subsets). For example R = bZ+b[0,1) = (b)+Ry.

Clearly if AQ = A-Q, then |AQ| = |A]|Q]. Also if A and € are nonempty
subsets of G, then AQ = A - Q if and only if (A~1A) N (QQ71) = {e}
(in additive notation (A — A) N (2 —N) ={0}).

Let G = A-Q. Define the functions Pa, Pq, from G to G, by Pa(z) = 4,
Pqo(z) = w, where = = dw,d € A,w € Q. Clearly, they are well-defined
and PA(G) = A, Po(G) = Q, P = Pa. We call Py, [resp. Pa] right
[resp. left] projection of the direct decomposition G = A-Q. The b-parts
functions are projections of the direct decomposition R =< b > +Ry,.

Now, we can prove some equivalent conditions for a function to be left
b-parter and state its relations to b-periodic, b-coperiodic functions and
factorization of G by its subsets. Similar theorem can be stated for the
right case.

Theorem 3.6. Fix b € G. The followings are equivalent for every
f:G—G:

(a) f is right b-parter,

(b) f is right strong decomposer and b € f*(G) C (b),

(c) f is right semi-strong decomposer and f*(G) = (b),

(d) f is left b-periodic and f*(G) = (b),

(e) [* is left b-coperiodic and f*(G) = (b),

(1) G = (B} - F(G) and be £*(G) € ().

Proof. It is clear that (a) = (b) = (c¢), by applying Theorem 2.2 and
the definitions.

Now if (¢) holds, then there exist xg,yg € G such that f*(zg) = e,

f*(yo) = b and
fz) = f(f*(yo)z) = f(f*(e)x) = f(f*(z0)z) = f(ex) = f(x); Vz € G.

So, we arrive at (d).
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Considering the relation

flbr) = f(2) & f*(a) = bf*(2) : Ve e,

(d) implies (e).

Suppose (e) holds. Then f is left b-periodic (because of the above rela-
tion) and G = f*(G)f(G) = (b)f(G). We claim that f is idempotent
and this product is direct. For if € G, then f*(z) = b™ for some
ng, € Z and

(@) = [ f(z) = f(f* (@) f(2) = f(=),
also if z,y € G, m,n € Z and b™ f(z) = b" f(y), then

fla) = f(x) = fFO" f(2)) = FO"f(y) = f(y),

therefore b = 0™ and the claim has been proved and we obtain (f).
Finally, if (f) holds and z,y € G, then there exist n,,n, € Z such that
f*(x) =", f*(y) =b™ and so

F@)y) = FU @ F @) ) = FO fy) = fy),

where the last equation is concluded from G = (b)- f(G) and the identity
b=t f(y) = f*(b"= T f(y)) f(B"=1" f(y)). Therefore, f is right strong
decomposer thus f*(G) < G and so f*(G) = (b). Therefore, the proof
is complete. [

Remark 3.7. The conditions (a)-(f) are not equivalent to the statement
"f is right decomposer and b € f*(G) C (b)” (that is gotten from (a) if
replace f*(G) = (b) by b € f*(G) C (b)). Because, putting

K if [z] is even
fl2) = {:c —1 if[z] is odd
f is decomposer and 1 € f*(R) C (1) = Z, but f is not 1-parter (f*(R) =
{0,1}).

Up to now we have studied the properties of parter functions. Now,
we show that how we can construct them and prove their existence,
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in arbitrary groups. Considering Remark 2.7, Corollary 2.9 of [2] (and
p448 of [7]), ift H < G [resp. H < G, then H is a left and right factor
[resp. two-sided factor] of G as the sense in factorization of a group by
its subsets, i.e. there exist subsets Q2 and A of G such that G = H-Q and
G=A-H [resp. G=H-Q=Q-H|. Moreover, we can find such these
subsets in which G =H : Qand G=A: H [resp. G=H : Q= : H]
that means H is a standard left and right factor [resp. standard two-
sided factor] of G. Also, if G # 0 is a group (finite or infinite) for
which |G| is not a prime number and H is a non-trivial subgroup [resp.
normal subgroup], then we can find such subsets with cardinality> 1 (so
the factorization is non-trivial). This fact implies existence of left and
right [resp. two-sided] strong decomposer functions in groups G' # 0
(finite or infinite) for which |G| is not a prime number [resp. non-simple
groups| (see [2;Corollary 2.9]).

