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1 Introduction

Differential geometry is the most popular branch of mathematics and
physics since ancient days. There are several topics in differential geom-
etry that have very important applications in both, mathematics and
physics. Immersions and submersions are one of them. The properties
of slant submersions became interesting subject in complex geometry
and also in contact geometry.

The theory of Riemannian submersions was initiated by O’Neill [17]
and Gray [9] in 1966 and 1967, respectively. After some time of this
theory, an almost complex type of Riemannian submersions was studied
by Watson [20] in 1976. He also defined almost Hermitian submersions
between almost Hermitian manifolds in which the Riemannian submer-
sion is an almost complex map. The phenomenon of almost Hermitian
submersion to different kinds of sub-classes of almost contact manifolds
was extended by D. Chinea [0] in 1985. In 2013, B. Sahin introduced
the semi-invariant submersions from almost Hermitian manifolds onto
Riemannian manifolds [19] as a generalization of holomorphic submer-
sions and anti-invariant submersions in [23]. Further, the notion of slant
submersions from almost Hermitian manifolds onto arbitrary Rieman-
nian manifolds was also defined and studied by B. Sahin [20]. The
notion of semi-slant submersions from an almost Hermitian manifold
onto a Riemannian manifold were defined and studied by K. S. Park
and R. Prasad [15]. In 2015, the hemi-slant Riemannian submersions
from almost Hermitian manifolds onto Riemannian manifolds was intro-
duced in [25]. As a generalization of hemi-slant submersions, C. Sayar
et al. defined the notion of bi-slant Riemannian submersions from al-
most Hermitian manifolds onto Riemannian manifolds in [24]. Recently,
R. Prasad et al. in [16] defined quasi bi-slant submersions as natural
generalization of slant, semi-slant, hemi-slant, bi-slant, quasi hemi-slant
and show that the geometry of this kind of submersions is different
from previous notions. The different kinds of Riemannian submersions
between Riemannian manifolds endowed with different structures were
studied by several geometers ([1], [2], [3], [4], [3], [10], [11], [12], [13],
[14], [18]). Recent developments in the theory of submersions can be
found in the book [22]. Taking into account these all previos notions,
we are motivated to fill a gap in the literature by giving the notion of
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quasi bi-slant submersions from Kenmotsu manifolds onto Riemannian
manifolds in which the fibers consist of one invariant distribution, two
slant distributions and one Reep vector field. In this paper, as a special
case of the above notion and a generalization of invariant, anti-invariant,
semi-invariant, slant, semi-slant, hemi-slant, bi-slant, quasi hemi-slant
Riemannian submersions, we introduce quasi bi-slant submersion from
Kenmotsu manifolds and investigate the geometry of base space, the
total space and the fibers.

The paper is organized as follows: In the second section, we present
some basic information related to quasi bi-slant Riemannian submersion
needed throughout this paper. In the third section, we obtain some re-
sults on quasi bi-slant Riemannian submersions from Kenmotsu manifold
onto Riemannian manifold and provide some examples of such submer-
sions. We also study the geometry of leaves of distribution involved in
the above submersion. Finally, we obtain certain conditions for such
submersions to be integrable and totally geodesic.

2 Preliminaries

Let M be an almost contact metric manifold [7]. So there exist on M,
a (1,1) tensor field ¢, a vector field &, a 1—form 1 and a Riemannian
metric gps such that

¢2:_I+T,®€7 ¢O§:07 770(;5:07 (1)

and
gm(9X, 9Y) = gu (X, Y) — n(X)n(Y),

gM(¢X7 Y) = —9M (X7 ¢Y)7 (3)

for any vector fields X and Y on M and [ is the identity tensor field
[27]. An almost contact metric manifold M equipped with an almost
contact metric structure (¢, &,n, gar) is denoted by (M, ¢, &,m, gar)-

An almost contact metric manifold M is called a Kenmotsu manifold
if
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for any vector fields X and Y on M, where V is the Riemannian con-
nection of the Riemannian metric gps. If (M, ¢,&,n, gar) be a Kenmotsu
manifold, then the following equation holds:

Vx§=X—n(X)§ (5)
Now, we recall following definitions:

Definition 2.1. [21] Let F' be a Riemannian submersion from an almost
Hermitian manifold (M, gar, J) onto a Riemannian manifold (N, gn).
Then we say that F' is an invariant Riemannian submersion if the ver-
tical distribution is invariant with respect to the complex structure .J,
i.e.,

J(ker Fy) = ker F.

