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Abstract. In this paper, we present a detailed study of the following
difference equation
On

—, neN
:l'f'ivnwnfl7 0

Tn+1 =

where the sequence (ax), - is positive, real, periodic with period two
and the initial values m_lj xo are nonnegative real numbers. By this
study, we determine global behavior of positive solutions of the above
mentioned equation. We also give closed forms of its general solution.
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1 Introduction

Over the last two decades, many studies on nonlinear difference equa-
tions have been published (see, e.g., [5, 8, 9, 10, 11, 16, 17, 21, 22, 23, 25,
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, 27,28, 29, 30, 31, 32, 33, 34, 35] and the references therein). These
equations play an important role in applications since they often arise
as mathematical model of a problem (see, e.g., [1, 23]).

The solvability of nonlinear difference equations has been studied for
the last fifteen years. As with differential equations, the solvability is a
fundamental problem of the theory of difference equations. This prob-
lem is actually older (see, e.g., [1, 4, 20, 24]). The following difference
equation
a + by,
c+dyy,’
where the parameters a, b, ¢, d and the initial value yg are real or complex
numbers such that ad # be, d # 0 and yg # —c/d, is a prototype for
solvable difference equations. This equation is named bilinear difference
equation or linear fractional difference equation. By taking b = 0 in
Equation (1), we have the following equation

Yn+1 = ne NOa (1)

Yn+1 = n € Npy. (2)

a
¢+ dyy’
Equation (2) can be reduced to the equation

Tpyl = , N E No,

o
1+,
where a = ‘Z—g, by change of variables y, = x,. Equation (2) can be
extended as the following

a

—— n € Ny, 3
¢+ dynyn—1 0 ( )

Yn+1 =
where the parameters a, ¢, d is positive real number and the initial values
Y—1, Yo are nonnegative real numbers such that the solution ( y,),~_;
exists. If ¢ and d are positive, then Equation (3) can be also reduced to
the equation

o
Tpy1 = ————, n € Ng, 4
n+1 1+ 2,2, 1 0 ( )
where a = \/g%, by change of variables vy, = \/gxn, which posed
by Amleh et al. [3]. They conjectured that every positive solution of
Equation (4) has a finite limit. But they can only confirmed it when
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0 < a < 2 (for equations associated with (4), see, e.g., [0, 22]). Then,
Drymonis et al. [7] showed that every positive solution of the following
difference equation

(6793

———— , n € Ny, 5
1+ zprn— 0 5)

Tnt+l =

where

an—{ a, ifn is even anda>0,b>0, a#b

b, if n is odd

and the initial values z_;, zg are nonnegative real numbers, converges
to a prime period two sequence.

In this paper, we handle Equation (5) and determine global behavior
of positive solutions of Equation (5) by giving a closed form solution.
That is, we here use an advanced method which is different than the
method given in [7]. When ( a;,),,~ is a constant sequence, we exactly
confirm Conjecture 2.2. given for Equation (5) in [3].

Before our discussion, we present some definitions and the known
results which will be used in this study. For the theory of difference
equations, one can refer to the monograph of Kocic and Ladas [18].

2 Preliminaries

Consider the following system

{ un—i—l == f (unavn)a n e NO‘ (6)
Un+1 =49 (Uru Un) s

Let ||-|| be the norm of vector (u,v) € R?. Then, we present the following
definition and some useful lemmas which will serve to analyze equation

(5).

Definition 2.1. [18] The equilibrium point (u,v) is said to be:

(i) stable if given € > 0 and N > 0 there exists 6 > 0 such that
||(uo,v0) — (4, v)|| < 0 implies that ||(uy,v,) — (4,0)]| < e foralln > N,
and unstable if it is not stable;

(ii) attracting if there exists n > 0 such that ||(uo,v0) — (@,?)| <7
implies that lim,, o (up, vy) = (4, )

3
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(iii) asymptotically stable if it is stable and attracting.
(iv) globally asymptotically stable if (i) and (ii) with n = oo hold.

We quote the following lemma from [19].

Lemma 2.2. Let F = (f,g) be a continuously differentiable function
defined on an open set D € R?.

(a) If the eigenvalues of the Jacobian matriz Jp ((a,v)), that is, both
roots of its characteristic equation

N — TrJe ((4,7)) A+ DetJp ((@, 7)) = 0, (7)

lie inside the unit disk, then the equilibrium point (u,v) of (6) is locally
asymptotically stable.

