INVERSE EIGENVALUE PROBLEM OF BISYMMETRIC
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ABSTRACT. This paper considers an inverse eigenvalue problem for bisymmetric
nonnegative matrices. We first discuss the specified structure of the bisymmetric
matrices. Then for a given set of real numbers of order maximum five with special
conditions, we construct a nonnegative bisymmetric matrix such that the given
set is its spectrum. Finally, we solve the problem for arbitrary order n in the
special case of the spectrum.

1. INTRODUCTION

Bisymmetric matrices have been widely discussed since 1939, and are very useful
in communication theory, engineering and statistics [1]. In fact, symmetric Toeplitz
matrices and persymmetric Hankel matrices are two useful examples of bisymmetric
matrices. The bisymmetric nonnegative inverse eigenvalue problem is the problem
of finding necessary and sufficient conditions for a list of n real numbers to be the
spectrum of an n X n bisymmetric nonnegative matrix. If there exists an n x n
bisymmetric nonnegative matrix A with spectrum o, we say that is realizable and
that A realizes o.

The nonnegative inverse eigenvalue problem is very difficult and it is solved only
for n = 3 by Loewy and London and for matrices with trace 0 of order n = 4
by Reams and for n = 5 in some special cases by Nazari and Sherafat in 2012
[6]. Recently Nazari et.al solve symmetric nonnegative inverse eigenvalue problem
(SNIEP) with one positive eigenvalue and nonnegative summation [6].

Through this paper the following notation is used. The spectral radius of nonneg-
ative matrix A denoted by p(A). For nonnegative matrices the largest eigenvalue is
called Perron eigenvalue and denoted by A\; and we have A\; = p(A), so there is a
right and a left eigenvector associated with the Perron eigenvalue with nonnegative
entries.

Some necessary conditions on the list of real number o = {A1, Ag,..., A\,} to be
the spectrum of a nonnegative matrix are listed below.

(1) The Perron eigenvalue max{|\;|; \; € o} belongs to o (Perron-Frobenius theo-
rem).

(2) s = Y0, AF > 0.

(3)sir < n™~Ls,, for k,m =1,2,... (JLL inequality) [, B].
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This paper is organized as follows. First, we discuss the specified properties and
structure of bisymmetric matrices in section 2, and in the next section find a solution
for BSNIEP for order 2,3,5 and finally, we solve BSNIEP for a special given spectrum
of arbitrary order n.

2. THE PROPERTIES OF BISYMMETRIC MATRICES

A matrix for which the values on each line parallel to the main diagonal are
constant, is called a Toeplitz matrix and Hankel matrix, is a square matrix in which
each ascending skew-diagonal from left to right is constant.

Let A = (aj;) be an n x n matrix. A is persymmetric if for all ¢, j we have

aij = An—jrin—it1-

This can be equivalently expressed as AJ,, = J, AT where J,, is the exchange matrix,
ie.J, = (én,en_1,...,e1) and we denote by e; the ith, (i = 1,...,n) column of identity
matrix I,,. Also it is clear that

Jo=JE  JJE =1,

If a symmetric matrix is rotated by 90 degrees, it becomes a persymmetric matrix.
Symmetric persymmetric matrices are sometimes called bisymmetric matrices [].

Definition 2.1. A real n x n matrix A = (a; ) is called a bisymmetric matrix if its
elements satisfy the properties

@ij = Qjis  Gij = Gn—jln—itl-
The set of all n x n bisymmetric real matrices is denoted by BSR"*"™.

Clearly, a bisymmetric matrix is a square matrix that is symmetric about both
of its main diagonals.

If A is a real bisymmetric matrix with distinct eigenvalues, then the matrices that
commute with A must be bisymmetric [2]. The inverse of bisymmetric matrices can
be represented by recurrence formulas [3].

Lemma 2.2. A matriz A € BSR™ " if and only if AT = A and S,AS, = A.

Noting that BSR™™ C SR™*", all eigenvalues of a bisymmetric matrix are real
numbers, where SR™*™ denote the set of symmetric matrices of dimnesion n.

Definition 2.3. Given A € R™*" if n—k is even, then the k-square central principal
submatrix of A, denoted as A, (k), is a k-square submatrix obtained by deleting the

first and last ”gk rows and columns of A, that is

n—k)

Ao (k) = (01, 0) A0 I, 0)",  0e RW*(5"

central principal submatrices preserves the bisymmetric structure of the given ma-
trix.

