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Introduction

The theory of fuzzy groups began after few years the theory of fuzzy
sets is introduced by Lotfi Asker Zadeh in 1965. In 1971, Rosenfeld
[16] defined the notion of fuzzy groups and their fuzzy subgroups, which
was the starting point to study algebraic structures from a fuzzy point
of view. Study of fuzzy subgroups and their classification is one of the
classical problems in the theory of fuzzy groups. Most results classifying
fuzzy subgroups of fuzzy groups are devoted to finite abelian groups. In
[9], Laszlo studies small fuzzy groups of order at most 6 and classified all

their fuzzy subgroups. In [22], Zhang and Zou determine the number of
fuzzy subgroups of cyclic groups of order p™, where p is a prime number.
Murali and Makamba in [12, 13] extend the results of Zhang and Zou
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and compute the number of fuzzy subgroups of all cyclic groups of order
p™q", where p and ¢ are distinct primes. The number of fuzzy subgroups
of finite cyclic groups is obtained by Tarnauceanu and Bentea in [20] by
establishing a recurrence relation for the number of fuzzy subgroups.
They also give another recursive formula for the number of fuzzy sub-
groups of finite elementary abelian p-groups. Later, Tarnauceanu in [1¥]
gives a direct formula for the number of fuzzy subgroups of finite ele-
mentary abelian p-groups. The next step is two classify fuzzy subgroups
of non-cyclic abelian groups. However, this case is too complicated to
be solved in general. In [14], Ngcibi, Murali and Makamba compute
the number of fuzzy subgroups of abelian p-groups Cpm x Cpn of rank
two when n < 3. This result is generalized by Oh in [15] to all abelian
p-groups of rank two. For abelian p-groups of rank three that are not
elementary abelian, the only result we can state belongs to Appiah and
Makamba in [1]. They obtain the number of fuzzy subgroups of abelian
p-groups Cpn x Cp, x C), of rank three for all n > 1.

Tarnauceanu in [1 7] provides a general techniques to count the num-
ber of distinct fuzzy subgroups of non-abelian finite groups and obtains
the number of fuzzy subgroups of dihedral groups in some special cases.
His results was extended by Darabi, Saeedi and Farrokhi in [3] to all
dihedral groups and some other families of non-abelian finite groups in-
cluding generalized quaternion groups, quasi-dihedral groups, and mod-
ular p-groups. Davvaz and Kamali Ardekani [!] compute the number
of fuzzy subgroups of small p-groups of orders p® and 2% in the same
year. Also, Tarnauceanu in [19] gives formulas for the number of fuzzy
subgroups of finite symmetric groups. In this paper, we will consider
p-groups of orders at most p* and compute the number of their fuzzy
subgroups. For this we analyze all subgroups of these groups and use a
recursive formula to count their fuzzy subgroups.

1 Preliminaries

In this section, we provide all the required background and results we
need in our investigation. Let u : G — [0, 1] be a fuzzy subset of a group
G. Then p is called a fuzzy subgroup of G if the following two conditions
hold:
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(a) p(zy) = min{u(z), u(y)}, for all v,y € G,
(b) p(z=1) > u(z), for all z € G.

Note that condition (b) is equivalent to say that u(x~!) = pu(x) for all
z € G. Also, condition (a) implies that p(1) = max p(G).

The main tool in studying fuzzy subgroups is the notion of level
subsets. If a € [0, 1], then the level subset corresponding to « is defined
as

po ={z € G: plx) > al.

These subsets characterize fuzzy subgroups of fuzzy group because a
fuzzy subset p of G is a fuzzy subgroup of G if its level subsets are all
subgroups of G.

The above observation shows that many fuzzy subsets determine the
same fuzzy subgroups of the groups. To compare these fuzzy subsets we
need to introduce an equivalence relation on fuzzy subsets. Two fuzzy
subsets u and 7 of G are called naturally equivalent if

w(x) > p(y) <= n(z) > n(y)

for all z,y € G. The above equivalence relation determines fuzzy sub-
groups of G up to equivalence classes. Indeed, that two fuzzy subgroups
p and n of G are distinct if p o4 7.

Now, let G be a finite group and p : G — [0, 1] be a fuzzy subgroup of
G. Also, let u(G) = {ay,@9,...,an}, where a3 > ag > -+ > ay,. Then
we obtain the following chain of subgroups of G including G associated
to

flay € fay € -+ C pla, = G. (1)
Note that
1(x) = @i <= o € fo; \ Moy 1
for all z € G and i = 1,2,...,n, where u,, = 0. In [21], Volf shows

that two fuzzy subgroups u,n of G are naturally equivalent if and only
if ;4 and n have the same sets of level subgroups or equivalently they
have the same chain of subgroups as shown in (1). This gives a bijection
between equivalence classes of fuzzy subgroups of G and the set of chains
of subgroups of GG ending in G. For some further equivalence relations
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on fuzzy subgroups we refer to [0, 7]. See [3, 10, 11, 16] for more details
on fuzzy groups and fuzzy algebras.