(b) A necessary and sufficient condition for both roots of equation
(7) to lie inside the unit disk is

|TrJr ((u,0))| < 1+ DetJp ((u,v)) < 2.

The following lemma shows that all solutions of (5) are bounded. In
[7], this result was obtained for the case the sequence (ay,),,~ is periodic
with period p. But, we present it in the case p = 2 for the completeness.

Lemma 2.3. Assume that (O‘n)nzo is a periodic sequence of prime pe-
riod 2. Then, every solution of Equation (5) is bounded.
Proof. From (5), we have
Qn
Tpyl = ——— < « 8
n+1 T4+ 2p2n_1 — n ( )
for every n > 0. Hence we see that zon,+1 < a and x9,49 < b for every
n > 0. Also, from (5) and (8), we have
Qn S _On
1+zp2n—1 1+ ab

Tp41 =

b
for every n > 1. Hence we see that xo,4+1 > ﬁ and Top4o > THab for
every n > 1. Consequently, we have

a
1+a

<oy < b 9)

< Topt1 < a, Trab =

b
for every n > 0. O
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Lemma 2.4. [22] Consider the cubic equation
P(2)=2—az?—Bz—y=0. (10)
Equation (10) has the discriminant
A = —a?8? — 483 + 403y + 279% + 18a3.

Then, the following statements are true;

(i) If A < 0, then the polynomial P has three distinct real zeros p1,
P2; P3-

(ii) If A =0, then there are two subcases:

(a) if B = _TO‘Z and vy = ‘;—;, then the polynomial P has the triple root
p=3,

(b) if B # —%2 or~y # ‘;—;, then the polynomial P has the double root
r and the simple root p.

(iii) If A > 0, then the polynomial P has one real root p and two
complex roots re*, 0 € (0, 7).

3 Main Results

In this section, we prove our main results.
It is clear that Equation (5) can be written as follows:

a b

Ton4+1 = y L2n+4+2 =

1+ zopwon_1 1+ zop 12y

To conduct a stability analysis, we set
Top—1 = Up and To, = v,, n € Ny. (12)

Then (11) can be written in the form

a
_ b(ltusve) 1€ No. (13)
Un+l = THu,ontav,

That is, since system (13) is equivalent to Equation (5), we simultane-
ously study the system.

5
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3.1 Locally asymptotically stability

In this subsection, we study locally asymptotically stability of the unique
positive equilibrium (@, v) = (a, %a) of system (13).

Lemma 3.1. System (13) has the unique positive equilibrium point on
b
(lfab’ a) X (1+ab’ b> :

Proof. Equilibrium points of system (13) is solutions of the algebraic

system
b(1+ uv
-t g PLEE) (14
14 uv 14+ uv+ av
From (14), we see that
b
U= —1Uu 15
U= (15)
which implies
2
3 a_ a
Zi——=0
u” + bu b
Now, we consider the polynomial
a a?

From (9), (12) and (16), we have

P(a)=a®>>0
and
. g2 ab((1+ab)* 1)
P = 3 < 0.
1+ ab b (1+ abd)
Also, since

P’(a):3a2+%>0

the polynomial P () has the unique zero on <ﬁ, a). On the other

hand, by taking into account (15), we have

byl (ba N (b,
Y a1+ab’aa S \1+4ab )’
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Hence, system (13) has the unique positive equilibrium point on

SR RV (R Ay
1+ab’ 1+ ab’
such that (@, ) = (4, gﬂ) O

Theorem 3.2. The unique equilibrium (4,7) = (4, gﬂ) of system (13)
1s locally asymptotically stable.

Proof. We define the map

a b a b
F —_— S -
<1+ab’a) . <1+ab’b> ~ <1+ab’a> % <1—|—ab’b>

associated to system (13), i.e.

a
xT
F( ) = (b(ll—:-g;%) ) :
Yy 1+zy+ay

The Jacobian matrix of F' evaluated at (ﬂ, gﬂ) is
—bu®  —u®
Tr (@) = | e _fn

and its characteristic equation associated with (ﬂ, 311) is

4b—3 3b—4 b2—7 b3—9
A2y GPUT AU b DT, (17)

ab ab

Therefore, from (17) and Lemma 2.2-(b), we have the inequalities

ab®a’ + b3
<1+ ——— <2
a

a*ba® + adbut
CL6

from which it follows that
(a—a)* 4 a?>0and 8ab+1>0

which always hold. So, the proof is complete. O
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Theorem 3.3. System (13) does not have positive periodic solutions
with prime period two.