Definition 2.2. [23] Let M be an almost Hermitian manifold with Her-
mitian metric gy and almost complex structure J and N be a Rie-
mannian manifold with Riemannian metric gn. Suppose that there ex-
ists a Riemannian submersion F : (M,gn,J) — (N,gn) such that
J(ker F,) C (ker F,)*. Then we say that F is an anti-invariant Rie-
mannian submersion.

Definition 2.3. [19] Let F' be a Riemannian submersion from an almost
Hermitian manifold (M, gnr,J) onto a Riemannian manifold (N, gn).
Then we say that F' is a semi-invariant Riemannian submersion if there
is a distribution ©1 C ker F, such that

ker F, = 01 ® Do,
and
JD1 = D1, C (ker Fi)*,
where Do is orthogonal complementary to ®1 in ker F.

Let 1 denotes the complementary orthogonal subbundle to J(ker Fy)
in (ker F,)*t.
Then, we have
(ker F)t = JDy @ p.

Obviously p is an invariant subbundle of (ker F,)* with respect to
the complex structure J.



ON QUASI BI-SLANT SUBMERSIONS...

Definition 2.4. [20] Let F' be a Riemannian submersion from an almost
Hermitian manifold (M, gnr, J) onto a Riemannian manifold (N, gn). If
for any non-zero vector X € (ker F),, p € M, the angle 6(X) between
JX and the space (ker Fy), is constant, i.e., it is independent of the
choice of the point p € M and the tangent vector X in ker Fy, then we
say that F' is a slant submersion. In this case, the angle 6 is called the
slant angle of the submersion. If the slant angle is 0 < 0 < 3, then the
submersion is called a proper slant submersion.

Definition 2.5. [15] Let (M, gn,J) be an almost Hermitian manifold
and (N,gn) a Riemannian manifold. A Riemannian submersion F :
(M, gn,J) — (N,gn) is called a semi-slant submersion if there is a
distribution Dy C ker F, such that

ker F, = D& Dy, J(D) = D,

and the angle 8 = 0(X) between JX and the space (D), is constant for
non-zero X € (D1), and p € M, where Dy is the orthogonal complement
of D in ker F.

We call the angle 6, a semi-slant angle.

Definition 2.6. [25] Let M be an almost Hermitian manifold with Her-
mitian metric gy and almost complex structure J, and N be a Rieman-
nian manifold with Riemannian metric gn. A Riemannian submersion
F:(M,gn,J) = (N,gn) is called a hemi-slant submersion if the ver-
tical distribution ker Fy, of F' admits two orthogonal complementary dis-
tributions D° and D' such that D is slant with angle 8 and D+ is
anti-invariant, i.e, we have

ker F, = DY @ D+.

In this case, the angle 6 is called the hemi-slant angle of the submer-
sion.

Definition 2.7. [24] Let (M,g,J) be a Kaehler manifold and (N, gy)
be a Riemannian manifold. A Riemannian submersion 7 : (M,g,J) —
(N,gn) is called a bi-slant submersion, if there are two slant distribu-
tions D' C kerm, and D2 C kerm, such that

kerm, = D @ DQQ,



R. PRASAD et al.

where, D' and D% has slant angles 01 and 6y, respectively.

Define O’Neill’s tensors 7 and A by
AgL = HVygVL + VVygHL, (6)

TeL = HVyEVL +VVygHL, (7)

for any vector fields E, L on M, where V is the Levi-Civita connection
of gpr. It is easy to see that Tp and Ag are skew-symmetric operators
on the tangent bundle of M reversing the vertical and the horizontal
distributions.

From equations (6) and (7), we have

VxY =TxY +VVyY, (8)
VxU =TxU +HVxU, (9)
VX =ApX +VVyX, (10)
VyV =HVyV + AyV, (11)

for X,Y € I'(ker f,) and U,V € I'(ker f.)*, where HVxV = Ay X, if
V' is basic. It is not difficult to observe that T acts on the fibers as the
second fundamental form, while A acts on the horizontal distribution
and measures the obstruction to the integrability of this distribution .
It is seen that for g € M, X € V, and U € H, the linear operators

Av, Tx : TyM — Ty M
are skew-symmetric, that is
9g(AyE,L) = —g(FE,AyL) and g(TxE,L) = —g(E,TxL)

for each E,L € T,M. Since Ty is skew-symmetric, we observe that F'
has totally geodesic fibers if and only if 7 = 0.

