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Abstract.

Let f be a transcendental entire function defined in the open complex
plane C. A difference-monomial generated by f is an expression of the
form

d
F=fm=D]I0GE+e™,
j=1
where n,m and v; are all non-negative integers. Now for the sake of
definiteness let us take,
Mifl= (=) [T U+,

j=1
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where 1 <4 <d. If M1[f], M2[f],..., Mu[f] are such monomials in f as
defined above, then ¥[f] = a1 M1[f] + aaMa[f] +... + anMy,[f] where
a; 0 (1 =1,2,...,n) is called a difference-polynomial generated by f.
In this paper, we compare the Valiron defect with the relative Nevan-
linna defect of a particular type of differential-difference polynomial
generated by a transcendental entire function with respect to integrated
moduli of logarithmic derivative. Some examples are provided in order
to justify the results obtained.

AMS Subject Classification: 30D35; 30D30
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1 Introduction

Let f be a transcendental entire function defined in the open complex
plane C . A difference-monomial generated by f , is an expression of
the form

d
F=rm=0][(GE+e)”,
j=1

where m,n and v; are all non-negative integers.
Now for the sake of definiteness let us take,

Milf] = (" =D [ (Fz+¢))”,

j=1

where 1 <4 <d.
If My [f],Mz[f],...,M,[f] are such monomials in f as defined
above, then

\I/[f] = a1 M; [f] + CLQMQ[f] “+ ...+ anMn[f]

where a; # 0 (i = 1,2,...,n) is called a difference-polynomial generated

by f .
For a € CU {00}, the quantity

6(a; f)=1- nggpw _ hﬂ}gfn}(ﬁ
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is called the Nevanlinna’s deficiency of the value a. Similarly, the Valiron
defect of a is defined as

. N(ra f) . m (r,a; f)
Afa; f) =1 —liminf—2%7) UL T Y
(@ f) T () s T, )
The term
N (7“ a'f(k))
58 (@ f) =1 -1 S )k =1,2,3,...
R (a’ﬂ f) lql?i)sogp T(T, f)

is called the relative Nevanlinna’s deficiencies of a with respect to f*).
In a like manner relative Valiron’s deficiencies of a is defined. Xiong
[6] has shown various relations between the usual deficiencies and the
relative deficiencies for meromorphic functions.

The following definition is also obvious.

Definition 1.1. The order py and the lower order Ay of a meromorphic
function f are defined as follows
T(r.f)

T
pf=Ilim sup ——= and Ay =lim inf (r, f)
r—oo logr r—oo  logr

If py < oo then f is of finite order.

We may now recall the following definition.
If f be a meromorphic function in C then its integrated moduli of
the logarithmic derivative I(r, f) is defined by

1.9 = o |20

0

where 0 < r < 400 {cf.[1]}.
In this paper by using the concept of I(r, f), we call the following
four terms as
N (r,a; f)

or(a; f) =1 —hmrsggo Wa

A =1 i inf (e f)
Ar(a; f)=1 —hmrl_l;lgo T f)
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. N (r,a; F)
6F (a; f) =1 —lim sup —-——2  and
7 (a; f) R T
... N(raF)
Al (a;f)=1- hmrl—r>lcf>ol((r,f)
In this paper, we consider F = f™(f™ — 1) H;l:l (f(z+¢j)" and

find some of these relationship between relative Nevanlinna’s deficiencies
and relative Valiron deficiencies under the flavour of integrated moduli
of logarithmic derivative of difference-polynomial generated by transcen-
dental entire functions in the direction of [1], [2] and [7]. Also rele-
vant examples are provided in order to justify the sharper estimation of
the results obtained. The term S (r, f) denotes any quantity satisfying
S(r,f) =o{T (r,f)} as r — oo through all values of r if f is of finite
order and except possibly for a set of r of finite linear measure other-
wise. We do not explain the standard definitions and notations of the
value distribution and the Nevanlinna theory of entire and meromorphic
functions as those are available in [5] and [3].