Proof. First, we suppose that system (13) has positive periodic solu-
tions with prime period two as follows:

{-s(D1,41), (d2,42) ..},
where ¢1 # ¢9 and 1 # 9. Then, we have

_ _ a __b(1+¢atp2)

(Z)l T 14¢ahy? wl - 1+¢2w22+a2¢2’ (18)

bo = 0 by = _b(1+¢1¢1)

2= T¥gid1 P2 T 1+¢1gp1+ai

from which it follows that
b b

- = . ]-9
= T g T T (19)

From the first two equations of (18) and (19), we have

P12 (Y2 — Y1) + d1 — P2 = 0, P1h2 (d1 — d2) + 91 — 2 = 0. (20)
(20) implies ¢1p2t1902 = —1 which is a contradiction. So, the proof is
completed. O
3.2 Closed form solution of Equation (5)

In this subsection, we obtain a closed form solution of Equation (5). By
applying the change of variables

y = 71 (21)

Zn

to Equation (5), we have third order linear equation

1 1
Zn+1 — a—zn — —2zp_o =0, n € Ny, (22)

n n

where zg = 1, 2_1 = xg, 2_2 = zox_1. We write Equation (22) as the

following
1 1
e 0 (23)
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and
1 1
Pont2 Ty Eamtl Ty Fan-1 = 0
from which it follows that
1 2 1
Pntd T pZmd2 T opZan T 2 = 0 (24)

for every n € Ny. Equation (24) has the characteristic equation

1 2 1
Pr(A) =20 — =\t - 2 )2

ab ab _%:O'

1 1 1 1
N=N-—=N - —and RO\ =N+ =N+ —. (25
CW=X= g Ty e RN = T T @)
Then, P; (A\) = @ (A\) R(X). Note also that the polynomials @) and R
satisfy the relation @ (—\) = —R(\). That is, if A is any zero of the
polynomial R, then —\ is a zero of the polynomial (). On the other
hand, we consider the linear equation

1 2 1
Wp+1 — %wn - %wn—l - %wn—Q =0 (26)
whose characteristic equation is
1 2 1
P Y S e
1 (V) =1 = o =

We see from Lemma 2.4 that the equation P; (\/ﬁ) = 0 has one real
root and two complex roots denoted by p? and r2e*?¢, 6 < (0,7),
respectively. These notations are valid, since p = A?. Also, note that
since ab > 0 and p® = X (u+ 1)%, the unique real root of P (vr) =0
is positive. So, we have the general solution of (26) as follows:

wy_1 = C1p*™ + 12" (Cy cos 2nf + Cysin 2nb) , n > —1,

where C7, Cs and C5 are arbitrary constats. A solution of Equation
(24) satisfies Equation (26), that is w,_1 = z2,, and so we can write the
general solution of Equation (24) as follows:

Zom = C1p*" + 12" (Cycos2nf 4+ Cssin2nf), n > —1, (27)

9
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where

p? (abr4 + 1) 2ox_1 + axo — 2abr? cos 26 + 1

@ - ab pt+rt —2p?r?cos 26 ’

C, = —p? ((abr* 4+ 1) moz_1 + azg) + abp* + abr® — p?
ab (p* 4 r* — 2p?r2 cos 260) ’

Oy = (cos (2) abp®r* — abp*r? — cos (2t) p> + 1) wox_y

absin 20 (p* + r* — 2p2r2 cos 20)
(—cos (2t) ap® + ar?) zo
absin 20 (p* + r* — 2p?r2 cos 20)
cos (2t) abp* — cos (2t) abr? — cos (2t) p? + 2
B absin 20 (p* + r* — 2p2r2 cos 20) ’

On the other hand, by (23) and some operations, for every n > —1, we
have
1
Zoap4l = —Ran T —Zop—2
a a

T2n

PP+1 5, / !
= C——p™" ? 4+ — (Cycos2nd + Cysin2nd), (28)
a a

where

(5 cos 20 — C3sin 260

C'3cos20 + C5 sin 20
5 .