Let (M, ¢,&,n,9nm) be a Kenmotsu manifold and (N, gxn) be a Rie-
mannian manifold and F : M — N is smooth map. Then the second
fundamental form of F' is given by

(VE)(V,W) = VEEW — FE.(VyW), for V,W € T(T,M), (12)
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where we denote conveniently by V the Levi-Civita connections of the
metrics gy and gy and V¥ is the pullback connection.

We recall that a differentiable map £’ between two Riemannian man-
ifolds is totally geodesic if

(VE)(V,W) =0, for all V, W € T(TM). (13)

A totally geodesic map is that it maps every geodesic in the total
space into a geodesic in the base space in proportion to arc lengths.
Now, we can easily prove the following lemma as in [5].

Lemma 2.8. Let F' be a Riemannian submersion from a Riemannian
manifold (M, gpr) onto an other Riemannian manifold (N, gn), then we
have

(Z> (VF*)(Uv V) =0,

(i) (VF)(X,Y) = —F(TxY) = —F.(VxY),

(ii7) (VF)(U,X) = —F.(VyX) = —F.(Ay X),

where U and V' are horizontal vector fields and X andY are vertical
vector fields.

3 Quasi Bi-Slant Submersions

In this section, we introduce the notion of a quasi bi-slant submer-
sion from Kenmotsu manifolds onto Riemannian manifold and give non-
trivial examples of this kind of submersions and investigate the geometry
of leaves of distributions which are involved in the submersion.

Definition 3.1. Let (M, ¢,£,n,gn) be a Kenmotsu manifold and (N, gn)
a Riemannian manifold. A Riemannian submersion

F:(M,¢,&n,9u) = (N,gn),

1s called a quasi bi-slant submersion if there exist four mutually orthog-
onal distributions D, D1, Da and < & > such that

(i) ker F, = D& D1 & Do < € >,
(ii) J(D) = D i.e., D is invariant,
(Z’LZ) J(Dl) 1 D2 and J(Dz) 1 Dl,
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(tv) for any non-zero vector field X € (D1),, p € M, the angle 6,
between JX and (D), is constant and independent of the choice of point
p and X in (D1)p,

(v) for any non-zero vector field X € (Da)g, ¢ € M, the angle 02
between JX and (D), is constant and independent of the choice of
point ¢ and X in (D3),,

These angles 01 and 02 are called slant angles of the submersion.
We easily observe that

(a) If dim D # 0, dim Dy = 0 and dim Dy = 0, then F' is an invariant
submersion.

(0) If dim D # 0,dim D; # 0, 0 < 01 <
proper semi-slant submersion.

(¢) ifdimD =0,dimD; #0,0 < 61 <
slant submersion with slant angle 6.

(d) If dim D = 0,dim D; = 0 and dim D2 # 0, 0 < 6 < 7§, then F is
slant submersion with slant angle 5.

(e) If dim D = 0,dim Dy # 0, 61 = § and dim Do = 0, then F is an
anti-invariant submersion.

(f) If dim D # 0,dim Dy # 0, ¢; = 5 and dim Do = 0, then F' is an
semi-invariant submersion.

(9) f dimD = 0,dimD; # 0, 0 < 01 < § and dim Dy # 0, 6 = 7,
then F' is a hemi-slant submersion.

(h) If dim D = 0,dim Dy # 0,0 < 6; < § and dim D3 # 0, 0 < 02 <
5, then I is a bi-slant submersion.

(¢) If dim D # 0,dim Dy # 0, 0 < 01 < 5 and dim Dy # 0, 62 = 7,
then we may call F' is an quasi-hemi-slant submersion.

(4) If dim D # 0,dim Dy # 0, 0 < 01 < § and dim Dy # 0, 0 < 02 <
7, then F' is proper quasi bi-slant submersion.

