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Abstract.
Let f be a transcendental entire function defined in the open complex

plane C. A difference-monomial generated by f is an expression of the
form

F = fn(fm − 1)

d∏
j=1

(f(z + cj))
νj ,

where n,m and νj are all non-negative integers. Now for the sake of
definiteness let us take,

Mi[f ] = fn(fm − 1)

i∏
j=1

(f(z + cj))
νj ,
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where 1 ≤ i ≤ d. If M1[f ],M2[f ], . . . ,Mn[f] are such monomials in f as
defined above, then ψ[f ] = a1M1[f ] + a2M2[f ] + . . . + anMn[f ] where
ai 6= 0 (i = 1, 2, . . . , n) is called a difference-polynomial generated by f .
In this paper, we compare the Valiron defect with the relative Nevan-
linna defect of a particular type of differential-difference polynomial
generated by a transcendental entire function with respect to integrated
moduli of logarithmic derivative. Some examples are provided in order
to justify the results obtained.

AMS Subject Classification: 30D35; 30D30
Keywords and Phrases: Entire function, meromorphic function, rel-
ative Nevanlinna defect, relative Valiron defect, difference polynomial,
integrated moduli of logarithmic derivative

1 Introduction

Let f be a transcendental entire function defined in the open complex
plane C . A difference-monomial generated by f , is an expression of
the form

F = fn(fm − 1)
d∏
j=1

(f(z + cj))
νj ,

where m,n and νj are all non-negative integers.
Now for the sake of definiteness let us take,

Mi[f ] = fn(fm − 1)

i∏
j=1

(f(z + cj))
νj ,

where 1 ≤ i ≤ d.
If M1 [f ] ,M2 [f ] , . . . ,Mn[f ] are such monomials in f as defined

above, then

Ψ[f ] = a1M1 [f ] + a2M2[f ] + . . .+ anMn[f ]

where ai 6= 0 (i = 1, 2, . . . , n) is called a difference-polynomial generated
by f .

For a ∈ C ∪ {∞} , the quantity

δ (a; f) = 1− lim sup
r→∞

N (r, a; f)

T (r, f)
= lim inf

r→∞

m (r, a; f)

T (r, f)
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is called the Nevanlinna’s deficiency of the value a. Similarly, the Valiron
defect of a is defined as

∆ (a; f) = 1− lim inf
r→∞

N (r, a; f)

T (r, f)
= lim sup

r→∞

m (r, a; f)

T (r, f)
.

The term

δ
(k)
R (a; f) = 1− lim sup

r→∞

N
(
r, a; f (k)

)
T (r, f)

, k = 1, 2, 3, . . .

is called the relative Nevanlinna’s deficiencies of a with respect to f (k).
In a like manner relative Valiron’s deficiencies of a is defined. Xiong
[6] has shown various relations between the usual deficiencies and the
relative deficiencies for meromorphic functions.

The following definition is also obvious.

Definition 1.1. The order ρf and the lower order λf of a meromorphic
function f are defined as follows

ρf = lim sup
r→∞

T (r, f)

log r
and λf = lim inf

r→∞

T (r, f)

log r
.

If ρf <∞ then f is of finite order.

We may now recall the following definition.
If f be a meromorphic function in C then its integrated moduli of

the logarithmic derivative I(r, f) is defined by

I(r, f) =
r

2π

2π∫
0

∣∣∣∣∣f ′
(
reiθ

)
f (reiθ)

∣∣∣∣∣ dθ
where 0 < r < +∞ {cf.[4]}.

In this paper by using the concept of I(r, f), we call the following
four terms as

δI (a; f) = 1− lim sup
r→∞

N (r, a; f)

I (r, f)
,

∆I (a; f) = 1− lim inf
r→∞

N (r, a; f)

I (r, f)
,
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δFI (a; f) = 1− lim sup
r→∞

N (r, a;F )

I (r, f)
and

∆F
I (a; f) = 1− lim inf

r→∞

N (r, a;F )

I (r, f)
.