2

ChH=0Cy+ and C% = C3 +

r r

Also, the relations Py (A\) = Q(A\) R(N) and @ (—A) = —R(\) imply
that if p is a root of @ (), then —p is a root of R (\). Hence, p satisfies
the relation

a Va
From this and (28), it follows that

b 2n
Zoni1 = C1 \/;p%+1 + % (Cé cos 2nf + C¥ sin 2n9) , n>—1, (29)

where

(5 cos 20 — C5sin 260
r2

C'3cos 20 + Cy sin 20
5 .
,

Cé:CQ+ andC:',’:C'g-l—
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Therefore, from (21), (27) and (29), we have the closed form solution of
Equation (5) as follows:

Cry/ 2p? 1 + ? (Chcos(2n —2)0 + Chsin (2n — 2)0)
C1p?" 4+ 127 (Cy cos 2n6 + Cs sin 2nf)

Top — (30)

and
C1p?" + 1" (Cy cos 2n + Cs sin 2nd)

4 \/§p2n+1 + 7"27" (CY cos2nf + C’é sin 2n6)

Tont1l = ; (31)

where

c - pj (abr* + 1) mow_1 + azo — 2abr? cos 20 + 1
ab p* + r* — 2p2r2 cos 20 ’

Cy — —p? ((abr4 + 1) ToT_1 + amo) + abp* + abr* — p?

ab (p* + r* — 2p2r2 cos 20) ’

(cos (2t) abp?r* — abp*r? — cos (2t) p* 4+ r?) zoz_1

absin 260 (p* + r* — 2p?r? cos 20)
(—cos (2t) ap® + ar?) zo
absin 20 (p* + r* — 2p2r2 cos 20)
cos (2t) abp* — cos (2t) abr? — cos (2t) p? + 2
B absin 20 (p* + r* — 2p?r2 cos 20) '

Cs3 =

and

Cé et 02(308297; C5sin 260 and Cé _ Oyt 6‘300529:; C’gsm20.

for every n > —1.

3.3 Globally asymptotically stability

In this subsection, we study globally asymptotically stability of the
unique positive equilibrium (@, v) = (4, gﬂ) of system (13).

Lemma 3.4. Consider the cubic polynomial S (\) = A3 —cA?—c. Then,

zeros of the polynomial S satisfy the relation |o| = \/%, where p is the
p

unique real zero of the polynomial S and o is one of complex conjugate
ones.

11
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Proof. Suppose that
SN =A=p) (M —c1X—c2),

where )
__—r P
1+ p2 14+ p2°
Then, ¢ is one of complex conjugate zeros of the quadratic polynomial
A2 —¢1 A —ca. Therefore, the proof follows from absolute value of ¢. O
It is clear from Lemma 3.4 that |o] = \/12_7 < p.
Theorem 3.5. The unique equilibrium (u,v) = (ﬂ, ga) of system (153)
1s globally asymptotically stable.

c and ¢y =

Proof. We know from Theorem 3.2 that the unique equilibrium (u, v) =
(a, gﬂ) of system (13) is locally asymptotically stable. Hence, it is
enough to show that

lim u, =% and lim v, = 0.

n— oo n—oo
or

lim z9, = v and lim zo,+1 =u
n—o0 n—o0

by taking into account (12). We also know that @ is the unique real zero
of the polinomial P in (16). On the other hand, p is the unique real zero
of the polinomial @ in (25). We claim that the zeros of the polinomials
P and Q are of the relation

—— =q. (32)

That is, we have

al al 3 a\/gl a?
P —— = —— ] + === —
bp bp bVbp b
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By taking limits of (30) and (31) as n — oo, by using (32) and the result
of Lemma 3.4, we have

lim X2n =
n— o0

and

lim x
n—oo 2+l

2n—2
a

Ciy/2p* ™' + —— (Chcos (2n — 2) 0 + Cj sin (2n — 2) 0)
I
e C1p?™ 4 127 (O cos 2nb + C'3 sin 2n0)

2n—1
p2n—1Ch\/§—F<£) L (Chcos (2n — 2) 0 + Cysin (2n — 2) 0)

2n
Cy + (%) (C3 cos 2nb + C5 sin 2n0)

I C1p*™ + 12" (Cy cos 2n6 + Cs sin 2nb)
= lim
Bt \/gp%+1 + 2" (% cos 2n6 + C% sin 2n0)

2n
p2n Ci + (%) (Cs cos 2n + Cs5 sin 2nb)
= lim p2ntl Zntl
Ciy/2+ (%) L (C% cos 2nf + C} sin 2nb)
_ Jal
bp
= u.