In the following we state the results we need to use in this paper. The
most intricate and important result is the number of fuzzy subgroups of
cyclic groups obtained by Tarnauceanu and Bentea in 2008.

Proposition 1.1 ([20]). Let G be a finite cyclic group of order n =

1M P22 - prY . Then the number of all distinct fuzzy subgroups of G
s equal to
o Qa3 % )
" o o1+ E : (am - ’Lm)
2r 1 z :z z = 2 | | T —
( ) <Zr)< " >’
19=0i3=0 =0 r=2 r

if k>1, and F(G) =2 if k= 1.

The next results provide the number of fuzzy subgroups of non-cyclic
abelian finite p-groups in some special cases including all finite abelian
p-groups of rank two.

Theorem 1.2 (Oh [15]). Let G = Cpm x Cpn be an abelian p-group of
rank two, where m > n > 1. Then the number of fuzzy subgroups of G
s equal to

F(G) = 2m+tn 4 om Z on—k

m+n—k—r—1 k
T, ;
; k( k—r+1 >]p

where T}, are the Schroder’s numbers defined by
0, k<,
Tr,k =
Trk1+Tapg+ T -1, k2>

Theorem 1.3 (Tarnauceanu [18]). Let G = C} be an elementary abelian
p-group of order p", where n > 1. Then the number of fuzzy subgroups
of G is equal to

1
F(G)=2+2f(n Z Z fn—ig) fGig) - f(in)

k=1 1<i1 < <ip<n

where f : N — N is the function defined by f(m) = (p — 1)(p? —
1) (1),
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Theorem 1.4 (Appiah and Makamba [1]). Let G = Cpn x Cp, x C}, be
an abelian p-group of rank three, where n > 1. Then the number of fuzzy
subgroups of G is equal to

F(G) = 2”_1n(n + l)p3 + 2"_1n(n + 7)102 + 2”*1(71 +1p+ ont2,

2 p-groups of Small Orders

In order to compute the number of fuzzy subgroups of small p-groups,
we should recall some basic results from the theory of p-groups.

Lemma 2.1. Let G be a group and z,y € G such that [x,y] commutes
with x and y. Then

n

(1) (zy)" = xnyn[y,x](2), and

(2) [,y"] = [2",y] = [, y]"
for all integers n

The intersection of all maximal subgroups of a group G is denoted
by ®(G) and called the Frattini subgroup of G. The Frattini subgroups
of p-groups play a crucial rule in the study of p-groups.

Theorem 2.2. Let G be a finite p-group. Then ®(G) = G'GP, where
G’ is the derived subgroup of G and GP is the subgroup of G generated
by all elements gP for arbitrary elements g € G.

Note that cyclic p-groups of order p™ have 2" fuzzy subgroups. Also,
the group C, x Cy, has 2(p+2) fuzzy subgroup. In what follows we shall
use these results frequently.

The p-groups of orders p® have been studied in [4]. To be self-
contained, we give a short proof of the following theorem. Notice that
the only non-abelian 2-groups of order 8 are Dg and Qg with 32 and 16
fuzzy subgroups, respectively. Our computation of the fuzzy subgroups
is based on the following recursive formula

F(G)=1+ Y F(H) (2)

HSG

for all finite groups G.
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Theorem 2.3. Let G be p-group of odd order p>. Then
=8 if G = Cpa;

—8(p+1) if G=C,z x Cp;

=4

(G)
(@) =8(
(3) F(G) =2(p® +4p*> + 4p+4) if G = Cp, x Cp x Cp;
(G) = 4(p* + 2p +2) if exp(G) = p;
(@) =8(

=8(p+1) if exp(G) = p?.

Proof. Part (1) is obvious. Part (2) can be obtained from Theorem 1.2.
Also, part (3) can be obtained from Theorems 1.3 and 1.4.

(4) It is evident that G has (p* —1)/(p — 1) = p? + p + 1 subgroups
of order p. Let H be a subgroup of G of order p?. Then H is abelian
containing Z(G) otherwise G = (H, Z(G)) would be abelian, which is a
contradiction. Hence, the subgroups H are in one-to-one correspondence
to subgroups of G/Z(G) of order p, which implies that G has p + 1
subgroups of order p?. Therefore, the number of fuzzy subgroups of G
equals

F(G)=1+(p+1)F(Cp x Cp) + (p* +p+ 1)F(Cp) + F(1)
=14+2p+D)(p+2)+2(*+p+1) +1
= 4(p* +2p +2).

(5) Let G = (z,y | a?° = y? = 1, 2% = 2P*1) be the non-abelian p-group
of order p? and exponent p?. Then every element of G has the form x'y’
for some 0 < i < p? and 0 < j < p. A simple computation shows that

%, pti,
oa'y’) =<1, i=j=0,

p, otherwise.