In this paper, we consider F = fn(fm − 1)
∏d
j=1 (f(z + cj))

νj and
find some of these relationship between relative Nevanlinna’s deficiencies
and relative Valiron deficiencies under the flavour of integrated moduli
of logarithmic derivative of difference-polynomial generated by transcen-
dental entire functions in the direction of [1], [2] and [7]. Also rele-
vant examples are provided in order to justify the sharper estimation of
the results obtained. The term S (r, f) denotes any quantity satisfying
S (r, f) = o {T (r, f)} as r → ∞ through all values of r if f is of finite
order and except possibly for a set of r of finite linear measure other-
wise. We do not explain the standard definitions and notations of the
value distribution and the Nevanlinna theory of entire and meromorphic
functions as those are available in [5] and [3].

2 Lemmas

In this section, we present some lemmas which will be needed in the
sequel.

Lemma 2.1. Let f be a transcendental entire function and

F = fn(fm − 1)

d∏
j=1

(f(z + cj))
νj .

Then

lim
r→∞

T (r, F )

T (r, f)
= (n+m+ ν).

Lemma 2.2. {p.41, [3]} Let f be meromorphic and non-constant in
|z| ≤ R0. Then

S (r, f)

T (r, f)
→ 0 (1)
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as r → R0 with the following provisions :
(a) (1) holds without restrictions if R0 = +∞ and f is of finite order

in the plane.
(b) If f has infinite order in the plane, (1) still holds as r → ∞

outside a certain exceptional set E of finite length. Here E depends only
on f.

(c) If R0 < +∞ and

lim sup
r→∞

T (r, f)

log{ 1
R0−r}

= +∞ ,

then (1) holds as r → R0 through a suitable sequence rn, which depends
on f only.

Lemma 2.3. [4] Let f be an entire function of finite order ρ with no
zeros in C. Then

lim
r→∞

I(r, f)

T (r, f)
= πρ.

Lemma 2.4. Let f be a non-constant meromorphic function of finite
order in C. Then

lim
r→∞

S (r, f)

I (r, f)
= 0.

Proof. In view of Lemma 2.2, we get that

lim
r→∞

S (r, f)

T (r, f)
= 0.

Now,

lim
r→∞

S (r, f)

I (r, f)
= lim

r→∞

{
S (r, f)

T (r, f)
· T (r, f)

I (r, f)

}
= lim

r→∞

S (r, f)

T (r, f)
· lim
r→∞

T (r, f)

I (r, f)
= 0.

This completes the proof of the lemma. �

Lemma 2.5. Let f be a transcendental entire function of non-zero finite
order having the maximum deficiency sum. Also f has no zeros in C.
Then

δI(a; f) =

(
1− 1

πρ

)
+ lim inf

r→∞

m(r, a; f)

I(r, f)
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and

∆I(a; f) =

(
1− 1

πρ

)
+ lim sup

r→∞

m(r, a; f)

I(r, f)
.

Proof. We know that

δI(a; f) = 1− lim sup
r→∞

N(r, a; f)

I(r, f)

= 1− lim sup
r→∞

{
N(r, a; f)

T (r, f)
· T (r, f)

I(r, f)

}
= 1− lim sup

r→∞

N(r, a; f)

T (r, f)
· lim
r→∞

T (r, f)

I(r, f)

= 1− lim sup
r→∞

N(r, a; f)

T (r, f)
· 1

πρ

=
1

πρ

{
1− lim sup

r→∞

N(r, a; f)

T (r, f)

}
+

(
1− 1

πρ

)
=

1

πρ

{
lim inf
r→∞

m(r, a; f)

T (r, f)

}
+

(
1− 1

πρ

)
=

1

πρ

{
lim inf
r→∞

m(r, a; f)

I(r, f)
· I (r, f)

T (r, f)

}
+

(
1− 1

πρ

)
=

1

πρ

{
lim inf
r→∞

m(r, a; f)

I(r, f)
· πρ

}
+

(
1− 1

πρ

)
=

(
1− 1

πρ

)
+ lim inf

r→∞

m(r, a; f)

I(r, f)
.