2 Lemmas

In this section, we present some lemmas which will be needed in the
sequel.

Lemma 2.1. Let f be a transcendental entire function and

d
F= (" =1 ]G+
j=1
Then
I F) =(n+m+v).

5 T(r, f)

Lemma 2.2. {p.41, [3]} Let f be meromorphic and non-constant in
|z| < Ro. Then

—0 (1)
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as r — Rg with the following provisions :

(a) (1) holds without restrictions if Ry = +o0o and f is of finite order
i the plane.

(b) If f has infinite order in the plane, (1) still holds as r — oo
outside a certain exceptional set E of finite length. Here E depends only
on f.

(¢) If Ry < 400 and

lim sup T 1)

- 7 = +OO R
T—00 log{ Rol—r}

then (1) holds as r — Rq through a suitable sequence 1y, which depends
on f only.

Lemma 2.3. [/] Let f be an entire function of finite order p with no
zeros in C. Then
I(r, f)
im
r—oo T'(r, f)
Lemma 2.4. Let f be a non-constant meromorphic function of finite
order in C. Then
S(r. f)
im
r—oo I (1, f)

Proof. In view of Lemma 2.2, we get that

L 8(n)
T (1, f)

Now,

Sy (S000) TeDY

r=oo I(r, f) r=oo (T(r, f) I(r,f
=i 2, TN
roo0 T'(r, f) rooc I(r, f)

This completes the proof of the lemma. O

Lemma 2.5. Let f be a transcendental entire function of non-zero finite
order having the mazimum deficiency sum. Also f has no zeros in C.

Then
m(r,a; f)

1 o
or(a; f) = (1 - 7Tp> —l—hﬂggfm
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and

O S m(r, a; f)

Proof. We know that

or(as f) = 1_hni>supw
) ' N(r,a; f) T(r,[)
_ 1—117rﬂri>solip{ T(r, f) I(T',f)}
_ . N(r,a; f) . T(rf)
= 1—11511;)15pw s I(r, f)
- ' N(r,a; f) 1
= - limswp—rm= -
_ 1 : N(r,a; f) !
_ m{1—h£risogpw +<1_7T,0>

|
- g {matst) e (- 5)
_ 1{hmmf <ra-f>.f<r,f>}+<l_1>

mp Lo A(r, f)  T(r, f)

- 5 U e+ ()

B 1 m(r,a; f)
- (1) e

This proves the first part of the lemma.
Similarly, we can prove the second part of the lemma. O

Lemma 2.6. Let f be a transcendental entire function of non-zero finite
order p having no zeros in C and

d
F:fn m H Z+C]

Then
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Proof. In view of Lemma 2.1, we get that

i T(r,F)
r—o0 T(r, f)

=(n+m-+v).

Now,
T, F) .. T(rF) T(rf)
e Itr,f) rlggo T(r, f) I(r,f)
 (n+m+v)
= T

This completes the proof of the lemma. O

3 Theorems

In this section, we present the main results of the paper.

Theorem 3.1. Let f be a transcendental entire function of non-zero
finite order p with no zeros in C and

d
F=f(m=1]](fz+e)).

J=1

If n > 1 then for any «,

(n—{—m—|—l/) F . o . . m(r,a,F)

T +6[ (O[, f) = ]. +hm7~1—1)1£ow
and

(n+m+v) m(r, a; F)

+ AP (a; f) =1+ lim sup ———=.
mp 1l f) r—>£)o I(r, f)
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Proof. We know that

) N (r,a; F)

Fla; f=1-1 —_—

e ()
=1- limsupN (r, 0 F) li T F)

Y T (r F) oo I(r, f)