(k) If dim D # 0,dim D1 # 0, dim Dy # 0 and 6; = 62 = 6, then F

is semi-slant submersion with semi-slant angle 6.

and dim Dy = 0, then F'is

R

and dim Dy = 0, then F' is

oy

Now, we will give non-trivial examples in order to guarantee the
existence of quasi bi-slant submersions from a Kenmotsu manifold onto
a Riemannian manifold and demonstrate that the method presented in
this paper is effective.

Example 3.2. Let (x;,7;, ) be cartesian coordinates on R?"*! for i =
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1,2,3,...,n. An almost contact metric structure (¢,§,n,g) is defined as
follows:

0 9 5 5
¢((118 1+a267w2+ ........ +an8 n+b1871+628 2+ ........ +bn87n+0%)
(=by O + a1 o b287372 a287y2 — s — b, oz, + ay, 8yn)’

where £ = % and aj, b;, c are C™ real valued functions in R*"*1.
Let n = dz, g is Euclidean metric and

(2o 9 9 9 9 9,
Ox1 0wy’ 7 Oxy Oy Oy’ T " Oy, Oz

is orthonormal base field of vectors on R?"*!. We can easily show that
(¢, &, 1, g) is Kenmotsu structure on R?"*+1, Hence, it is Kenmotsu man-

ifold.

Define a map v : R — RS by
w(fﬂb e L7, Y1, "'7y772> = (%2 Sin@l—y3 0080173/273?4 COSHQ_Z/5 Sing?v

5,7, y7)7
which is a quasi bi-slant submersion such that

0 0 0 0
¥, - 9 _ 9 _ 9 o .
1 oo 5 o’ 3 95 00891+ay3 sin 64
0 0 0 0
Xg=—, Xs= ——sinf — Oy, Xg = —
4 D3’ 5 o4 sin 6y + 9y costz, Xg T
0 0 0
X7_871?6’ X8—87y67 X9—§—%-
(kerp,) = (D @® Dy ® Dy < € >),
where

D =< Xy, Xo, X7, X5 >,
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Dl =< X3aX4 >,
D2 =< X57X6 >,

<€ >=< Xg >,

and

0 0 o 0 0
ker 1h, )" =< —2— sinfy — —— cos 0], ——. —— cosfy — —— sin B,
(ker 1)) < Dg sin 61 s cos 64 90’ 921 cos O 0 sin @

96 90 9
65115’ 8%77 8y7 ’
with bi-slant angles 61 and 6s.

Example 3.3. Define a map
¢: R - RS

Tl — T2 \/§x4 — 5

1.7"'7:1?7 AR 7’2 ) ) ) 71.? )
o1 65 Y1 - Y6y 2) = ( N 5 Y5, 65 Yo)
which is a quasi bi-slant submersion such that
1 0 0 0 0 0
Xi=—(—4+—),Xo=—,X3=—,Xy=—
1 2 (81:1 8.172 )7 2 ay2 9 3 8.173 9 4 ayg )

2'0xy Oxs 0ya
0
X7 - 5 - &

(ker ¢,) = (D & D1 @ Dad < £ >),
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where
D =< X3,X4 >,
Dy =< X1, X3 >,
Dy =< X5, Xg >,
<& >=< X7 >,
and
o 1,6 0 0 .1 0 0 o 9 0
ker )t =< — ——(— + ). = S R
(ker ¢.)™ =< oyr’ \/§(8w1 +3x2)’2(\/§8x4 8$5)’8y5’8x6’8y6 >

with bi-slant angles 01 = 7 and 05 = %

Remark 3.4. In this paper, we assume that all horizontal vector fields
are basic vector fields.

Let F' be quasi bi-slant submersion from an almost contact metric
manifold (M, ¢, &, n, gar) onto a Riemannian manifold (N, gn). Then, we

have
TM = ker F, ® (ker F,)*. (14)

Now, for any vector field X € I'(ker F}), we put
X =PX + QX+ RX +n(X)¢, (15)

where P, and R are projection morphisms of ker F, onto D, D; and
Do, respectively.

For X € (I"ker F}), we set
X =YX +wX, (16)
where X € (Iker f,) and wX € I'(wD; ® wDy).
From equations (15) and (16), we have
¢X = ¢(PX)+¢(QX) + ¢(RX),
= Y(PX)+w(PX)+9Y(QX)+w(@QX)+Y(RX) +w(RX).