This proves the first part of the lemma.
Similarly, we can prove the second part of the lemma. �

Lemma 2.6. Let f be a transcendental entire function of non-zero finite
order ρ having no zeros in C and

F = fn(fm − 1)

d∏
j=1

(f(z + cj))
νj .

Then

lim
r→∞

T (r, F )

I(r, f)
=

(n+m+ ν)

πρ
.
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Proof. In view of Lemma 2.1, we get that

lim
r→∞

T (r, F )

T (r, f)
= (n+m+ ν).

Now,

lim
r→∞

T (r, F )

I(r, f)
= lim

r→∞

T (r, F )

T (r, f)
· T (r, f)

I(r, f)

=
(n+m+ ν)

πρ
.

This completes the proof of the lemma. �

3 Theorems

In this section, we present the main results of the paper.

Theorem 3.1. Let f be a transcendental entire function of non-zero
finite order ρ with no zeros in C and

F = fn(fm − 1)
d∏
j=1

(f(z + cj))
νj .

If n ≥ 1 then for any α,

(n+m+ ν)

πρ
+ δFI (α; f) = 1 + lim inf

r→∞

m(r, α;F )

I(r, f)

and

(n+m+ ν)

πρ
+ ∆F

I (α; f) = 1 + lim sup
r→∞

m(r, α;F )

I(r, f)
.
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Proof. We know that

δFI (α; f) = 1− lim sup
r→∞

N (r, α;F )

I (r, f)

= 1− lim sup
r→∞

N (r, α;F )

T (r, F )
. lim
r→∞

T (r, F )

I (r, f)

= 1− lim sup
r→∞

N (r, α;F )

T (r, F )
· (n+m+ ν)

πρ

=
(n+m+ ν)

πρ
+

[
1− lim sup

r→∞

N (r, α;F )

T (r, F )
· (n+m+ ν)

πρ

]
− (n+m+ ν)

πρ

=
(n+m+ ν)

πρ

[
1− lim sup

r→∞

N (r, α;F )

T (r, F )

]
+

{
1− (n+m+ ν)

πρ

}
=

(n+m+ ν)

πρ
lim inf
r→∞

m (r, α;F )

T (r, F )
+

{
1− (n+m+ ν)

πρ

}
=

(n+m+ ν)

πρ
lim inf
r→∞

m (r, α;F )

I (r, f)
· lim
r→∞

I (r, f)

T (r, F )
+

{
1− (n+m+ ν)

πρ

}
=

(n+m+ ν)

πρ
lim inf
r→∞

m (r, α;F )

I (r, f)
· πρ

(m+ n+ ν)
+

{
1− (n+m+ ν)

πρ

}
= lim sup

r→∞

m (r, α;F )

I (r, f)
+

{
1− (n+m+ ν)

πρ

}
.

i.e.,
(n+m+ ν)

πρ
+ δFI (α; f) = 1 + lim inf

r→∞

m(r, α;F )

I(r, f)
.

This proves the first part of the theorem.
Similarly, we can prove the second part of the theorem. �

Theorem 3.2. Let f be a transcendental entire function of non-zero
finite order ρ having no zeros in C and a be any non-zero finite complex
number. Then

δI (0; f) + ∆F
I (∞; f) + δI (a; f) +

1

πρ
≤ ∆I (∞; f) + ∆F

I (0; f) + 1.

Proof. Let us consider the following identity

a

f
= 1− f − a

F

F

f
.