Also, Theorem 2.5,3.5 and Corollary 2.2,3.6 of [2] state that:

Theorem 3.8. In every group G
(i) General form of all right [resp. left] decomposer functions is

f=Pq ; for all representation G = A - €.
[f = Pan ; for all representation G = A - Q.|
(ii) General form of all right [resp. left] strong decomposer functions is
f=Pa ; forall representation G = A - Q with A < G.

[f = Pa ; for all representation G = A - Q with Q < G.]

(iii) General form of all strong decomposer functions is
f=Pq ; for all representation G = A - Q with A < G.

For the standard case of the every above functions, A - Q should be re-
placed by A : Q.

Remark 3.9. Therefore, putting H = (b), there exists a class of subsets
Q and A of G such that G = (b) -Q and G = A-(b). We fix one of such
these Q in which G = (b) : Q and denote it by Q. Hence, in this paper
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we consider G = (b) : Q as the fived standard direct decomposition by b
(i.e. (b)). For example, for bZ = (b) < R, there exists an infinite class
of real subsets ) containing all half open intervals bjn,n + 1) such that
R = bZ+9Q. Here, we fir Qp = b[0,1) = Ry, and we have R =< b > +R,.
Hence, we observe that Pyy, = [ |, and Pr, = ( )y which are the same
b-parts functions. Now, we are ready to prove existence of a vast class
of decomposer type functions.

Lemma 3.10. Let G # 0 be a group (finite or infinite).

(a) If |G| is not a prime number, then nontrivial (standard) right and
left parter, periodic and coperiodic functions exist (and vice versa).

(b) If G is not cyclic, then for every b € G\ {e} nontrivial (standard)
right and left b-parter, b-periodic and b-coperiodic functions exist.

(c) If (b) is nontrivial normal subgroup of G, then nontrivial standard
(two-sided) b-parter, b-periodic and b-coperiodic functions exist (and vice
versa,).

Proof. Suppose that (b) is a non-trivial subgroup of G. Then, Re-
mark 3.6 gives us a non-singleton and proper subset €2 of G such that
G = (b) : Q. Putting f = Pqg,, we have f*(G) = Py (G) = (b), and
so Theorem 3.5 implies f is nontrivial standard right parter function on
G. Therefore, nontrivial standard right b-parter, left b-periodic and left
b-coperiodic functions exist (analogously for the left parter function).
This fact proves (a) and (b), clearly.

Now, if (b) is nontrivial normal subgroup of G, then f = P, is (two-
sided) standard strong decomposer, by Theorem 2.2 (c), and also Corol-
lary 3.6 of [2] implies f*(G) = f«(G) = Py)(G) = (b) so we arrive at
(c), by Theorem 3.6. The converse is also valid, by Theorem 2.2 and
Theorem 3.6. O

4. General Form of Parter Functions and Gen-
eral Solution of the Periodic and Coperiodic
Functional Equations

Up to now, one see that every right b-parter function is left b-periodic
and left *-conjugate of every b-periodic function is b-coperiodic. Hence,
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considering the fact that left composition of every arbitrary function
on G with all b-periodic functions are also b-periodic, we arrive at the
following characterizing theorem.

Theorem 4.1. (Characterization of parter, periodic and coperiodic func-
tions). Fiz b € G.
(i) General form of all right [resp. left] b-parter functions is

f=Pq ; for all representation G = (b) - €.
[f = Pa ; for all representation G = A - (b).]
(ii) General form of all left [resp. right] b-periodic functions is
f = pPq ; for all representation G = (b) - Qand all functions u: Q@ — G.
[f = pPa; for all representation G = A - (b) and all functions p: A — G.]
(iii) General form of all left [resp. right] b-coperiodic functions is
[ = Puy.uPq ; for all representationG = (b) - Q and all functionsy : Q — G.
[f = uPa.Pyy; for all representationG = A - (b)and all functionsy : A — G.]
Proof. Part(i) is concluded from Theorem 2.2 and Theorem 3.6. Now,

let f be left b-periodic and consider the standard factorization G = (b) :
Q. Then f(Bzx) = f(x) for all 5 € (b), z € G and so

fla) = f(P5,(2) " 2) = f(Pa,(z)) :VzeG,

because I, (G) = (b). Now putting u = flg, we have f = uPqo, and
w: Qy — G. Conversely, it is clear that if f has the form (ii), then f is
left b-periodic.