As aresult, G has (p? —pp(p?) —1)/(p—1) = p+ 1 subgroups of order p
and p cyclic subgroups of order p?. Clearly, G has a non-cyclic subgroup
of order p?, namely (2P, y). If H is any non-cyclic subgroup of G of order
p?, then H has p + 1 cyclic subgroups of order p so that it contains all
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cyclic subgroups of G. Hence, G has a unique non-cyclic subgroup of
order p?. Therefore, the number of fuzzy subgroups of G' equals
F(G) =1+ F(Cp x Cp) + pF(Cp2) + (p+ 1 F(Cy) +1
=8(p+1).

O

Corollary 2.4. The number of fuzzy subgroups of a p-group of order p3
and exponent p* equals 8(p + 1).

The groups of order p?* are classified by Hélder and Young and pre-
sented in Burnside’s book [2]. Here we give all these groups by their
presentation and use them to compute their fuzzy subgroups.

Theorem 2.5 ([2, Pages 87-88]). Let G be an abelian p-group of odd
order p*. Then G is isomorphic to one of the following groups

(1) Gi(p) =

(2) Ga(p) = Cps x Cp;

(3) G3(p) = Cpz x Cpo

(4) Ga(p) = Cp2 x Cp x Cy;

(5) Gs(p) = Cp x Cp x Cp x Chp;

(6) Go(p) = (a,b|a? =b° =1,ab = a?**1);

(7) Ga(p) = (a,b,c| @ =W =P = [a,b] = [a,¢] = 1,b° = baP);
(8) Gs(p) = (a,b|a” =" =1,a> = a?*1);

(9) G(p) = (a,b,c| a” =W =P = [a,8] = [b,d] = 1,a° = a?*!);

(10) Gio(p) = (a,b,c | a?” =P = c® = [a,b] = [b,c] = 1,a¢ = ab);
(11) Gri(p) = (a,b,c | a?” =" = @ = 1,ab = aP*!, a® = ab, b° = b);

(12) Gi2(p) = {a,b,c | a® = b% = [bc]—lc—a3ab—a4a—ab 1y
for p =3 and Gia(p) = (a,b,c | a?* = b = = 1,a> = a1, a¢ =
ab,b® = aPb) for p > 3;
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(18) Gi3(p) = (a,b,c | a® = b® = [b,c] = 1,¢3 = a7 3,a® = a*,a° =
ab™Y) for p = 3 and Gi3(p) = (a,b,c | a?* = = @ = 1,a® =
aPtl a = ab, b¢ = ap’\b> for p > 3 and non-residue A modulo p;

(14) Gia(p) = {(a,b,c,d | a?P = WP = P = dP = [a,b] = [a,c] = [a,d] =
[b,c] = [b,d] =1,c¢? = ac);

(15) Gis5(p) = (a,b,c | a® = b3 = ¢ = [a,b] = 1,a = ab,b® = a=3b) for
p =3 and G15(p) = (a,b,c,d | a? = b’ =P =dP = [a,b] = [a,c] =
[a,d] = [b,c] = 1,b% = ab,c? = bc) for p > 3.

There are only 14 non-abelian 2-groups of order 2%. These groups
and the number of their fuzzy subgroups are described in the following
theorem (by using computations with GAP [5] in conjunction with the
fact that the number of fuzzy subgroups of a group can be computed
inductively via equality (2)).

Theorem 2.6. Let G be a 2-group of order 2*. Then

(1) F(G) =16 if G = Cys;

(G)
(2) F(G) =64 if G = Cys x Cy;
(3) F(G) =112 if G = Cyp2 x Coe;
(4) F(G) =304 if G = Cp2 x Cy x C;
(5) F(G) =1392 if G = Cy x Cy x Cy x Co;
(6) F(G) =64 if G = (a,b|a®=b>=1,a" = a°);
(7) F(G) =240 if G = (a,b,c | a* = b> = % = [a,b] = [a,c] = 1,b¢ =
ba?);
(8) F(G) =112 if G = (a,b | a* = b*, a® = a7 1);
(9) F(lG) =432 if G = {a,b,c | a* = b = ? = [a,b] = [b,c] = 1,a° =

>’.

(10) F(G) =208 if G = {(a,b,c | a* = b* = ¢ = [a,b] = [b,c] = 1,a° =
ab);
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(11) F(G) =72 if G = (a,b,c | a* = b* = ¢ = [a,c] = [b,c] = 1,a® =
b,ab = a1 b¢ = b71);

(12) F(G) =128 if G = {a,b | a* = b? = 1,a® = a7 1);
(18) F(G) =96 if G = {(a,b | a® = b*> = 1,a® = a®);
(1) F(G) =64 if G = {(a,b| a® =b* = 1,a* =b%,a® = a7 1).

Now, we are ready to prove our main theorem. We will consider every
group in Theorem 2.5 and construct all its subgroups, which enables us
to compute all fuzzy subgroups of the given group.