1 _hmsupN(r,a;F) (ntm+v)

r—00 T(T7 F) Uy
_ (n+m+v) N [1—limsupN(r’a;F) ' (n—i—m—kl/)} _(n+m+v)
T rosoo L (1, F) P T
N  F
_(ntmtv) [1 —limsupi(r’a’ )} + {1 — (n+m+u)}
T r—oo L (1, F) T
_ (n—l—m—l—u)hmmfm('r,a;F) Ll (n+m+v)
TP r—oo T (r,F) T
 F I
_tmty) emeF) o Tnf) ) (ntmty)
TP r—00 I (r’ f) r—oo T’ (’r‘, F) T
7(n+m+u)1, ) fm(r,a;F) T ) (n+m+v)
B ) rooo  I(r,f)  (m+n+v) )
 F
— lim sup "7 F) {1 _ <n+m+V>}
r—00 I(’I”, f) T
. (n+m+v) Fr oo ... m(r,a; F)
1.€., T + 5[ (O[, f) =1 + llmrl—r>l£o W
This proves the first part of the theorem.
Similarly, we can prove the second part of the theorem. O

Theorem 3.2. Let f be a transcendental entire function of mon-zero
finite order p having no zeros in C and a be any non-zero finite complex
number. Then

51(0;f)+Af(OO;f)+51(a;f)+ﬂlp < Ap (o0 f) + AF (0, 1) + 1.

Proof. Let us consider the following identity

g_l_f—llE
f Fof
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In view of Lemma 2.2 and m (r, %) <m (r, %) +0 (1), we get from the
above identity that

m<r1><m(rf_a>+m(rF>
f) - \F i

ie. m <7’, }) <m <r, f;“) S0 f). @)

Now by Nevanlinna’s first fundamental theorem, it follows from Inequal-
ity (2) that

m(rnd) < (nI2t) - (n 2 w50

iye., m ( >§T<r,f ) (f ) S(r, f)
(o) (75 vl )2 (7)o
ie., m(r,f) < N< ) ( “) +S(rf). (3)

In view of Lemma 2.4 and Lemma 2.5, we obtain from Inequality (3)
that

m <r, }) < N (r,F)+N (7“, 7 i a) ~N(r,f—a)-N (r, ;) +S(r, f)

m(r l) 1
o 7)o JN@F) N@f) N(nf)
i.e., liminf ——2% < liminf — —
BT SR { 10,f) 1) I0nd)
ey 0 7)
T—00 I(T7 f)
m (r3) N (r,F) N (r.f)
i.e., liminf < liminf 2 — liminf d

r—00 W - r—oo I(T, f) r—00 I(’I“, f)

— lim inf M + limsup————+%
r—oo I (r, f) rooo 1 (1, f)
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e,&@ﬁ—(r—1)<m—AWmfn—ﬂ—AMmﬁn

TP
—{1-AT0: )} +{1 61 (a; )}
ze&meAWme&<ﬂ+2<AmmeAW0ﬂ

This proves the theorem. O

Remark 3.3. The condition that a is any non-zero finite complex num-
ber in Theorem 3.2 is essential as is evident from the following example.

Example 3.4. Let f =expz,n=0,m=1,v=0and a =0, oo. Then
we see that N(r, f) =0,

d
F = H (z+¢j))"”
7=1
= e -1,
o | £ 7“67'6 o2m | _ret® 10
T Ty L G } T
2r Jo | f (rei?) 27 Jo ere’
21
= 2L rew-i‘de
T Jo
2m 2 2 2
r r r
= o= df = — dd = — 21 =712 #0
2m Jo () 27T/0 o T 7
and log T’ log £
p= limsupw = limsup—= =1
r—00 logr r—oo lOgT
Now,

81 (05 f) = A (00; f) = 81 (003 f) = Ap (00s f) = A (0; f) =1
Hence ] ]
51<0;f)+A?<oo;f>+5z<a;f>+;p =3+
and
Ap (005 f) + AT (03 f) +1 =3,

which contradicts Theorem 3.2.
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Theorem 3.5. Let a,b # 0,00 be any two distinct complex numbers.

