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1 Introduction

Throughout this paper R denotes a commutative Noetherian ring with
identity. Further N and Ny will denote the set of natural integers and
non-negative integers respectively. Also Z will denote the set of integer
numbers. Further E is an injective R—module.

The ideas of reduction and integral closure of an ideal in a commu-
tative Noetherian ring R (with identity) were introduced by Northcott
and Rees in [3]. It is appropriate for us to recall these definitions.

Let I and J be ideals of a commutative Noetherian ring R. The ideal
I is a reduction of the ideal J if I C J and there exists an integer n € N
such that IJ" = J"*!. Also an element = of R is said to be integrally
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dependent on I if there exist a positive integer n and elements ¢ € I*,
k=1,...,n, such that

"oz 4 ez e = 0.

We know from [3], z € R is integrally dependent on I if and only if I
is a reduction of the ideal I + Rx. Further, we know that the set of all
elements of R which are integrally dependent on [ is an ideal of R. This
ideal is called the integral closure of I and is denoted by I~.

Now let E be an injective R—module. In [2], H. Ansari Toroghy and
R. Y. Sharp introduced integral closure of an ideal I of a commutative
ring R relative to an injective R—module E.

Let I and J be ideals of R. The ideal I is said to be a reduction of
the ideal J relative to E, if I C J and there exists an integer n € N
such that (0 :p IJ") = (0 :g J*1). Also an element x of R is said to be
integrally dependent on I relative to an injective R—module FE, if there
exists a positive integer n such that

(0:g Zx"_ifi) C(0:g ™).
i=1

We know from [2], an element z of R is integrally dependent on I
relative to an injective R—module F, if and only if I is a reduction of
the ideal I + Rz relative to E. Moreover in [2], it is shown that the set
of all elements of R which are integrally dependent on I relative to F is
an ideal of R. This is denoted by I*(¥) and is called the integral closure
of I relative to F.

Here, we give some definitions and notations which will be helpful
for us in the rest of the paper.

A filtration F = {I,}n>0 on R is a descending sequence of ideals
I, of R such that Iy = R and I,I,, C I,4y, for all n,m € Np. Let
F = A{lp}n>0 and G = {J,}n>0 be two filtrations. We say F C G if
I, C J, for every n. Also the filtration {I,,Jp, }n>0 is denoted by FG.

The integral closure of a filtration F = {I,},>0 is defined in [1].
For every n > 0, let J,, be the set of all x € R such that x satisfies an
equation

:Ek+a133k_1+---+ak_1a:+ak =0
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for a positive integer k and a; € Ip;. Then F~ = {J, }n>0 is a filtration
such that 7 C F~. The filtration F~ = {J, },>0 is called the integral
closure of the filtration F = {I,,}n,>0.

In this paper we will introduce the integral closure of a filtration
relative to an injective module and study some related topics.

2 Auxiliary results

In this section we define the concepts of reduction and integral closure
of a filtration relative to injective modules and prove some of their prop-
erties. We begin to remind some definitions.

Definition 2.1. (See [5, 2.1.3].) Let F = {I,,}n>0 and G = {J, }n>0 be
filtrations on R. F is said to be a reduction of G if ¥ C G and there
exists a positive integer d such that

d
Jp = ZIn—iJi for every n > 1.
i=0

Here, and throughout this paper, I; = R if ¢ < 0.

Definition 2.2. (See [7, 2.1.4].) Let R be a Noetherian ring. A filtration
F = {Iy}n>0 on R is Noetherian in case there exists a positive integer
d such that

d
I, = an—z‘fz‘ for every n > 1.
i=0

Definition 2.3. Let F = {I,},>0 and G = {J,, }n>0 be filtrations on R.
Then F is said to be a reduction of G relative to an injective R—module
FE if F C G and there exists a positive integer d such that

d
(0:gJ)=(0:p an—iji) for every n > 1.
=0

Remark 2.4. Let F = {I,,}n,>0 and G = {J, }n>0 be filtrations on R.
Let F be a reduction of G relative to an injective R—module E. Then

3



F. DOROSTKAR

there exists a positive integer d such that

d
(0:p Jp) =(0:g an_iji) for every n > 1.
=0
dl
Let d < d'. Since Y. I,_;J; C J,, we have
i=d+1

d d d
0 Jn)=0:2Y Inid)N0:z Y Inidi)=(0:5 Y Ini)
i=0 i=d+1 i=0
Theorem 2.5. (See [2, 1.3]). Let F = {In}n>0,G = {Jn}n>0,H =

{Hn}n>0, and K = {Kp }n>0 be filtrations on R and let E be an injective
R — module.