ON RELATIVE DEFICIENCIES OF DIFFERENCE ... 9

In view of Lemma 2.2 and m
(
r, 1f

)
≤ m

(
r, af

)
+O (1) , we get from the

above identity that

m

(
r,

1

f

)
≤ m

(
r,
f − a
F

)
+m

(
r,
F

f

)
i.e., m

(
r,

1

f

)
≤ m

(
r,
f − a
F

)
+ S (r, f) . (2)

Now by Nevanlinna’s first fundamental theorem, it follows from Inequal-
ity (2) that

m

(
r,

1

f

)
≤ T

(
r,
f − a
F

)
−N

(
r,
f − a
F

)
+ S (r, f)

i, e., m

(
r,

1

f

)
≤ T

(
r,

F

f − a

)
−N

(
r,
f − a
F

)
+ S (r, f)

i.e., m

(
r,

1

f

)
≤ N

(
r,

F

f − a

)
+m

(
r,

F

f − a

)
−N

(
r,
f − a
F

)
+ S (r, f)

i.e., m

(
r,

1

f

)
≤ N

(
r,

F

f − a

)
−N

(
r,
f − a
F

)
+ S (r, f) . (3)

In view of Lemma 2.4 and Lemma 2.5, we obtain from Inequality (3)
that

m

(
r,

1

f

)
≤ N (r, F )+N

(
r,

1

f − a

)
−N (r, f − a)−N

(
r,

1

F

)
+S (r, f)

i.e., lim inf
r→∞

m
(
r, 1f

)
I (r, f)

≤ lim inf
r→∞

{
N (r, F )

I (r, f)
− N (r, f)

I (r, f)
−
N
(
r, 1
F

)
I (r, f)

}

+ lim sup
r→∞

N
(
r, 1
f−a

)
I (r, f)

i.e., lim inf
r→∞

m
(
r, 1f

)
I (r, f)

≤ lim inf
r→∞

N (r, F )

I (r, f)
− lim inf

r→∞

N (r, f)

I (r, f)

− lim inf
r→∞

N
(
r, 1
F

)
I (r, f)

+ lim sup
r→∞

N
(
r, 1
f−a

)
I (r, f)
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i.e., δI (0; f)−
(

1− 1

πρ

)
≤
{

1−∆F
I (∞; f)

}
− {1−∆I (∞; f)}

−
{

1−∆F
I (0; f)

}
+ {1− δI (a; f)}

i.e., δI (0; f)+∆F
I (∞; f)+δI (a; f)+

1

πρ
≤ ∆I (∞; f)+∆F

I (0; f)+1.

This proves the theorem. �

Remark 3.3. The condition that a is any non-zero finite complex num-
ber in Theorem 3.2 is essential as is evident from the following example.

Example 3.4. Let f = exp z, n = 0, m = 1, ν = 0 and a = 0, ∞. Then
we see that N(r, f) = 0,

F = fn(fm − 1)
d∏
j=1

(f(z + cj))
νj

= ez − 1,

I (r, f) =
r

2π

∫ 2π

0

∣∣∣∣∣f
′ (
reiθ

)
f (reiθ)

∣∣∣∣∣ dθ =
r

2π

∫ 2π

0

∣∣∣∣∣ere
iθ · reiθ · i
ereiθ

∣∣∣∣∣ dθ
=

r

2π

∫ 2π

0

∣∣∣reiθ · i∣∣∣ dθ
=

r

2π

∫ 2π

0
(r) dθ =

r2

2π

∫ 2π

0
dθ =

r2

2π
· 2π = r2 6= 0

and

ρ = lim sup
r→∞

log T (r; f)

log r
= lim sup

r→∞

log r
π

log r
= 1.