Then for any transcendental entire function f of non-zero finite order p
with no zeros in C,

2&(mf)+ddhf)+2ﬂf0waﬂ+—;9§2A1®mf)+2ﬁf(@f)+1

Proof. Considering the identity

b—a F f—a_f—b
f—a_f—a{ F F}

and in view of Lemma 2.1, we obtain that

n(gma) = () e () e ()

Since m (r, fL) (r, b= a) +O01)and T'(r, f) = (7", %) +0(),
it follows from Inequality (4) that

n(rrt)<T(hrs ) N(“ ) (i)

) 1 F F f—a
z.e.,m(r,f_a>§N<r,f_a>+m(r,f_ )—N(r, >
F F
— | +
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. 1 F f—a F
z.e.,m<r,f_a> §N<r,f_a)—N<r,F>—|—N<r f—b)

—N<r,f;b>+5( N+0). (5)

In view of Lemma 2.4 and Lemma 2.5, we get from Inequality (5) that

m(r,fia> §N(r,F)+N(r,fia) _N(rf-a)

() e en (L)
—N(r,f—b)—N(r,;>+S(r,f)

o8 () 48 (g ) + S 6+ o)

m(r’f“)<2hminf{N(r’F) N(rf) N f))}

i.e., liminf —

r—00 (7”‘, f) N reo I (7”‘, f) 1 (T’ f) I (

+limsup{N[<r’ fia) + N< fl)}

r—00

m(r L ) 1
A ' T-a . N(F) o N(nf) . N(rg
i.e., liminf ———* <2< liminf — lim inf — lim inf

r—00 (r, f) { r—oo [ (r, f) r—oo [ (r, f) r—oo [ (7, f)

I(w DN G )

R T NG T
e 0@ ) - (1= ) <2{1- A (s )} 201~ A1 (i )}

—2{1 = AT (0; )} +{1 =61 (a; /)} + {1 — 61 (b; )}
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1
i.e., 207 (a; f)+61 (b; f)+2AF (oo;f)+7r—p < 2A; (005 f)+2AF (0; f)+1.
Thus the theorem is established. O

Remark 3.6. The condition that a and b are two distinct complex
numbers in Theorem 3.5 is necessary as we see in the following example.

Example 3.7. Let f =exp(22),n =0, m=1,v =0, a =0, co and
b =0, co. Then we see that N(r, f) =0,

d
F o= (" =0]](fG+e)”

j=1
— €2z _ 1,
r 27 f’ (T,eie) r 27 627‘ew 2retd .
I(r,f) = or 5 = — = df
T Jo f (re?) 27 Jo ere
27
- = 2re’? . z’ do
27 0
2w 2 27 2
- 74/ (r)d&zr/ o =" 2r =22 £ 0
™ Jo ™ Jo T
and
) log® M (r, f) . log 2r
p =limsup———— = = limsup—— =
r—00 10g7“ r—00 10g7“

Also,
o1 (a; f) = 81 (bs f) = AT (005 f) = Ap (003 f) = A (05 f) = 1.

Hence,

251(a;f)+51(b;f)+2Af(oo;f)+7T1p:5+71T

and
241 (005 f) + 2A7 (0; f) + 1 =5,

which is contrary to Theorem 3.5.
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Theorem 3.8. Let f be a transcendental entire function of mon-zero
finite order p having no zeros in C and a be a finite complexr number
and b, c be two distinct non-zero complex numbers. Then

2(m +n+
51 (ai )+ o (0 )+ of (cs ) < 2 ERELD,
Proof. Let
1 F 1
f—a f—aF’