(a) If F C G CH and F is a reduction of H relative to E then G is a
reduction of H relative to E.

(b) If F is a reduction of G relative to E and G is a reduction of H
relative to E then F is a reduction of H relative to E.

(¢) If F is a reduction of G relative to E and H is a reduction of K
relative to E then FH is a reduction of GIC relative to E.

Proof. (a) and (b) are clear.

(c) Since F is a reduction of G relative to E and # is a reduction of
K relative to E then there are two positive integers d,d’ such that for
every n > 1,

d
(0:p Jy) =(0:g ZIn—iJi)
i=0
and
d/
(0:5 Kn) = (0:5 > Hy tKy).
t=0

By Remark 2.4, we can assume d = d’. Then for every n > 1, we have

d
(05 Jnkn) = ((0:5 Jn) 5 Kn) = ((0:5 Y Tnii) 15 Ky)
=0
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d
= ((0:5 Kn) :p Y In-ii)
=0
d d

=((0:5 O L) (Y Hot K0)).
t=0

=0

d d d
It is easy to see that (> I, J;) (> Hp—tKy) = > In—iHp—i J; K;. Thus
i=0 t=0 i=0
we have

d
0:p J,K,)=(0:g an_iHn_iJiKi) for every n >1
i=0
and so FH is a reduction of GK relative to E. O
Now we mention a useful notation from [2]. Let I be an ideal of
R. For a subset P of Spec(R), the notation I(P) denotes (I if I = R
and), if [ is proper, the intersection of those primary terms in a minimal

primary decomposition of I which are contained in at least one member
of P. We know I(P) = () I({P}) we shall abbreviate I({P}) (for
pep

€
P € Spec(R)) by I(P). Note that I(P) is just the contraction back to
R of the extension of I to Rp under the natural ring homomorphism.

Remark 2.6. (See [2, 1.6].) Let P € Spec(R), I and J be ideals of R.
Let E = E(R/P). Then the following statements are equivalent:

(a) (0:g1)C(0:pJ);
(b) IRp C JRp;
(c) I(P) C J(P).

Let F = {I,}n>0 be a filtration on R. For every prime ideal P of R,
{I,Rp}n>o0 is a filtration on Rp. We will denote this filtration on Rp
by Fp.

Lemma 2.7. Let F = {I,}n>0 be a Noetherian filtration on R. Then
for every prime ideal P of R,

(Fp)” =(F )p.
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Proof. Let F~ = {Uy, }n>0 and (Fp)~™ = {Hp}n>0 where F~ and (F 7 )p
are filtrations on R and Rp respectively. Let § € U,Rp. Then there
exist u € Uy and t € R\ P such that { = %. Thus there exists s € R\ P

k o
such that su = stz. Since u € U, we have uF € > uk~I,; and so
i=1

k .
(su)k € ;( u)*~1,,; for a positive integer k. But su = stz implies that
k
(stz)k e Z(Sm)k ‘I;Rp. Now by Remark 2.6 and Z(Stl’)k I C
i=1 =1

Z P 1,;, we have

k
(O :E(R/P) Z _llnl) Q R/P Z St$ k— zInl g ( :E(R/P) (StI)k)
] i=1

Now since s,t € R\ P we can see that

k
(0 :g(r/P) Zxk_lfm) C (0 :g(r/pP) zF).