Now,

δI (0; f) = ∆F
I (∞; f) = δI (∞; f) = ∆I (∞; f) = ∆F

I (0; f) = 1

Hence

δI (0; f) + ∆F
I (∞; f) + δI (a; f) +

1

πρ
= 3 +

1

π

and
∆I (∞; f) + ∆F

I (0; f) + 1 = 3,

which contradicts Theorem 3.2.
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Theorem 3.5. Let a, b 6= 0,∞ be any two distinct complex numbers.
Then for any transcendental entire function f of non-zero finite order ρ
with no zeros in C,

2δI (a; f) + δI (b; f) + 2∆F
I (∞; f) +

1

πρ
≤ 2∆I (∞; f) + 2∆F

I (0; f) + 1.

Proof. Considering the identity

b− a
f − a

=
F

f − a

{
f − a
F
− f − b

F

}
and in view of Lemma 2.1, we obtain that

m

(
r,
b− a
f − a

)
≤ m

(
r,
f − a
F

)
+m

(
r,
f − b
F

)
+m

(
r,

F

f − a

)

i.e., m

(
r,
b− a
f − a

)
≤ T

(
r,
f − a
F

)
−N

(
r,
f − a
F

)
+ T

(
r,
f − b
F

)
−N

(
r,
f − b
F

)
+ S (r, f) . (4)

Since m
(
r, 1
f−a

)
≤ m

(
r, b−af−a

)
+O (1) and T (r, f) = T

(
r, 1f

)
+O (1) ,

it follows from Inequality (4) that

m

(
r,

1

f − a

)
≤ T

(
r,

F

f − a

)
−N

(
r,
f − a
F

)
+ T

(
r,

F

f − b

)
−N

(
r,
f − b
F

)
+ S (r, f) +O (1)

i.e.,m

(
r,

1

f − a

)
≤ N

(
r,

F

f − a

)
+m

(
r,

F

f − a

)
−N

(
r,
f − a
F

)
+N

(
r,

F

f − b

)
+m

(
r,

F

f − b

)
−N

(
r,
f − b
F

)
+ S (r, f) +O (1)
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i.e.,m

(
r,

1

f − a

)
≤ N

(
r,

F

f − a

)
−N

(
r,
f − a
F

)
+N

(
r,

F

f − b

)
−N

(
r,
f − b
F

)
+ S (r, f) +O (1) . (5)

In view of Lemma 2.4 and Lemma 2.5, we get from Inequality (5) that

m

(
r,

1

f − a

)
≤ N (r, F ) +N

(
r,

1

f − a

)
−N (r, f − a)

−N
(
r,

1

F

)
+N (r, F ) +N

(
r,

1

f − b

)
−N (r, f − b)−N

(
r,

1

F

)
+ S (r, f)

i.e., m

(
r,

1

f − a

)
≤ 2N (r, F )− 2N (r, f)− 2N

(
r,

1

F

)
+N

(
r,

1

f − a

)
+N

(
r,

1

f − b

)
+ S (r, f) +O(1)

i.e., lim inf
r→∞

m
(
r, 1
f−a

)
I (r, f)

≤ 2 lim inf
r→∞

{
N (r, F )

I (r, f)
− N (r, f)

I (r, f)
−
N
(
r, 1
F

)
I (r, f)

}

+ lim sup
r→∞

N
(
r, 1
f−a

)
I (r, f)

+
N
(
r, 1
f−b

)
I (r, f)


i.e., lim inf

r→∞

m
(
r, 1
f−a

)
I (r, f)

≤ 2

{
lim inf
r→∞

N (r, F )

I (r, f)
− lim inf

r→∞

N (r, f)

I (r, f)
− lim inf

r→∞

N
(
r, 1
F

)
I (r, f)

}

+ lim sup
r→∞

N
(
r, 1
f−a

)
I (r, f)

+ lim sup
r→∞

N
(
r, 1
f−b

)
I (r, f)

i.e., δI (a; f)−
(

1− 1

πρ

)
≤ 2

{
1−∆F

I (∞; f)
}
− 2 {1−∆I (∞; f)}

−2
{

1−∆F
I (0; f)

}
+ {1− δI (a; f)}+ {1− δI (b; f)}



ON RELATIVE DEFICIENCIES OF DIFFERENCE ... 13

i.e., 2δI (a; f)+δI (b; f)+2∆F
I (∞; f)+

1

πρ
≤ 2∆I (∞; f)+2∆F

I (0; f)+1.