In view of Lemma 2.1, we obtain that

1 < 1 F
m(“f—a) _m<T’F>+m<T’f—a>

e m(nptn) <m(ng )+ 500, (®

Applying Nevanlinna’s first fundamental theorem, we get from Inequal-
ity (6) that

n(nr ) <r(nh) v (L) s

Now by Nevanlinna’s second fundamental theorem, it follows from Lemma
2.1 that

m(r,fia> §N<r’;>+N<T’F1—b>+J§7<T’F1—c>

_N<n;>+S&J% (7)

In view of Lemma 2.4, 2.5, 2.6 and N (7“, %) - N (r, %) < 0, we obtain
from Inequality (7) that

m(r,fl> SN(T’F1b>+N<T’Flc>+S(T’f)
T <N L

, 1 1
i.e., m( fa> <T’Fb> +N <T’Fc) +S(r, f)
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1 1 1 1
i'e'7 m<r7f_a) §T<raF1_b)+T<T,F,_C>—m<TaF1_b>

—m<r,Flc> +S(r f)

i.e., m <7“, fia> <27 (r,F)—m <r, Fl—b>

—m<T,F1_C> +S(r f)

m <r L) m(r, =
. . > f-a N T(er) s, (7 _b)
.€. < — R
i.e., hgggf w S 21151_1>})rolf T hrn_l)lorgf 107
L (7“’ FL:)
—liminf ————%
r—oo [ (r, f
ie., or(a; f) <2 (mtnt) 0f (b f) = o7 (&5 f)
e
. 2lm+n+v
ben b ) +0f () +0f (e ) < XHERED)

Thus the theorem is established. O

Remark 3.9. The conditions that b and ¢ are two distinct non zero
complex numbers in Theorem 3.8 are essential as is evident from the
following examples.

Example 3.10. Let f = exp (22), n=0m=
b=c=o0. ThenweseethatF:eZQ—l, N(r,f)=N(r,F) =0,

do

0.0 = mind) =g [ ot |1 (1)

2 .
e’ (cos 20+ sin 20) do

1 [ 2,2i6 1 [
= — logt e |df = — log™
2 0 2 0
1 2 1 2 2
- | log* (eTQ cos 2") a9 = — / 12 cos 20d0 =
27'(' 0

2m Jo T
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) log? M (r, f) .. log@er” 2logr
p =lim sup ————— = = lim sup ——— = lim sup =2
r—00 log r r—oo logrT r—oo lOgT
and
v 2| f (re®) o e 2002627
1 (T, f) = 0 = 5= 2¢2i60 do
21 Jo | f (re?) 27 Jo |ere
2 2 2
_ L . 2r2 T T cos 220 . pCCos 20 g — ﬁ T Joos 29d9
2 0 er? cos 20 T Jo
3 1 A 3 2 3
= / €y = ~— - drly (1) = —— - Iy (1) £0,
T 2 Jy 27 us

where I, (z) is the modified Bessel function of the first kind such that

1 K
I,(z) = / e*<Y . cosnb db.
0

™

Therefore,
o1 (a; f) = 6f (b5 f) =61 (c;.f) =61 (05 f) = 67 (o0; f) = 1.

Hence,
S (a; f) + 0F (b f) +0f (e; f) =3,

and
2m+n+v) 2 1
P P
Since 3 £ %, we arrive at a contradiction to Theorem 3.8.

Example 3.11. Let f = exp (z2), n=0 m=1v=0,a =0 and
b = ¢ = 0. Then we see that F = e*° — 1, N(r,f) = N(r,F) = 0,
T(r, f) = é, p=1land I(r,f)= ? - Iy (1) # 0, where I, (z) is the
modified Bessel function of the first kind such that

1 ™
I,(z) = / e*<9 . cosnb df.
0

™

Therefore,

o1 (as f) = 6f (b5 f) =67 (i f) =07 (05 ) =67 (05 f) = 1.
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Hence,

and

Sr(a; f) + 65 (b f) + 01 (c; f) =3

2(m+n+v) 2 1

TP T2t n

Since 3 £ %, this contradicts Theorem 3.8.
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