=1

k .
So by Remark 2.6, (£)* € Y (%£)k~'I;Rp. In other words £ € H, and

i=1
SO (f_)p - (fp)_.
Conversely, let £ € H,. Then (¥)* € Z( Ve=iI,; Rp for a positive

integer k. Then there are ay € I,,1,...,ax 6 Ink and s1,...,8, € R\ P
such that

A a1 T\ ag—1 ,T\1 Q.

it bt el Rl it 2k —o.

(1) +81(1) + Sk—1 1 +8k

Let s = s1...5,. Then there exists t € R\ P such that

k

(tsz)¥ € Z(tsa;)k*ifm.

=1

This shows tsx € Uy,. But 7 = ts—z € UpRp and so (Fp)~ C (F~)p and
this completes the proof. O
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By well-known work of Matlis and Gabriel, We know for every in-
jective R—module E, there is a family {P) : A € A} of prime ideals

of R such that £ = @ E(R/P)) (we use E(L) to denote the injective
AEA
envelope of an R—module L). Further we know the set {Py : A € A}

is the set of all associated prime ideals of R which is denoted by Assg(E).

Remark 2.8. Let £ = @ E(R/P,) be an injective R—module. Let
AEA
F = {In}n>0 be a filtration on R. Let U, be the set of all x € R such

that
k

(0:p Y 2" '1,;) C(0:p %)

i=1
for a positive integer k. Since R is a Noetherian ring, Assg(F) is a finite

set. We know i

(0: Y 2" 'L;) € (0:p 2¥)
=1

for the positive integer k if and only if for every P € Assr(F),

k

(0 :p(rspy D ¥ Tni) € (0 :pmyp) 2").
=1

But by Remark 2.6, for every P € Assg(E),

k

(0:pr/p) D 2" ' Tni) C (0 :p(ryp) 2*)
=1

for the positive integer k if and only if
x T\ i
(P e YD e

By Lemma 2.7, we have (Fp)~ = (F~)p. Let F~ = {Jy}n>0. Then
we see v € U, if and only if § € J,Rp for every P € Assg(F). Since
(Fp)~ = {JnRp}n>0 is a filtration of ideals on Rp, it is easy to see that
{Un}n>0 is a filtration of ideals on R.
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Definition 2.9. Let F = {I,,}»>0 be a filtration on R and let E be an
injective R — module. For every n > 0, we assume that U,, contains all

z € R such that
k

(0:p Y 2" 'L;) C(0:p 2¥)
i=1
for a positive integer k. By Remark 2.8, we know {Uy, }»>0 is a filtration
on R. This filtration is denoted by F*&) and is called the integral

closure of a filtration F = {I,, },,>0 relative to an injective R—module E.
By Remark 2.8, we can see (F*(F))p = (F~)p for every P € Assp(FE).

For example, let I be an ideal of R and E be an injective R—module.
For F = {I"},>0 we have F*(F) = {(1")*(E)}, < (please note, if I and
J are two ideals of R and F is an injective R—module then we have
I*(E) J*(E) C (1J)*(E)),

Theorem 2.10. Let F = {I,}n>0 be a filtration on R and let E be an
injective R —module. Let F*E) = {Un}n>0. Further for a non negative
integer n and x € R, let Ly, = Ra* +2* 1, + 2" 210+ Halyp-1t+
I and Hy = I, Then x € U, if and only if the filtration {Hy}r>0 is
a reduction of filtration {Ly}r>o relative to E.

Proof. (=) Let x € U,. Then there exists a positive integer k such
that

k
(0 ‘E Zxkilfm) - (O ‘E xk)
=1

Since zF~I,,; C Hy_(—iyLy—i for every 1 <1 < k,

k k

K
(0:2 Y  Hiili)=(0:2 Y HygyLi-i) C(0:5 > 2" 'Tn).
i=0 i=0 i=1

k )
But (0:5 > xk_’Im) C(0:p :ck) and so
i=1

k k

(0:2 > HpiLi) C(0:5 > 2" 'I,;)) = (0:5 Ly).