The product of two bisymmetric matrices is a centrosymmetric matrix.
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3. CONSTRUCTION
3.1. CASE n=2.

Theorem 3.1. Let 0 = {\1, \2} be a set of two real numbers such that A\; > |Aa.
Then o is the set of eigenvalues of a bisymmetric nonnegative matrix.

. . o b .
Proof. we consider desired matrix is A = [a a] by get roots of characteristic poly-

b

nomial of A, we have

det(A — M) =0= {\ =a—b, Ao =a+b},
)\142r/\2 p= 2

EAQ then the matrix
A1tde A=A
A= |:)\1E)\2 )\1-%-)\2:| ’
2 2
solves the problem. O
3.2. CASE n=3.

Theorem 3.2. Let 0 = {\1, A2, A\3} be a set of real numbers such that
(i) A1+ A+ A3 >0,
(ii) AMER, A\ > |)\Z‘,Z =23,

Then there exist a bisymmetric nonnegative matriz that realize o

SO a =

Proof. If A1 is Perron eigenvalues of real set 0 = {1, A2, A3} with nonnegative Ay and
this set is the spectrum of 3 x 3 nonnegative bisymmetric( also 3 x 3 centrosymmetric,
since all 3 x 3 bisymmetric matrix is centrosymmetric matrix) matrix then the
following trivial solution solve the problem:
A1t A=A
1 5 3 O 1 3

0 A2 0 ,
A1—A3 0 A1+As
2 2

otherwise in o we have \; > 0 > A3 > A5 then if assume that the nonnegative matrix
solution has the following form:

a b c
C=1|b a b |,
c b a

then its charactristic polynomial is:
P(X) =X —3Xa— (2 +2b* — 3a?) M
ac? —2cb? +2ab? —a® = (A — X)X — A2)(\ — N3).
If in (B) we find a, b, and ¢ based on A1, A2 and A3 then we have

a = A1+A2+As

= : ,

c=—2/3X3+1/3X +1/3 )1,
b=1/4v2XA7% =4 XA +2X% —2¢2,

(3.1)
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so the 3 x 3 nonnegative bisymmetric matrix is:

A1+A2+A3 b A1—2Xa+)3

3 3

b A1 +>52+>\3 b ,
A1—=2X2+)3 b A1+Ao+A3

3 3

and it is easy to see that this matrix is nonnegative bisymmetric and has spectrum
0. O

Suppose o € Q, the following Theorem shows the conditions under which we can
have a 3 x 3 bisymmetric nonnegative matrix from rational numbers.
Theorem 3.3. Let 0 = {1, A2, A3} be a set of real numbers such that

(i) M1+ A2+ A3 >0,

(ii) AMER, AN > |)\Z‘,Z =2,3.,
(iii) A\ +2X3 >0,
(iv) A1+ A3 > £3X\.

Then there exist a bisymmetric nonnegative matriz that realize o

Proof. We consider desired matrix as

a b c
A=1|b a+c—b b,
c b a

and by finding the roots of charactristic polynomial of matrix A we have:

det(A-AN)=0={ M =a+b+c,a=a—c,\3=a—2b+c}

SO @ = 2)\1+3(5)\2+)\3 ’b — )\15)\3 , = % ,a +c— b — % then the matrix

2A1+3X2+A3 A1—)A3 201 —3X2+ A3
6 3 6
A= A1—A3 2X1+4)\3 A1—)A3
3 6 3
201 =32+ )3 A1—A3 2A1+3A2+ A3
6 3 6

Y

is nonnegative bisymmetric matrix and solves the problem. O

Example 3.4. For 0 = {5,—1,-3} find a bisymmetric nonnegative matrix that
realizes spectrum o.
By Theorem (B™2) the following bisymmetric nonnegative matrix is solution:

/3  2/3/14  4/3
2/3v/14  1/3  2/3/14
4/3  2/3\/14  1/3

and we see that for this spectrum we cannot find a nonnegative bisymmetric matrix
according to Theorem (B33) because the () or (&) condition of the Theorem (B=3)
will not always exist. But if we increase the Perron eigenvalue’s to 6, the matrix of
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the following nonnegative bisymmetric matrix of the set of rational numbers will be
the answer:

1 3 2

3 0 3

2 31

3.3. CASE n=4. If \; is Perron eigenvalues of 0 = {A1, A2, A3, \4} with nonnega-
tive Ao and Ao > A4 is the spectrum of 4 x 4 nonnegative bisymmetric matrix then
the following trivial solution solve the problem:

)\1;)\3 0 0 )\1;)\3
A2tAa Aa—XNg
0 A 2)\ A ?F/\ 0 )
2N\ 2 4
A O)\ 2 2 A 9’)\
Al—A3 A1TA3
2 0 0 2

otherwise we study some special cases in the following Theorem:

Theorem 3.5. Let 0 = {\1, A2, A3, A1} be a set of real numbers with following
condition

(i) A+ A2+ A3+ A >0,
(ii) A € R, A > ’)\Z|,Z = 2,3,4, )\3 = )\4,
(iii) A1 + A2 > £2A3.

Then there exist a bisymmetric nonnegative matriz that realizes o

Proof. In the first case, at first we assume that A3 = A4 = 0, then it easy to see that
the following circulant nonnegative bisymmetric matrix has eigenvalues {1, A2,0,0}:

A+ Ai=A2 At Ai—Ae
4 4 4 4

Al=A2  Ait+A A=A At
4 4 4 4

AMt+de A=A AMitde A=A
4

4 4 4
A=A At A=A AitAe
4 4 4 4

Now we consider the answer matrix as a 4 x 4 circulant matrix. It is clear that this
matrix is a type of Teoplitz matrix.

A=

SO o R
o o o
Qe o0
L T 0O

We find the characteristic polynomials of this matrix and then determine its roots.
det(A—AN)=0={ M =a+2b+c,a=a—-2b+c,\3=a—c,\s=a—c}

A1+Ao+A34+My b= A+Aa—A2—A3 A1t+Ao+Ag—3A3
4 ) - 4 4

S0 a =
metric nonnegative matrix:

, C= , then the following bisym-



6 NAZARI, ASLAMI, NEZAMI

A1+A2+A3+ A A1+da—Ao—A3 A1+A2+A1—3)A3 A1+da—Ao—)3

/\1+>\4é)\2*/\3 /\1+>\2j1r)\3+/\4 /\1+>\4é)\2*>\3 /\1+>\24§)\4*3)\3
A= >\1+)\2ﬁ)\4*3)\3 /\1+>\4é)\2*/\3 /\1+>\2j1>)\3+/\4 /\1+>\4é)\2*>\3 ’

/\1+>\4%)\2*/\3 /\1+)\24i>\4*3)\3 /\1+>\4§)\2*/\3 /\1+>\2ir)\3+>\4

is the solution, with Perron eigenvalue A;.
0

Theorem 3.6. Let 0 = {\1, A2, A3, \4} be a set of real numbers with following
condition

(i) M+XA+ A3+ >0,
(i) A1 € R, A1 > | \il;1=2,3,4, A3 = Ay,
(iil) A1+ A2 > £(A3 + A\g).
Then there exist a bisymmetric nonnegative matriz that realizes o
Proof. We consider the nonnagative bisymmetric matrix as following Hankel form:
a b c b
b ¢ b c
c b c b
b ¢ b a
The charactristic polynomial of above matrix is obtained as :
PA) =M+ (=2a—2c) A3+ (=48> — 2 + dca+ a®) N2+
(—4 cb® +4ab® +2c3 — 2ca2) X —a?b? + 2ab’c — b2c? + ¢t — 2Pa + a2,
we find the roots of above polynomial and denote them by A1, Az, Ao and A4, so we
have

M =b+1/2a+1/2¢c+1/2/4b2+8bc+ a2 —2ca+5c2,
A=b+1/2a+1/2¢—1/2/4b2 +8bc+a% —2ca+5c2,
A3=—-b+1/2a+1/2¢c+1/2V/4b?> —8bc+ a2 —2ca+ 52,
M=-b+1/2a+1/2¢—1/2/4b?> —8bc+a? —2ca+5c>.