11
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Since ¢D = D, we get wPX = 0.
Hence above equation reduces to
X =Y(PX)+ QX +wQX + yRX + wRX.
Thus we have the following decomposition
p(ker F,) = D @ (YD1 @ Do) & (wDy ® wDy),

where & denotes orthogonal direct sum.
Further, let X € I'(D;) and Y € I'(D3). Then

gu(X,Y) =0.
From definition 3.1(4ii), we have
gm(¢X,Y) = gu (X, 9Y) = 0.
Now, consider

gu(WX,Y) = gu(¢X —wX,Y),

= gu(¢X,Y),
= 0.
Similarly, we have
gu (X, 9Y) =0.

Let Z € I'(D) and X € I'(D). Then we have

gv(WX,Z) = gu(pX —wX, Z),
= gu(9X, Z),
= —9(X,¢Z),
= 0,

as D is invariant i.e., ¢Z € I'(D).
Similarly, for Z € T'(D) and Y € I'(D3), we obtain

gM("?Z}Y7 Z) =0,
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From above equations, we have

gu (X, 9Y) =0,

and
guv (WX, wY) =0,

for all X € I'(D;) and Y € I'(Dy).

So, we can write
YD1 NpDy = {0},0.)D1 NwDy = {0}
If 0o = %, then YR = 0 and D3 is anti-invariant, i.e., ¢(D2) C
(ker F,,)*. In this case we denote Dy by D=.
We also have
p(ker F,) = D @)Dy ® wDy ® JD*.
Since wD; C (ker F*)J', wDy C (ker F*)J-. So we can write

(ker F,)t = wDy @ wDy ®V,

where V is orthogonal complement of (wD; @ wDs) in (ker F,)*.
Also for any non-zero vector field Z € T'(ker F,)*, we have

6Z = BZ + CZ, (17)
where BZ € T'(ker Fy) and CZ € T'(V).

Lemma 3.5. Let F be a quasi bi-slant submersion from an almost
contact metric manifold (M, $,&,m, gr) onto a Riemannian manifold
(N,gn). Then, we have

V2 X 4+ BwX = —X 4+ n(X)&, wpX + CwX =0,

wBZ +C?Z = —Z,WwBZ + BCZ =0,
for all X € T'(ker F,) and Z € T'(ker F,)*.

Proof. Using equations (1), (16) and (17), we have Lemma 3.5. O
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Lemma 3.6. Let F' be a quasi bi-slant submersion from an almost
contact metric manifold (M, $,&,m, gr) onto a Riemannian manifold
(N, gn). Then, we have

(i) V2 X = —(cos® 01)X

(i1) g (VX,9Y) = cos? b1g0 (X, Y),

(ii1) g (wX,wY) = sin® O1gn (X, Y),

for all X, Y € T'(Dy).

Proof. (i) Let F' be a quasi bi-slant submersion from an almost contact
metric manifold (M, ¢,&,m,gy) onto a Riemannian manifold (N, gy)
with the quasi bi-slant angle 6.

Then for a non-vanishing vector field X € I'(D;), we have

X
(A) cosf = %

_ gm(JXPX)
and cosf, = IXOX]
By using equation (3.3), we have

_ gu(WXYX)

cosf) = |JXH1/;X2| .
0 gu(X*X)
(B) cos b1 = =T TXTuxT

from equations (A) and (B), we get
P2 X = —(cos? 01)X, for X € ['(Dy).
(73) For all X,Y € I'(Dy), using equation (16) and Lemma 3.6(7), we
have
gM (X, 9Y) = g (X +wX, 0Y),
= _gM(Xa wQY)v
= cos? O1ga(X,Y).
(737) Using equation (16) and Lemma 3.6(7), (i4), we have Lemma
3.6(ii). O
In a similar way as in above, we obtain the following Lemma:

Lemma 3.7. Let F be a quasi bi-slant submersion from an contact
metric manifold (M, ¢,&,n,gn) onto a Riemannian manifold (N, gn).
Then, we have

(i) V2 Z = —(cos? 62)Z

(i) g (Y Z, W) = cos? Oagpi (Z, W),

(ii1) gy (wZ,wW) = sin? Oagar(Z, W),

for all Z,W € T'(Ds).
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Lemma 3.8. Let F' be a quasi bi-slant submersion from a Kenmotsu
manifold (M, $,&,n,gr) onto a Riemannian manifold (N, gn). Then,
we have