Thus the theorem is established. �

Remark 3.6. The condition that a and b are two distinct complex
numbers in Theorem 3.5 is necessary as we see in the following example.

Example 3.7. Let f = exp (2z), n = 0, m = 1, ν = 0, a = 0, ∞ and
b = 0, ∞. Then we see that N(r, f) = 0,

F = fn(fm − 1)

d∏
j=1

(f(z + cj))
νj

= e2z − 1,

I (r, f) =
r

2π

∫ 2π

0

∣∣∣∣∣f
′ (
reiθ

)
f (reiθ)

∣∣∣∣∣ dθ =
r

2π

∫ 2π

0

∣∣∣∣∣e2re
iθ · 2reiθ · i
ereiθ

∣∣∣∣∣ dθ
=

r

2π

∫ 2π

0

∣∣∣2reiθ · i∣∣∣ dθ
=

r

π

∫ 2π

0
(r) dθ =

r2

π

∫ 2π

0
dθ =

r2

π
· 2π = 2r2 6= 0

and

ρ = lim sup
r→∞

log[2]M (r, f)

log r
= lim sup

r→∞

log 2r

log r
= 1.

Also,

δI (a; f) = δI (b; f) = ∆F
I (∞; f) = ∆I (∞; f) = ∆F

I (0; f) = 1.

Hence,

2δI (a; f) + δI (b; f) + 2∆F
I (∞; f) +

1

πρ
= 5 +

1

π

and

2∆I (∞; f) + 2∆F
I (0; f) + 1 = 5,

which is contrary to Theorem 3.5.
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Theorem 3.8. Let f be a transcendental entire function of non-zero
finite order ρ having no zeros in C and a be a finite complex number
and b, c be two distinct non-zero complex numbers. Then

δI (a; f) + δFI (b; f) + δFI (c; f) ≤ 2(m+ n+ ν)

πρ
.

Proof. Let
1

f − a
=

F

f − a
1

F
.

In view of Lemma 2.1, we obtain that

m

(
r,

1

f − a

)
≤ m

(
r,

1

F

)
+m

(
r,

F

f − a

)

i.e., m

(
r,

1

f − a

)
≤ m

(
r,

1

F

)
+ S (r, f) . (6)

Applying Nevanlinna’s first fundamental theorem, we get from Inequal-
ity (6) that

m

(
r,

1

f − a

)
≤ T

(
r,

1

F

)
−N

(
r,

1

F

)
+ S (r, f) .

Now by Nevanlinna’s second fundamental theorem, it follows from Lemma
2.1 that

m

(
r,

1

f − a

)
≤
−
N

(
r,

1

F

)
+
−
N

(
r,

1

F − b

)
+
−
N

(
r,

1

F − c

)
−N

(
r,

1

F

)
+ S (r, f) . (7)

In view of Lemma 2.4, 2.5, 2.6 and
−
N
(
r, 1
F

)
−N

(
r, 1
F

)
≤ 0, we obtain

from Inequality (7) that

m

(
r,

1

f − a

)
≤
−
N

(
r,

1

F − b

)
+
−
N

(
r,

1

F − c

)
+ S (r, f)

i.e., m

(
r,

1

f − a

)
≤ N

(
r,

1

F − b

)
+N

(
r,

1

F − c

)
+ S (r, f)
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i.e., m

(
r,

1

f − a

)
≤ T

(
r,

1

F − b

)
+ T

(
r,

1

F − c

)
−m

(
r,

1

F − b

)
−m

(
r,

1

F − c

)
+ S (r, f)

i.e., m

(
r,

1

f − a

)
≤ 2T (r, F )−m

(
r,

1

F − b

)
−m

(
r,

1

F − c

)
+ S (r, f)

i.e., lim inf
r→∞

m
(
r, 1
f−a

)
I (r, f)