1=0 1=0
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k
Also we know Y Hy_;L; C Li. Then
i=0

(0:g Lg) = (0:p ZHk i
Now, we will show that
(0:g L) =(0:p ZHt—iLi) for every t > 1.
First let t < k. Since t < k,

(0 EZHt iLi) € (0:p HoLy) = (0 :5 Ly).

k
Also we know > H;_;L; C L;. Thus we have
i=0

(0:g L) =(0:g ZHt—iLi) for every t < k.

Now let t > k. This is clear that Z H, ,L; = E 2'I,,4—;)) and so
k koo

(0:5 Y Hi—iLi) = (0:5 Y 2Ly ).

i=0

=0

k .
Since (0 :p > 2F71,,;) C (0 :g 2¥), we can see that
i=1

O sz Z nr—f—z) g(o Exk+r)

But by

(0 ‘E xk—HnIn(t—(k—l-r 2 0 ‘E Zm I n(r—H, n( (k—I—T)))
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OEZOU (- kti) QOEZHC n(t—i))
we have
k .
(0:5 L) =(0:x Z 2 Tu—) N (02 Y 2 Iiy)
i=k+1 =0
k
(0 sz a—i) = (0:5 > Hy_;L;))
i=0
Then

(0:g L) =(0:p ZHt—iLi) for every t > 1.

(<) Let {Hy}x>0 be a reduction of filtration {Lj }r>0 relative to M.
Then there exists a positive integer d such that

(0:g Lg) = (0: ZHk iLi)  for every k> 1.

d
Particularly, we have (0 :g Lgt1) = (0 :g > Hgy1-:L;). But by
i=0

d d . d .
E%Hd—kl—iLi = 2%)$Zjn(d+1—i) - Z%):UZIn(d_i) we have
i= i= 1=

(0:p27) D (015 Las1) = (0 :p ZHdH ~iLi) 2 (0 :g qu

Hence x € U,. O
The following theorem shows that F — F*(¥)  is a semi-prime oper-
ation.

Theorem 2.11. (See [, 2.4].) Let F = {I,}n>0 and G = {Jp}n>0 be
filtrations on R. Then for every injective R—module E, we have
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(a) F C F*E);
(b) if F C G then F*F) C g+E
(C) (f* )*(E) — FE );.
(d) F*EGHE) C (FG)*),
Proof. (a) and (b) are clear.
(c) By (a) and (b), we have F*(E) € (F*ENE) Let F = {I,,} >0,

FHE) = {Updnz0, F~ = {Jn}nzo and (F*E)E) = (K, },50. Let
x € K. By Lemma 2.7 and Remark 2.8, we have

(F OB p = (F))p = (F P p)-

=((F ) =((F))p
for every P € Assgr(E). Also we know from [1, 2.4.3], (F~)” = F .
Thus there are a € J,, and s € R\ P such that { = 2. Hence tsz = ta
for t € R\ P. Since tsx = ta € J,, there exists a positive integer k such

k .
that (tsz)¥ € Y (tsx)*~'I,;. Now since ts € R\ P, it is easy to see that
i=1

k
(0 :5r/P) D 2" ' Tni) C (0 :p(rsp) 2*)
i=1
for every P € Assr(FE). Then x € U,, and so (.F*(E))*(E) C F*E), This
follows (c).
(d) Let F*E) = {U,}n>0 and G*F) = {V,,},50. Let z € U, and
y € V,,. Further let P € Assg(E). We have

(F NG P = (F )G )p = (F G )p.

But by [4, 2.4.4], we know F~G~ C (FG)~. This shows if (FG)~
{Hn}n>o then §4 € H,Rp. Thus there are a € H, and s,t € R\ P
such that tszy = ta. Since ta € H,, there is a positive integer k such

k .
that (stzy)* € 3 (tswy)* I,;Jn;. This implies that
i=1
k

k
(O ‘E(R/P) Z(ﬂﬁy)k lInlJm g E(R/P) Z tSﬂfy k ZIanm)
i=1 i=1

11
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C (0 :p(r/p) (tszy)¥).