So, the proof is completed. |

Theorem 3.6. Fquation (5) has positive periodic solutions with prime
period two which is given by

b b
ey Uy = Uy Uy — Uy e oo p 33
{ontna o (33)

a

Proof. First, we suppose that Equation (5) has positive periodic solu-
tions with prime period two as follows:

{...;0,0,0,7,..}

From (11), we have

a b
, Y=

¢:1+¢w 1+ ¢
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from which it follows that

v="2. (35)

a
By using (34) and (35), we have
2
P(9)=¢"+ 36— = =0,

which has the unique real root ¢ = @. Hence, the result follows by (35).
d
The following corollary is a straightforward result of Theorem 3.5

Corollary 3.7. Every positive solution of Equation (5) tends to its pe-
riodic solution with prime period two which is given by (33).

3.4 More on Equation (4)

In this subsection, we confirm Conjecture 2.2. given in [3]. We know
from [3] that Equation (4) has a unique equilibrium z which is the unique
positive root of the cubic

P(E)=2+T—-a=0
and Z is locally asymptotically stable for all values of the parameter «.
Theorem 3.8. Every positive solution of Equation (/) tends to a finite
limit.
Proof. By applying the change of variables (21) to Equation (4), we
have third order linear equation

1 1
Znal— —2n — —2n—2 =0, n € Np. (36)
« «

Equation (36) has the characteristic equation

Pg(A):A?’—lA?—l:o,

o «

which has one real root and two complex roots denoted by p and 7e®%,

0 € (0,7), respectively. Hence, Equation (36) has the general solution

2n = C1p" 4 7" (C’g cosnf + Czsin nH) , n> =2 (37)
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where C, Cy and C3 are arbitrary constats. From (21) and (37), it
follows that

Crpt 4t (C’g cos (n — 1) + Czsin (n — 1) 9)

Ip = ) nz_la

C’lﬁ” + rn (C’g cosnb + C’g sin n9>

(38)
which is the general solution of Equation (4). We claim that the zeros
Z and p of the polinomials P, and P3 are of the relation

1

5=% (39)

That is, we have

Py(z) = &+

Consequently, from (38), (39) and Lemma 3.4, we have
Crpt it (ég cos (n—1)0 + Cysin (n — 1) 9)

lim z, = lim
n—»00 n—00 61}5" + 7 (é’Q cosnb + ég sin n9)
L ﬁn—lcl‘i‘( ) (Cgcos n—1) 9+C381ﬂ(n_1)9)
= nl_fﬂo " 01 4 (5) (02 cosnb + 03 sin TL9>
1
b
= I

O
The following corollary is a straightforward result of that Z is locally
asymptotically stable and Theorem 3.8.

Corollary 3.9. The unique equilibrium T of Equation (/) is globally
asymptotically stable for all positive values of the parameter .

15
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4 Numerical Examples

In this section, we give some numerical examples to support our theo-
retical results.

Example 4.1. In Figure 1-3, we illustrate the solutions which corre-
sponds to some special values of the initial conditions wug, vy and the
parameters a, b of (13).

Figure 1:
b=>5.

Figure 2: a =8, b=
7.

Figure 3:
b= 25.

Example 4.2. In Figure 4-6, we illustrate the solutions which corre-
sponds to some special values of the initial conditions x_1, zg and the
parameters a, b of (5).

Figure 4: a =3,b=
5.

Figure 5: a =7,b=
4.

Figure 6:
b=15.

a
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Example 4.3. In Figure 7-9, we illustrate the solutions which corre-
sponds to some special values of the initial conditions x_1, zg and the
parameter « of (4).

| e Yy

10 20 30 40 50 20 40 60 80 100 20 40 60 80 100

Figure 7: a = 5. Figure 8: o = 15. Figure 9: o = 25.

5 Conclusion

In this study we mainly show that every positive solution of Equation (5)
tends to a two periodic solution of the equation. To conduct a stability
analysis, we handle system (13) which is equivalent to Equation (5)
and so show that the unique positive equilibrium point of system (13)
is globally asymptotically stable. Finally, we confirm Conjecture 2.2.
given in [3].
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