Theorem 2.7. Let G be p-group of odd order p*. Then

(1) F(G) =16 if G = G1(p);

(2) F(G) =8(3p+2) if G = Ga(p);

(3) F(G) =4(3p* +6p +4) if G = G3(p);

(4) F(G) = 4(2p® + 9p* + 6p +4) if G = Gu(p);

(5) F(G) = 2(p% + 6p° + 12p* + 18p + 18p? + 12p + 8) if G = G5(p);

(6) F(G)=8(3p+2) if G = Gs(p);

(7) F(G) = 4(2p® + Tp* + 6p + 4) if G = Gr(p);

(8) F(G) = 4(3p* +6p+4) if G = Gs(p);

(9) F(G) = 4(3p® + 9p* + 6p + 4) if G = Go(p);

(10) F(G) = 4(p* + Tp* + 6p +4) if G = G1o(p);

(11) F(G) = 4(p® + 7p* + 6p + 4) if G = G11(p) and p > 3, and

F(G) =520 if G = G11(3);

(12) F(G) = 4(5p> +6p+4) if G = G12(p) and p > 3, and F(G) = 196

if G = Gr2(3);

(13) F(G) = 4(5p* +6p+4) if G = G13(p) and p > 3, and F(G) = 268
if G = G13(3);
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(14) F(G) = 4(2p* + 7p> + 9p? + 6p + 4) if G = G14(p);
(15) F(G) =4(3p> + p* + 6p +4) if G = G15(p).

Proof. (1) It is obvious.

(2) and (3) The result follows from Theorem 1.2.

(4) The result obtains from Theorem 1.4.

(5) It follows from Theorem 1.3.

In what follows we denote the non-abelian p-groups of order p? of
exponent p and p? by E, and E,2, respectively. Recall that F'(E,) =
4(p* 4+ 2p +2) and F(E,2) = 8(p+ 1) by Theorem 2.3.

(6) Let G = Gg(p) = (a,b | a”’ = b = 1,a® = a?’ ). Since G is
non-abelian and (a?)? = aPP*+1) = ¢P we have Z(G) = (aP) and so G is
nilpotent of class 2 for G/Z(G) is a p-group of order p?. As G = (a) x (b)
every element of G can be written uniquely as a’b’ for some 0 < i < p?
and 0 < j < p. Then by Lemma 2.1,

(aibj)pk — " i [, a]ij][’k(pkfl)/2 — " (A=ip? (p*=1)/2) pip"

for k > 0. Hence,

P’ pti,
o 2 . d 2 -
O(a,zb]) — p b p2| ? .an p T27
p, p°liandi#0,
1, +1=75=0.

Therefore, G has p?> — 1 elements of order p and so (p> — 1)/p(p) =
p + 1 subgroups of order p. Similarly, G has (p® — p?)/¢(p?) = p cyclic
subgroups of order p? and (p* — p?)/¢(p®) = p cyclic subgroups of order
p>. Now, let H be a non-cyclic subgroup of G of order p?>. Then H
has p? — 1 elements of order p so that it contains all elements of G of
order p. Thus H = (apz, b) is the unique non-cyclic subgroup of G of
order p?. We only need to find non-cyclic subgroups of order p3. So,
let H be a non-cyclic subgroup of G of order p3. As H is a maximal
subgroup of G, it contains ®(G) by Theorem 2.2, hence a” € H. Since
H is non-cyclic and o(a’¥’) = p* when ged(i,p) = 1, H must have an
element aP’’ such that j # 0. Thus H contains b, which implies that
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H = (aP,b) = C)2 x Cp is the unique non-cyclic subgroup of G of order

p3. Therefore, the number of fuzzy subgroups of G is equal to

F(G) =14 pF(Cyp) + F(Cp2 x Cp) + pF(Cp2) + F(Cp x Cp)
+(p+1)F(Cp) +1
= 8(3p + 2).

(7) Let G7(p) = (a,b,c | a” = b = ¢ = [a,b] = [a,d] = 1,b¢ = baP).
Clearly, Z(G) = (a) and ®(G) = (a?) by Lemma 2.2. Also, every
element of G can be written uniquely as a’b’c* for some 0 < i < p® and
0 < j,k < p. Since [b,c] commutes with b and ¢, a simple calculation

shows that
(@’ F)P = (= Ik=1)/2)p

Thus,

o(a'¥c) =< p,  pli—jk(p—1)/2 and (i,4,k) # (0,0,0),
1, i=j=k=0.

Hence, G has p? —1 elements of order p and consequently (p*—1)/¢(p) =
p? + p + 1 cyclic subgroups of order p. Since G has p* — p? elements
of order p?, it has (p* — p3)/p(p?) = p? cyclic subgroups of order p?.
Let H be a non-cyclic subgroup of G' of order p?. Since G is non-
abelian and a € Z(G) we should have a? € H otherwise H N Z(G) =1
and so G = HZ(G) = H x Z(G) would be abelian. Hence, H has p
non-central cyclic subgroups of order p. Since these cyclic subgroups
together with (a”) all generate the same subgroup H, it follows that G
has (p? +p+1—1)/p = p + 1 non-cyclic subgroups of order p?. Now,
let H be a non-cyclic subgroup of order p3. Clearly, a? € H for H is a
maximal subgroup of G and a? € ®(G). We have three cases:

Case 1. a € H. Then H = (a,z) for some z®(G) € (bP(G), cP(Q)).
Since (b®(G), c®(G)) = Cp x Cp has p + 1 cyclic subgroups (z®(G)) of
order p and each of which gives a distinct subgroup (a,x), we obtain
p + 1 non-cyclic subgroups of G isomorphic to Cp2 X Cp.