(3.2)

Now from (B2) we find a,b and ¢ and then we will provide the bisymmetric non-
negative matrix in this case. To do this, from the first two equations and then from
the last two equations of (B=2) respectively we have:

AM+A=2b+a+ec,

(3.3) A3+ =—-2b+a+c,
then

A Ao) — (A3 + A
(3.4) b:( 1+ A2) — (A3 + A\g)

4 )
also from (82) we have

Al — Ay = \/(25+26)2 + (a— 0)2,
Ag—)\4 = \/(2b—20)2+(a— 6)2,

(3.5)
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A=) = (A= M) (A=) = (h3—\y)?

160 A+ A2) — (A3 + )]

By (B3)we have A\; — Ay > A3 — A4 then by hypthesis we have b,c > 0. Now, by
combinig and simplifying the relations (B33) and (B4), we can obtain a. So

(3.6) o (A1 4+ X2)? — (A3 + )2 + 4000 — 4h3)\y
’ 4[()\1 + /\2) — ()\3 —+ /\4)] ’

By placing a,b and ¢ in Hankel matrix, the desired matrix will be obtained. O

Example 3.7. Assume given
o= {9/2 +1/2/65,9/2 — 1/2/65,7/2 +1/265,7/2 — 1/2 \/%} ,

by above Theorem we see that A\; + A2 > (A3 + A4). Then we have a = 8,b = % and

¢ = 0 and so the following Hankel matrix is bisymmetric matrix and has eigenvalues
o:

8 1/2 0 1/2

/2 0 1/2 0

0o 1/2 0 1/2

1/2 0 1/2 8

3.4. CASE n=5. In this subsection at first we try to get a extention of problem
that related to above subsection.

Theorem 3.8. Let 01 = {\1, A2, A3} be the spectrum of nonnegative bisymmetric
matrix

a b c
b d b |,
c b a

and Ay and A5 are two real numbers such that Ay > 0 and Ay + A5 > 0, then
o = {1, A2, A3, Ay, A5} is realized by a nonnegative bisymmetric 5 X 5 matriz.

Proof. 1t is tivial that the following matrix

S VRS A—As 7
4-5 5 0 0 0 42
0 a b c 0
0 b d b 0 ,
0 c b a 0
Aa—As 00 0 Aa+As

is nonnegative and bisymmeytric and has spectrum o. O
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Theorem 3.9. Let 0 = {\1, A2, A3, A4} be the spectrum of nonnegative bisymmetric

matrix

a b
b ¢
c b
d c

S O S O

and A5 > 0, then the following nonnegative bisymmetric matriz is realized the spec-

trum o = {1, A2, A3, A4, A5}

o o 2

S

S

S O 0

o O o0

S

St OO

4. SPECAL CASES OF PROBLEM

Theorem 4.1. Let’s given o = {\1, Ag, .

() Ar > [\, and 325, Ai > 0,

(i) Mi = A4, 1,7 =2,3,-

..7”

..y A} with the following conditions

then the following nonnegative bisymmatric matriz is realzied spectrum o

r )\1+(n—1)/\2 A1—A2

n n—1

A —A2 )\1+(7’L*1))\2
n—1 n

A1—A2 A1—A2

C= n—1 n—1
A1—A2 A1—A2

L n—1 n—1

Proof. We select the matrices A and L as the following:

A2
0
0

0 0
A2 0

0 A
0 0

0 0

[an}

)\1—)\2 )\1—>\2
n—1 n—1
/\1—>\2 )\1—/\2
n—1 n—1
)\1—)\2 >\1—>\2
n—1 n—1

)\1—A2 )\1+(n*1))\2
n—1 n _
i T
0 n—1
0 2 AL
A1
0 374
3
_ 1) A
A2 (n—1);2
0 AN
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and

— =
—_ = = O

_ = O O

_ o o O

1 1 11
It is easy to see that we have C' = L~'AL.

o o O O

9

g

Example 4.2. Let given o0 = {70, —15, —15, —15, —15} by Theorem (Z) we find a
bisymmetric matrix such that o is its spectrum.

We assume that

[ —15 0 0 0 177 M1
0 —-15 0 0 34 1
A= 0 ~15 51|, L=1|1
0 0 0 —15 68 1
. O 0 0 0 70 | !
then we have
1 0 0 07
-1 0 0
L™ = —1 0 0
0O -1 1 0
| 0 -1 1]
So the soultion matrix is:
r2 17 17 17 17 7
17 2 17 17 17
C=L1'AL=| 17 17 2 17 17
17 17 17 2 17
L 17 17 17 17 2 |
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