VVxY + TxwY — gy (0 X, Y)E+ (V)X = VVxY + BTxY,

Tx Y + HVxwY +n(Y)wX = wVVxY + CTxY,
VVyBV 4+ AyCV — gy (CU, V)¢ = Y Ay V + BHV GV, 20
AuBV + HVyCV = wAyV + CHVV, 21

(18)
(19)
(20)
(21)
VVxBU + TxCU — gy (wX,U)¢ = TxU + BHVxU, (22)
(23)
(24)
(25)

19

TxBU +HVxCU = wTxU + CHV xU, 23
VWX +AywX —gm(BV, X)E4+n(X)BV = BAy X +9VVy X, (24
Avp X + HVywX +n(X)CV = CAy X +wVVy X,

for any X,Y € T(ker F,) and U,V € T'(ker F,)*.

Proof. Using equations (5) — (7), (16) and (17), we can easily obtain all
assertions. U
Now, we define

(Vx9)Y =VVx9Y —yVVxY, (

(Vxw)Y = HVxwY —wVVxY, (

(VuC)V =HVyCV — CHV YV, (28

(VuB)V =VVyBV — BHVyV, (
for any X,Y € I'(ker F,) and U,V € I'(ker F,)= .

25

Lemma 3.9. Let F' be a quasi bi-slant submersion from a Kenmotsu
manifold (M, $,€,n,gr) onto a Riemannian manifold (N, gn). Then,
we have

(Vx¢)Y = BTxY — TxwY + gu (X, Y)§ — n(Y)y X,
(Vxw)Y =CTxY — TxvY — n(Y)wX,
(VuC)V =wAyV — AyBYV,
(VuB)V =y AyV — AyCV + g (CU, V)€,
for any vectors X,Y € T'(ker F,) and U,V & I'(ker F},)*.

15
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Proof. Using equations (18) — (21) and (24) — (27) we get all equations
of Lemma 3.9. Il

The proofs of above Lemmas follow from straightforward computa-
tions, so we omit them.

If the tensors ¢ and w are parallel with respect to the linear connec-
tion V on M respectively, then

BTxY = TxwY — gu (X, Y)§ +n(Y)vX,
and
CTxY =TxyY + U(Y)wX,
for any X,Y € I'(T'M).

Theorem 3.10. Let F be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢,&,m, grr) onto a Riemannian manifold (N, gn).
Then, the slant distribution D is integrable if and only if

gu(Ty X =Tx ¢Y,wQZ+wRZ) = gu(VVx9Y =VVy ¢ X, YQZ+yRZ),
for X, Y € (D) and Z € T'(D1 & Da® < £ >).
Proof. For X,Y € I'(D), and Z € I'(D; @ Dy < £ >), using equations
(1) = (5),(7),(15) and (16), we have
gm([X,Y], Z)
= gu(VxoY,0Z) +n(Z)n(VxY) — gu(Vy ¢ X, ¢Z) — n(Z)n(Vy X),
g (Vx @Y, 0Z) — gu(Vy ¢ X, ¢ Z),
= gM(TquY —TypX, wQZ +wRZ) — gy (VVx Y — VVy o X,
VQZ + YRZ),

which completes the proof. O

Theorem 3.11. Let F be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢, &, 1, grr) onto a Riemannian manifold (N, gn).
Then, the slant distribution D1 is integrable if and only if
gu (TzwpW — Twwy Z,U)
= gu(TzwW — TwwZ,¢PU + Yy RU) + grr(HV zwW — HV wwZ,
wRU),

forall ZW € T'(D1) and U € T'(D & Da® < £ >).
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Proof. For all Z,W € I'(D;) and U € I'(D & D2® < & >), we have
gu([2, W], U) = gu(V2W,U) — gu(Vw Z,U).
Using equations (1), (2), (8), (15), (16) and Lemma 3.6, we have

gm([Z, W], U)

= gu(VzoW,U) — g (VwoZ, ¢U),

= gu(VzyW,0U) + g (VzwW, ¢U) — gr (Vw b Z, ¢U)
—gm (VzwW, ¢U),

= cos” 1gn (VzW,U) — cos® O1gn (Vw Z,U) — gu (Tzwp W
~TwwZ,U) + gr(HV zwW + TzwW, ¢ PU
+YRU + wRU) — gy (HVwwZ + TwwZ,
¢PU + Y RU + wRU.).