≤ 2lim inf
r→∞

T (r, F )

I (r, f)
− lim inf

r→∞

m
(
r, 1
F−b

)
I (r, f)

− lim inf
r→∞

m
(
r, 1
F−c

)
I (r, f)

i.e., δI (a; f) ≤ 2 · (m+ n+ ν)

πρ
− δFI (b; f)− δFI (c; f)

i.e., δI (a; f) + δFI (b; f) + δFI (c; f) ≤ 2(m+ n+ ν)

πρ
.

Thus the theorem is established. �

Remark 3.9. The conditions that b and c are two distinct non zero
complex numbers in Theorem 3.8 are essential as is evident from the
following examples.

Example 3.10. Let f = exp
(
z2
)
, n = 0, m = 1, ν = 0, a = 0 and

b = c =∞. Then we see that F = ez
2 − 1, N(r, f) = N(r, F ) = 0,

T (r, f) = m (r, f) =
1

2π

∫ 2π

0
log+

∣∣∣f (reiθ)∣∣∣ dθ
=

1

2π

∫ 2π

0
log+

∣∣∣er2e2iθ ∣∣∣ dθ =
1

2π

∫ 2π

0
log+

∣∣∣er2(cos 2θ+i sin 2θ)
∣∣∣ dθ

=
1

2π

∫ 2π

0
log+

(
er

2 cos 2θ
)
dθ =

1

2π

∫ 2π

0
r2 cos 2θdθ =

r2

π
,
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ρ = lim sup
r→∞

log[2]M (r, f)

log r
= lim sup

r→∞

log[2] er
2

log r
= lim sup

r→∞

2 log r

log r
= 2

and

I (r, f) =
r

2π

∫ 2π

0

∣∣∣∣∣f
′ (
reiθ

)
f (reiθ)

∣∣∣∣∣ dθ =
r

2π

∫ 2π

0

∣∣∣er2e2iθ ∣∣∣ · ∣∣2ir2e2iθ∣∣∣∣er2e2iθ ∣∣ dθ

=
r

2π
· 2r2

∫ 2π

0

er
2 cos 2θ · ec cos 2θ

er2 cos 2θ
dθ =

r3

π

∫ 2π

0
ecos 2θdθ

=
r3

π
· 1

2

∫ 4π

0
ecos ηdη =

r3

2π
· 4πI0 (1) =

2r3

π
· I0 (1) 6= 0,

where In (z) is the modified Bessel function of the first kind such that

In (z) =
1

π

∫ π

0
ez cos θ · cosnθ dθ.

Therefore,

δI (a; f) = δFI (b; f) = δFI (c; f) = δI (0; f) = δFI (∞; f) = 1.

Hence,
δI (a; f) + δFI (b; f) + δFI (c; f) = 3,

and
2(m+ n+ ν)

πρ
=

2

2π
=

1

π
.

Since 3 � 1
π , we arrive at a contradiction to Theorem 3.8.

Example 3.11. Let f = exp
(
z2
)
, n = 0, m = 1, ν = 0, a = 0 and

b = c = 0. Then we see that F = ez
2 − 1, N(r, f) = N(r, F ) = 0,

T (r, f) = r2

π , ρ = 1 and I (r, f) = 2r3

π · I0 (1) 6= 0, where In (z) is the
modified Bessel function of the first kind such that

In (z) =
1

π

∫ π

0
ez cos θ · cosnθ dθ.

Therefore,

δI (a; f) = δFI (b; f) = δFI (c; f) = δI (0; f) = δFI (0; f) = 1.
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Hence,

δI (a; f) + δFI (b; f) + δFI (c; f) = 3

and
2(m+ n+ ν)

πρ
=

2

2π
=

1

π
.

Since 3 � 1
π , this contradicts Theorem 3.8.
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