For the last part, if f = Py).uPq, then

f(bx) = Py (b)u(Pa(br)) = bPy) (x)u(Pa(r)) = bf (2).

Conversely, if f is left b-coperiodic, then f, is left b-periodic and the part
(ii) implies f. = APn where A, P are gotten from the general solution
(ii) for f.. So,

F=(f) = (A\Pa)* = P5.\"Po = Py APy
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Therefore,
putting u = A* we obtain x : 2 — G such that f = Pyy.uPo. U

Remark 4.2. The above theorem completely solve the functional equa-
tions f(bx) = f(x), f(bx) = bf(x), the left strong decomposer equa-
tion with the condition f*(G) = (b) and the other mentioned functional
equations (right cases). Also, it states an important fact that all left
b-periodic [resp. b-coperiodic] functions f are gotten from the compo-
sition of right b-parter functions €, and arbitrary functions p defined
on its image, i.e. f = pey [resp. f = e;.uep]. Moreover, for every
left b-periodic function f we can find an standard left b-parter function
ep (obtained from the fized standard direct decomposition G = (b) : O
where €, = Pq, ). Analogously, we have similar properties for the right
cases and b-coperiodic functions. Therefore, we can say the fized stan-
dard b-parter function e is essential and basic b-periodic function and
it generates others (by composition with arbitrary functions). For in-
stance, the above statement says the b-decimal part function e, = ( )p
1s the essential b-periodic real function and other periodic real functions
are generated by it, i.e. f = pu( )y where p : b[0,1) — R. Also, the
general solution of the real functional equation f(b+ z) = b+ f(z) is
F=1[lb+u()y=1[]p+null; that is general form of all real b-coperiodic
functions, and says [ |y is the essential b-coperiodic function.
Considering the interesting fact that Pyz = [ |p and Pyg1)y = ( )y (cor-
responding to the standard direct decomposition R = bZ+b[0,1)) we can
give a uniqueness conditions for them, by the following lemma.

Lemma 4.3. Let G=A-Q and f: G — G.

(i) If f is a right [resp. left] decomposer function such that f(G) C Q and
fH(G) € A [resp. f(G) €A and f(G) C QJ, then (f*,f) = (Pa, Pa)

/7"68]). (f7 f*) - (PAa PQ)/

(i) If f is a right [resp. left] decomposer and g : G — G is a function

such that g(G) C f(G) and g*(G) C f*(GQ) [resp. g(G) C f(G) and

9(G) C fi(G)], then g = f.

(iii) (Pa, Pq) is the unique solution of functional equation f(f*(x)f(y)) =

f(y) [resp. f(f(x)fi(y)) = f(x)] with the conditions f(G) = Q and
f(G)=A [resp. f(G)=A and f.(G) =QJ.



12 M. H. HOOSHMAND

Proof. If f(G) CQ, f*(G) C A and z € G, then there exist 2/, 2" € G
such that f(z) = Po(z'), f*(z) = Pa(2”) and

Po(z) = Po(f*(2)f(2)) = Pa(Pa(a")Pa(2)) = Pa(a’) = f().

So (i) is proved and (ii) is a result of (i). Also, (iii) is concluded from
Theorem 2.2 and the part (i). O

Corollary 4.4. (Functional characterizations of b-parts of real num-
bers)

(i) b-decimal part function is the only b-parter function for which its
range is b[0, 1).

(ii) b-decimal part function is the unique solution of the functional equa-
tion

F(z = F(@) + F) = F(y) such that F(R) = b[0,1) and f*(R) = bZ.
(iii) b-decimal part function is the unique solution of the functional equa-
tion

flx— f(z)+y) = f(y) such that f(R) =b[0,1) and f*(R) = bZ.

(iv) b-integer part function is the unique solution of the functional equa-
tion

flx—f(x)+ f(y)) = f(y) such that f(R) = bZ and f*(R) = b[0,1).
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