Now, we have

Sin2 91QM<[Z, W], U)
= gu(TzwW — TwwZ,pPU + Y RU) + g (HV z0W — HVwwZ,
wRU) = gu(TzwypW — Twwy Z,U),

which completes the proof. O

Theorem 3.12. Let F be a proper quasi bi-slant submersion from a

Kenmotsu manifold (M, ¢, &, 1, gar) onto a Riemannian manifold (N, gn).

Then, the slant distribution Do is integrable if and only if

g (TxwY — Tywp X, V)
= gu(HVxwY — HVywX,wQV) + gy (TxwY — TywX, pPV +

PQV),
for all XY € I'(D3) and V € I'(D & D1® < £ >).
Proof. Forall X, Y € I'(D3) and V € T'(D® Dy < £ >), using equations
(1) = (5) and (16), we have

g (X, YL, V) = gu(VxyY,¢V) + gu(VxwY, ¢V)

=g (Vyv X, 9V) — gu(VywX, ¢V).
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From equations (8), (15) and Lemma 3.7, we have

gM([X7 Y]? V)
= cos’ hogn ([X, Y], V) + gu(HV xwY — HVywX,wQV)
—i—gM(TXwY — TywX, PV +9YQV) — gM('Tsz/JY — Tywiyp X, V).

Now, we have

sin? O ([X, Y], V)
= gu(TxwY — TywX, PV +¢QV) — gy (TxwpY — Tywp X, V)
+9m (HVXQJY — HVywX, wQV),

the proof follows from the above equations. O

Theorem 3.13. Let F be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢,&,m, grr) onto a Riemannian manifold (N, gn).
Then the vertical distribution (ker Fy) defines a totally geodesic foliation
on M if and only if

gu (To PV + cos? 01 TyQV + cos® TRV, X))
= gu(HVywy PV + HVywypQV + HVywip RV, X)
+9rm (TywV, BX) + gy (HVpwV, CX),

for all U,V € T'(ker F,) and X € I'(ker F},)*.

Proof. For all U,V € I'(ker F,) and X € I'(ker F,)*, using equations
(1) — (5), we have

gM(VUV,X)
= gu(VuoPV,0X) + gu(VuoQV, ¢ X) + gu(VuoRV, ¢.X).

Now, using equations (7), (8), (15), (16), (17) and Lemmas 3.6 and 3.7,
we have

gM(VUV, X)

= gu(TuPV,X) + cos® O1ga(TyQV, X) + cos” O2ga (Ty RV, X)
— g (HVywy PV + HV ywpQV + HV ywiyp RV, X)
+9m (VywPV + VywQV + VywRV, ¢ X).
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Now, since wPV + wQV + wRV = wV and wPV = 0, we have

gu(VoV, X)

= gu(TuPV + cos? 61 TyQV + cos® 0Ty RV, X)
— g (HVyw PV + HV ywpQV + HV ywiyp RV, X)
+ou(TowV, BX) + gu(HVpwV, CX),

which completes the proof. O

Theorem 3.14. Let F be a proper quasi bi-slant submersion from a

Kenmotsu manifold (M, ¢, £, 1, grr) onto a Riemannian manifold (N, gn).

Then, the horizontal distribution (ker F,)* is not totally geodesic folia-
tion on M.

Proof. Let X,Y & I'(ker F,)*, using equations (2) and (5), we have

gm(VxY, &) = —gu(Y,Vx¢)
= _gM(Y7X)7

since g (Y, X) # 0, so gu(VxY,€) # 0. Hence, (ker F,)* is not totally
geodesic foliation on M. [

Proposition 3.15. Let F' be a proper quasi bi-slant submersion from a

Kenmotsu manifold (M, ¢, &, 1, grr) onto a Riemannian manifold (N, gn).

Then the distribution D is not totally geodesic foliation on M.