Case 2. a ¢ H and exp(H) = p?. Let x € H be an element of
order p?. If H is abelian, then H = Cg(z) 2 Z(G) = (a) for z ¢ Z(G),

11
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H C Cg(x) and H is a maximal subgroup of G, a contradiction. Thus
H is non-abelian and consequently (z) is the only cyclic subgroup of H
of order p?. Moreover, H = Ng((z)) = E,2 is uniquely determined by
(x). Since G has p? — 1 non-central cyclic subgroups of order p?, it has
p? — 1 subgroup of order p* and exponent p? such that a ¢ H.

Case 3. a ¢ H and exp(H) = p. Then H has p® — 1 elements of
order p, which implies that it contains all elements of order p. Thus
H = (a?,b,c) = E, is unique.

Utilizing the above information, we obtain

F(G) =1+ (p* = 1)F(Ep) + F(Ep) + (p+ 1)F(Cp2 x Cp)
+(p+1)F(Cp x Cp) + P*F(Cp2) + (p* + p+ 1)F(Cp) + 1
= 4(2p® + Tp* 4+ 6p + 4).

(8) Let G = Gs(p) = (a,b | a? = b"* = 1,a® = aP*!). Clearly, G =
(a) x (b) and so every element of G can be written uniquely as a’d’ for
some 0 < i,j < p?. Since (a’)? = '@+’ we observe that a?,b? €
Z(G). The fact that G is non-abelian shows that Z(G) = (aP,bP).
Furthermore, a?,b? € ®(G), which implies that ®(G) = (a?,bP). A
simple computation shows that

B P, ptiorptiy,
o(a'¥)=1qp, pli,jand (i,j)# (0,0),
1, i=j=0.

Thus G has (p?> — 1)/p(p) = p + 1 cyclic subgroups of order p and
(p* — p*)/o(p*) = p(p + 1) cyclic subgroups of order p?. Also, it is
obvious that (aP,bP) is the only non-cyclic subgroup of G of order p?.
Let H be a subgroup of G of order p3. Then aP,b”? € H as H is a
maximal subgroup of G. As a?, b’ € Z(G) it follows that H is abelian.
Now H contains (p® —p?)/¢(p?) = p cyclic subgroups of order p? each of
which together with (a?, b?) generates H. Thus G has p(p+1)/p=p+1
subgroups of order p? all of which are abelian and isomorphic to Cp2 X Cp.
Note that (a”, bP, z) is an abelian group of order p3 for all z € G'\ (a?, bP).
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Therefore, the number of fuzzy subgroups of G is given by

F(G)=1+(p+1)F(Cpr x Cp) + F(Cp x Cp) +p(p+ 1)F(Cp2)
+(p+1)F(Cp) +1
= 4(3p® + 6p +4).

(9) Let G = Go(p) = (a,b,c | a?* =W = P = [a,b] = [b,c] = 1,a° =
aPt1). Tt is easy to see that G' = (a, c) x (b), which implies that Z(G) =
(aP,b) and ®(G) = (aP). Also, every element of G can be written as
a'bl cF for some 0 < i < p? and 0 < j,k < p. Since G is nilpotent of class
two, we observe that

B v pii,
o(a'¥’c*) =< p, pliandi#0,
1, i=j=k=0.

Thus G has (p® — 1)/p(p) = p> + p + 1 cyclic subgroups of order p and
(p* — p®)/0(p?) = p? cyclic subgroups of order p?>. Let H be a non-
central non-cyclic subgroup of G of order p?. If H N Z(G) = 1, then
G = Z(G)H = Z(G) x H is abelian as |Z(G)| = p?, a contradiction.
Thus Z(G)NH # 1. Let HN Z(G) = (z). Then H = (z,g) for
some non-central element g of order p. Thus H has p non-central cyclic
subgroups each of which together with (z) generate H. Since G has
(p> +p+1) — (p+ 1) = p? non-central cyclic subgroups of order p,
it follows that G has (p?/p) x (p + 1) = p? + p non-central non-cyclic
subgroups of order p?. Thus G has p? + p + 1 non-cyclic subgroups of
order p?. Now, let H be a subgroup of G of order p3. Then a? € H.
If H has exponent p, then it contains p®> — 1 elements of order p, which
implies that H = (a?,b,c) = C), x C}, x C), is the only subgroup of G of
order p3 and exponent p. So, we may assume that H has exponent p?.
A simple computation shows that the following facts hold in G:

(1) every element of G of order p? is a power of ab’cF for some 0 <
Jik <p.