Since s,t € R\ P, for every P € Assr(FE) we have

k
E(R/P) Z 2y) " Lidni) € (0 ‘E(R/P) (xy)h).
=1

Then (0 :g Z(wy) *Z’Ime-) C (0 :g (zy)*) and so if (.Fg)*(E) =
{Wh}tn>o0 then my ew,. O

3 Main results

Let I be an ideal of R and E be an injective R—module. In [2], it is
shown that I*(F) = I~ (Assp(F)). In this section we will prove a similar
theorem for the integral closure of a filtration F relative to an injective
R—module F. First we introduce the following notation.

Let F = {I,}n>0 be a filtration on R and let P be a subset of
Spec(R). For every P € P, we have

- (InerRP)C - n+m(P>

Then
In(P)Im(P) C ﬂ Inm(P) = Intm(P).
PeP
This shows that {I,,(P) }n>0 is a filtration on R. We denote this filtration
by F(P).

Now we are ready to prove the main proposition of this section.

Theorem 3.1. (See [2, 2.6].) Let F = {I,,}n>0 be a filtration on R and
let E be an injective R—module. Then F*F) = F~(Assgr(E)).

Proof. Let F*(B) = {U,},50 and (F)~ = {Jn}n>0. We will show

U, = Jn(Assr(E)) for every n.
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Let x € U,. Then for every P € Assr(E), § € J,Rp. Let J, =
Q1 N---N Qg be a minimal primary decomposition of J,,. Let

VQiNP =0 for every 1<i<I

and

VQiNP#D for every 1+1<i<k.

Then § € J,Rp = (Q1N---NQ;)Rp and so there are y € Q1 N---NQ;
and s,t € R\ P such that stx = sy € Q1 N---N Q. Since st ¢ /Q;
forevery 1 < i <[,z € @ N---NQ; and so = € J,(P) for every
P € Assp(F). Hence x € J,(Assr(F)) and so U,, C J,(Assg(E)). For
converse inclusion, let z € J,(P) for every P € Assg(E). Then § €
JnRp for every P € Assp(E). Hence there are y € J, and s,t € R\ P
such that stz = sy € J,. Then there is a positive integer k& such that

k .
(stz)¥ € > (tsx)*I,;. By s,t € R\ P we can see
i=1

k k
(0 :5r/P) Z:Bk_llm') C (0:gr/P) Z(ts:c)k_llm)
i=1 =1

N

(0 :g(r/p) (stz)")
C (0 :p(r/p) ")
Thus we have

k

(0:5r/P) D 2" ' Tni) € (0 :p(ryp) ™)
i=1

for every P € Assg(F). Thus x € U, and so J,(Assr(E)) C U,. This
follows U,, = J,(Assr(FE)). O

Definition 3.2. (See [, 3.1(2)].) Let F = {I,,}n>0 be a filtration on R
and F~ = {Jp}n>0. Members of

A7 (F)={P:Pe Ass(R/J,) for somen > 1}

are called the asymptotic prime divisors of F.

13
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Let E be an injective R—module. We know from [, 2.2], for each
ideal I of R, the module (0 :g I) has a secondary representation, and so
we can form the finite set of prime ideals Attr(0:g I). In fact,

Attg(0:g I) = {P' € ass(I)): P' C P for some P € Assg(E)}.

Definition 3.3. Let F = {I,,}»>0 be a filtration on R and E be an
injective R—module. Let F*(F) = {Un}n>0. We will show the set

{P:P¢c Att(0 :g U,) for some n > 1}
by At*(F, E).

Theorem 3.4. (See [2, 3.2].) Let F = {I}n>0 be a Noetherian filtration
on R. Let E be an injective R—module. Then At*(F, E) is a finite set.

Proof. Let F*(F) = {U,},>0 and F~ = {J, }n>0. By Note 3, we know
At*(F,E) ={P' € ass(Uy,) : P C P for some P € Assg(E)}.

But we know from Theorem 3.1, F*¥) = F~(Assp(E)). Then

At*(F,E) ={P' € ass(J,(Assg(F)): P' C P for some P € Assg(E)}

={P' e A (F): P C P for some P € Assg(E)}.

Now the proof is completed by [4, 3.3]. O
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