Proof. For all X|Y € I'(D), using equations (1), (2),(3) and (5), we
have

gM(VXY, g) = _gM(Xv Y)a
which is gy (VxY, &) # 0, so D is not totally geodesic foliation. O

Theorem 3.16. Let F be a proper quasi bi-slant submersion from a

Kenmotsu manifold (M, ¢, &, 1, gar) onto a Riemannian manifold (N, gn).

Then the distribution D® < £ > defines a totally geodesic foliation if
and only if

g (TxdPY,wQZ +wRZ) = —gn(VVxpPY, YQZ + pRZ),
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and

g (TxdPY,CV) = —gp(VVxpPY, BV),
for all X, Y € T(D® < £ >),Z € (D1 ® D3) and V € T'(ker Fy)*.
Proof. For all XY e I'(D& < ¢ >),Z € I'(Dy & D) and
V € T'(ker F.)*, using equations (1) — (5), (15) and (16), we have
gu(VxY,Z) = gu(VxeY,0Z),
= gu(VxoPY,0QZ + ¢RZ),
= gu(TxoPY,wQZ +wRZ) + gy (VV x o PY,
VQZ + VRZ).

Now, again using equations (1) — (5),(7), and (15) — (17), we have

g (VxY, V) = gu(VxoY,¢V),
= gu(VxoPY,BV +CV),
= gu(VVxoPY,BV)+ gy (TxoPY,CV),

which completes the proof. O

Proposition 3.17. Let F' be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢,&,m, gar) onto a Riemannian manifold (N, gn).
Then the distribution D; is not totally geodesic foliation on M, for
1=1,2.

Proof. For all Z, W € I'(D;), using equations (1) —(3) and (5), we have
gM(VZVVa f) = _gM<Z7 W):

which is gy (VZW, &) # 0, so D; is not totally geodesic foliation on M,
fori=1,2. O

Theorem 3.18. Let F be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢,&,m, grr) onto a Riemannian manifold (N, gn ).
Then the distribution D1 < & > defines a totally geodesic foliation if
and only if

g (TzwpW, X) = ga(TzwQW, ¢PX + Yy RX) + gy (HV zwQW, wRX),
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and
I (HV 20y W V) = g (HV 20W, CV) + gpr (TzwW, BV),
for all ZZW € T(D1® < € >),X € (D ® Ds) and V € T'(ker F,)*.

Proof. For all ZZW e I'(D1® < { >),X € I'(D & D3) and
V € T'(ker F,)*, using equations (1) — (5), (8), (15), (16) and Lemma 3.6,
we have

g (VZzW, X)
g (VzoW, 6X)
g (VzypW,6X) + gu (VzwW, 9 X),
= cos? 0190 (V2ZzW, X) — g (Tzwyp W, X)
+am (Tzw0QW, PX + Y RX) + g (HV z20QW,wRX).

Now, we have

sin2 ngM(Vzw, X)
= —gu(TzwyW, X) + gu(Tz0QW, P X + pRX)
+90 (HV z0QW,wRX)

Next, from equations (1) — (5), (9), (16), (17) and Lemma 3.6, we have

gu(VzW, V) = gu(VzeW,¢V),
= gu(VzyW,oV) + gu(VzwW, V),
= cos®O1gm (VZW, V) — gu(HV zwipW, V)
+ 90 (HV zwW, CV) + grr (TzwW, BV).

Now, we have

sin? 0190 (V2 W, V)
= —gu(HV 20 W, V) + g (HV zwW,CV) + gp (TzwW, BV),

which completes the proof. O
Similar to Theorem 3.18, we can prove the following theorem:
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Theorem 3.19. Let F be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢, &, 1, grr) onto a Riemannian manifold (N, gn).
Then the distribution Do < £ > defines a totally geodesic foliation if
and only if

gm(TxwyY, Z) = gu(TxwQY, 9PZ + 9RZ) + gn(HV xwQY,wRZ),
and
g (HV xwpY, V) = gy (HV xwY, CV) + gu (TxwY, BV),
for all X,Y € T(D2® < € >),Z €T(D @ D1) and V € T'(ker F,)*.
Using Theorem 3.14 we can give the following theorem:

Theorem 3.20. Let F be a proper quasi bi-slant submersion from a
Kenmotsu manifold (M, ¢,&,m, grr) onto a Riemannian manifold (N, gn).
Then the map F is not a totally geodesic map.
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