(2) Cglablc¥) = (ack,b) = C

2 X C)p depends only on k.

(3) (ab’c*) is a normal subgroup of G for all 0 < 7,k < p.

13
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From (1) and (2) we observe that G has exactly p abelian subgroups
H of order p3 and exponent p?. Hence, we may assume that H is non-
abelian and contains the element ab/c* for some 0 < j,k < p. Then
H = (ab/c¥, g) for some g € G\ Cg(ab’cF). As |H| = p® and exp(H) =
p? we must have H = E,> and H contains elements of order p which
does not belong to (ab’c*), that is, we can assume that g has order p.
Moreover, all such elements together with ab’c* generate H. Now since
G\ Cg(abick) and H \ (ab’c*) contain (p* — 1) — (p? — 1) = p® — p? and
(p> — 1) — (p — 1) = p? — p elements of order p, respectively, it follows
that G has (p® — p?)/(p* — p) = p non-abelian subgroups of order p3
containing ab’cF. As 0 < j,k < p were arbitrary and every subgroup
with the above properties has p cyclic subgroups of order p?, G has
(p? x p)/p = p? non-abelian subgroups of order p? and exponent p?,
which are isomorphic to E,2. Therefore, the number of fuzzy subgroups
of G is equal to

F(G) =14 p*F(E,) + pF(Cp2 x Cp) + F(Cp x Cp x Cp)
+p*F(Cpe) + (p* +p+ 1)F(Cp x Cp) + (0> +p+ 1)F(Cp) + 1
= 4(3p® + 9p* + 6p + 4).

(10) Let G = Go(p) = {a,bc | a?* =P = & = [a,b] = [b,d] = 1,a° =
ab). A simple verification shows that Z(G) = ®(G) = (aP,b) and so G is
nilpotent of class two. Also, every element of G can be written as a’b/c*
for some 0 < i < p? and 0 < j, k < p. We have

B p*, pii,
o(a'¥c") =< p, pliandi#0,
1, i=j=k=0.

Thus, as in part (9), G has p? +p+1 and p? cyclic subgroups of orders p
and p?, respectively. Also, the same argument as in (9) shows that G has
p? +p+ 1 non-cyclic subgroups of order p?>. Now, let H be a subgroup of
G of order p3. As H is a maximal subgroup of G and Z(G) = ®(G) C H,
it follows that H is abelian. Since (a?, b, ¢) contains all elements of order
p in G, it is the only subgroup of G of order p? and exponent p. Hence,
we may assume that exp(H) = p?. Clearly, H = C2 x Cy, as H is non-
cyclic. Thus H contains (p* — p?)/¢(p?) = p cyclic subgroups of order
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p? each of which together with Z(G) generate H. Since (Z(G),g) is a
subgroup of order p3 for all elements ¢ of order p? and G contains p?
cyclic subgroups of order p?, G has p?/p = p abelian subgroups of order
p? and exponent p?. Therefore, the number of fuzzy subgroups of G is
equal to

F(G) =1+ pF(Cp x Cp) + F(Cp x Cp x Cyp)
+p?F(Cpe) + (P +p+ 1)F(Cp x Cp) + (0> +p+ 1)F(Cp) + 1
= 4(p® + Tp* + 6p + 4).

(11) Let G = Gui(p) = (a,b,c | a?* = W = @ = [b,c] = 1,a® =
aPtl a¢ = ab). If p = 3, then we apply GAP and obtain F(G) = 520.
Hence, we assume that p > 5. Clearly, ®(G) = (a?,b) as aP,b = [a, | €
®(G) and |®(G)| < p?. Since [a, [a, c]] = [a,b] = aP # 1, the group G has
class > 3, which implies that G is nilpotent of class 3 and so Z(G) = (aP)
has order p. Also, as G = Z3(G), we must have [a,c] = b € Z3(G), from
which it follows that Z3(G) = (aP,b) = C3 x Cs. Let M := (a?,b,c).
Since a? € Z(G) and [b,¢] = 1, we have M = C), x C, x C, and M is a
maximal subgroup of G. Using induction, we can show that

(aPib k)a' = oPlitit(5)k) pi—kt &

for all 0 < 4,4,k < pand t > 0. Now, since

t t t

(a'm)® = (a'm)--- (a'm) = at*m® Y g

for all s, > 0 and m € M, we obtain
(al(aP' ¥ ck))P = alP <ap(i_t(p_l)j+(t(p2_l))k)bj_t(p_l)kck> o (aPb k)

_ rtien(B) it gp(8) k(M 1) i (3) ke ok

_ atp‘

Hence
P’ pti,
o(a'¥c®) =< p,  pliand (i,5, k) # (0,0,0),
1, i=j=k=0.
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Therefore, G has (p® — 1)/¢(p) = p? + p + 1 cyclic subgroups of order p
and (p* —p?)/o(p?) = p? cyclic subgroups of order p?. Since M contains
all elements of order p, it follows that G has (p*—1)/(p—1) = p*+p+1
non-cyclic subgroups of order p?. Also, G has a unique subgroup M of
exponent p. Now, let H be a subgroup of G of order p? and exponent p?.
As a? b € ®(G) and H is a maximal subgroup of G we have a?,b € H.
Hence H contains an element of the form ack for some 0 < k < p and
that H is defined uniquely by k. Thus G has p subgroups of order p? and
exponent p?. Also, all these subgroups H are non-abelian otherwise G
has two abelian maximal subgroups, say H and M, which implies that
HNM = Z(G) has order p?, a contradiction. Therefore, the number of
fuzzy subgroups of G is equal to

F(G) =14 pF(Ey)+ F(Cp, x Cp x Cyp)
+ (P> +p+ 1)F(Cp x Cp) + p*F(Cp2) + (0> +p+ 1)F(Cp) + 1
= 4(p® + Tp?® + 6p + 4).

(12) Let G : Gi2(p). For p = 3, we get F(G) = 196 by GAP. Hence
assume that p > 3. Then G = (a, b, ¢ | P’ =P =P = 1,a° = aPtl, af =
ab,b® = aPb). Similar to part (11), we can show that Z(G) = (aP) and
®(G) = (aP,b). Also, G is nilpotent of class 3 with Z3(G) = (a?,b).
Moreover, M := (a?,b,c) = E, is a maximal subgroup of G of exponent
p. Similar to part (11), we can show that

(apibjck)at — pli—gtrkt () +t("31)) pi—kt &
for all 0 < 4,4,k <pandt>0. Thus
(a! (P )P
g <ap(i—jt(p—1)+kt(p—1)(t(”;”)+t(p—1)(k§1)) bjkt(pl)ck> - (abI M)

_ ptPiep(3)itt 54 (5) 12 ()~ () +pe (5) (F51)
= apt7
which implies that
N p*, pii,
o(a’c) ={p,  pliand (i,5,k) # (0,0,0),
1, i=j=Fk=0.
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Hence, as in part (11), G has (p® —1)/p(p) = p*> +p+1 cyclic subgroups
of order p and (p* — p®)/(p?) = p? cyclic subgroups of order p?. Let H
be a non-cyclic subgroup of G of order p?. Since M is non-abelian and
contains all elements of order p, it follows that H < M. Also, as H is
abelian we should have a? € H otherwise H N {(aP) = 1 and consequently
M = H{aP?) = H x (aP) is abelian, which is a contradiction. Clearly,
H generates with a? and some element g of M \ (aP) of order p. As
M \ (aP) contains p? — p elements and H \ (aP) contains p? — p elements,
G has (p® — p)/(p?> — p) = p + 1 non-cyclic subgroup H of order p?.
Now, let H be a subgroup of G of order p3. Clearly, M is the unique
subgroup of G of order p® and exponent p. Hence, we can assume that
H has exponent p?. Note that b € H for H is a maximal subgroup of
G. The H contains an element of the form ack for some 0 < k < p and
this element determines H uniquely. So, G has p subgroups of order

p3 and exponent p. However, as [a,b] = [b,c] = aP? € Z(G) we obtain
lac™!,b] = 1 and so (b, ac™') = Cj2 X C), is abelian. Since G cannot have

two abelian maximal subgroups, by the same reason as in part (11), G
has p— 1 non-abelian subgroups of order p3 and exponent p?. Therefore,
the number of fuzzy subgroups of G is equal to

F(G) =1+ (p— DF(Ep) + F(E,) + F(Cpe x C)

= (p+ 1)F(Cp x Cp) + p*F(Cp) + (p° + p+ 1)F(Cp) + 1
= 4(5p® + 6p + 4).

(13) Let G = G13(p). For p = 3 we obtain F(G) = 268 by GAP. So, we
assume that p > 3. Then G = (a,b,c | a?” =t = @ = 1,a = P!, a° =
ab,b¢ = aP*b) for some quadratic non-residue A modulo p. The group G
is similar to G12(p) with the only difference that [b,¢] = a” in G but
[b, c] = aP in G12(p). All computations and subgroups are similar, which
implies that F(G) = 4(5p* + 6p + 4) in this case too.

(14) Let G = Gua(p) = (a,b,c,d | aP = b = P = dP = [a,b] =
la,c] = [a,d] = [b,c] = [b,d] = 1,¢? = ac). Clearly, Z(G) = (a,b) and
®(G) = (a). Moreover, G = (c,d) x (b) = E, x Cp,. Then G is a group of
exponent p and so G has (p* —1)/p(p) = p> +p?+p+1 cyclic subgroups
of order p. If H is a subgroup of G of order p?, then H N Z(G) # 1
otherwise HNZ(G) =1and G = HZ(G) = H x Z(G) is abelian, which
is a contradiction. Suppose H # Z(G). Then H N Z(G) = C,. Also,

17
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H generates with H N Z(G) and some non-central cyclic subgroup of G.
As H N Z(G) can be any of the p + 1 cyclic subgroups of Z(G) and H
contains p non-central cyclic subgroups of G, GG has

P*+p*+p+1)—(p+1)
p

x (p+1)=plp+1)°

non-central subgroups of order p?. Thus G has p(p + 1)2 + 1 non-cyclic
subgroups of order p?. Now, let H be a subgroup of G of order p3. Then
a € H as H is a maximal subgroup of G and a € ®(G). If H is abelian,
then H contains Z(G) and so H = (Z(G),g) for any g € H \ Z(G).
Now, since all nontrivial elements of G have order p and H contains
p3 — p? non-central elements, G has (p* — p?)/(p® — p?) = p + 1 abelian
maximal subgroups. Finally, assume that H is non-abelian. Then H
generates by two non-commuting elements. On the other hand, every
two non-commuting elements of G generates a non-abelian subgroup of
order p3 as G is nilpotent of class 2. Now, since G has (p* — p?)(p* — p?)
non-commuting pairs and any non-abelian group of order p? has (p —
p)(p® — p?) non-commuting pairs, G has

' - — 1) _ e
(p* —p)(p* — p?)

non-abelian subgroup of order p3. Therefore, the number of fuzzy sub-
groups of G is equal to

F(G) =1+ p*F(Ep) + (p+ 1)F(Cp x Cp x Cp)
+(pp+ 1>+ DF(Cpx Cp) + (* +p* +p+ 1)F(Cp) + 1
= 4(2p* + Tp® 4+ 9p? + 6p + 4).

(15) Let G = Gi5(p). If p = 3, then F(G) = 412 by GAP. Hence, we
assume that p > 3 and G = (a,b,c,d | a®? = WP = P = dP = [a,b] =
[a,c] = [a,d] = [b,c] = 1,b% = ab,c? = bc). Clearly, ®(G) = (a,b) for
a = [b,d] and b = [c,d] and |®(G)| < p?. Also, we can see that G =
(a,b,c) x (d), which implies that every element of G can be written as
albickd! for some 0 < 4,7, k,1 < p. Clearly, M := {a,b,c) = C, x Cp, x Cp
and so we must have Z(G) C M otherwise G = M Z(G) is abelian, which
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is a contradiction. If z € Z(G), then z = a’/c* for some 0 < i, j, k < p.
Now, we have

Atk = (aibjck)d _ ai(ab)j(bc)k — ai+jbj+kck’

from which it follows that j = k = 0. Hence Z(G) = (a) = C,. As a
result, M is the only abelian maximal subgroup of G. Using induction
on t, we can show that

(@bl ch)? = ittt (5)kpittk K
for all ¢ > 0. Thus,
(dl(aibjck)>p _ dpl(aibjck)dl(P—l) - (aibick)
= @t (oD ey R (gl )
= gplapit ()5 tk(5) (H51=1) e+ (5) k ok
=1

for all 0 < 4,5,k,l < p, which implies that G has exponent p. Then G
has (p* —1)/p(p) = p® +p? +p+1 cyclic subgroups of order p. Let H be
subgroup of G of order p?. Since M is elementary abelian, it contains
(p*>—1)/(p—1) = p*> +p+ 1 subgroups of order 2. Hence, we can assume
that H ¢ M. Then |H N M| = p. Since M is an abelian maximal
subgroup of G and |Z(G)| = p, it follows that Ca(g9) = (Z(G),g) has
order p? for all ¢ € G\ M. Now, since H is abelian and contains an
element of G\ M, we must H N M = Z(G) and have H = C(g) for all
g € H\ Z(G). Thus G contains (p* — p®)/(p? — p) = p? subgroups of
order p? not containing in M. Hence G contains 2p® + p + 1 subgroups
of order p?. Clearly, M is the unique abelian subgroup of G of order p3.
Now, let H be a non-abelian subgroup of G of order p3. Since H contains
®(G), H/®(G) is a cyclic subgroup of G/®(G) = (c¢®(G), d®(G)), which
implies that H = (a, b, c'd) for some 0 < i < p. Note that H # M =
{a,b,c). Hence G has p non-abelian subgroups of order p3. Therefore,
the number of fuzzy subgroups of G is equal to

F(G) =1+ pF(E,) + F(Cp x Cp x Cp)
+ (20 +p+ 1)F(Cy x Cp) + (P> +p* +p+ 1)F(Cp) + 1
= 4(3p + Tp* 4+ 6p + 4).
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The proof is complete. 0

Theorem 2.7 has the following immediate corollary.

Corollary 2.8.

(1) The number of fuzzy subgroups of the p-groups Ga(p) and Ge(p) of

order p* are similar and equal to 8(3p + 2).

(2) The number of fuzzy subgroups of the p-groups Gs(p) and Gs(p) of

order p* are similar and equal to 4(3p® + 6p + 4).

(8) The number of fuzzy subgroups of the p-groups G1o(p) and G11(p)

of order p* (p > 3) are similar and equal to 4(p> + Tp? + 6p + 4).

(4) The number of fuzzy subgroups of the p-groups Gi2(p) and G13(p)

of order p* (p > 3) are similar and equal to 4(5p* + 6p + 4).
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