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Abstract. Data Envelopment Analysis (DEA), a popular linear pro-
gramming technique is useful to rate comparatively operational effiency
of decision Making Unit (DMU) based on the their deterministic input-
output data. The Malmquist productivity index in DEA, calculable
with the distance function, for measurement the productivity change
among two variant time period or two variant group in the same time.
This index is based on two factor of efficiency change index and a
technological change index. In this paper, we operate on the collec-
tive Malmquist productivity index, which performs clustering opera-
tion DMUs with classification into different levels of efficient frontier,
and then we discuss on the relation between Malmquist index on the
efficiency layers and their attractiveness and progress.
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1. Introduction

Data Envelopment Analysis is a non-parametric analytical method by
the mathematical programming procedure, calculated the relative effi-
ciency, that concerning the production frontier for multiple inputs and
multiple outputs. DEA first proposed by Charnes, Cooper and Rhodes
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for measuring the relative efficiency of DMUs ([4]) and then has extended
with Banker et al. ([1]). DEA provided the benchmark information, that
use for improvement efficiency of the evaluated DMU. If Decision mak-
ing unit (DMU) lies on production frontiers, DMU is efficient, otherwise
DMU is inefficient.
Fare ([5]) extend the Malmquist productivity index which proposed at
the first by Malmquist. Fare presented for each unit the Malmq-uist in-
dex with combine the Farrell views for measurement of efficiency.
Malmquist productivity index is divisible on two factors of efficiency
change index which indicator of increase or decrease of efficiency and a
technology change index that is measure the value of frontier movement.
Among achievement in this domain, the researchs Fenz (1994) and RD
(1997) that formulated by non-parametric programming models, the ap-
proximate value of malmquist index. The difference between variables
and that estimations, cause distinction between fore going methods.
One unit, for example is possibility have not the attractiveness against
the activity domain or include the less than of attractiveness value versus
other unit ([6]). In this article we shows a comparison between groups
Malmquist index according to groups selection of Efficiency Layers. the
attractive and progress index have the close relation with Malmquist
index.
The reminder of this paper is organized as follows. Section 2 introduces
the primary concepts DEA . Section 3 presents the attractiveness and
progress relative, in Section 4 and 4.1 Malmquist productivity index,
the Malmquist productivity index for different groups and in Section
4.2 Malmquist productivity index on the efficiency layers are presented.
In Section 5 the relation between Malmquist index with attractiveness
and progress is discussed. An illustrative application is in Section 6 and
concluding remarks are given in Section 7.

2. The Background of DEA

Data Envelopment Analysis is a mathematical programming technique
for evaluating the relative efficiency of homogeneous DMUs set. The
variouse models have presented for evaluation the efficiency. One of
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this methods calculate efficiency a DMU according to its projection on
efficient frontier.
Suppose we have a set of units, DMUj(j = 1, ..., n). Each DMU uses
m inputs xij(i = 1, ...,m) to produces the s outputs yrj(r = 1, ..., s).
Suppose that Xj = (x1j , x2j , ..., xmj) and Yj = (y1j , y2j , ..., ysj) are the
vectors of inputs and outputs value of DMUj , respectively and let Xj >
0, Yj > 0 andXj 6= 0,Yj 6= 0 and xio and yro are the corresponding inputs
and outputs for the DMUo which should begining evaluated. The CCR
model in input oriented with constant return to scale is following:

min θ

s.t
∑n

j=1 λjxij 6 θxio i = 1, ...,m∑n
j=1 λjyrj > yro r = 1, ..., s

λj > 0. j = 1, ..., n (1)

The model (1) obtain efficiency of DMUo, θ∗ , according to decreas-
ing input. θ∗ is the optimal value that represented the efficiency value.
If θ∗ = 1, DMUo is efficient, otherwise the evaluated DMU is inefficient.
The CCR model in output oriented with constant return to scale is fol-
lowing:
max ϕ

s.t
∑n

j=1 λjxij 6 xio i = 1, ...,m∑n
j=1 λjyrj > ϕyro r = 1, ..., s

λj > 0. j = 1, ..., n (2)
The model 2 calculate efficiency of DMUo, ϕ∗, according to increasing
output. If ϕ∗ = 1 DMUo, is efficient, otherwise is inefficient.

Theorem 2.1. In CCR model the optimal value in input oriented ( the
value θ∗) is equal to 1

ϕ∗ , that is the optimal value in output oriented for
evaluation of DMUo [2].
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3. Attractiveness and Progress in DEA

Research in the field of self-selection show that their choice in most cases
the choice is influenced by the interval. For example, if there are three
categories of goods in three price range, then the customer will always
choose the best product to each of the three categories. This case is
discussed in Data Envelopment Analysis as attractiveness and progress.
Relative attractiveness is obtained when the units get worse as the field
assessment is evaluated. Relative progress is obtained when the units
with better evaluation assessed as to be considered.
Suppose that J1 = {DMUj , j = 1, ..., n} be the set of all n DMUs and
define J l+1 = J l−El where El = {DMUk ∈ J l|φ∗(l, k) = 1} and φ∗(l, k)
is the optimal value of model (3).

ϕ∗o = max ϕo

s.t.
∑

j∈J l λjxij 6 xio i = 1, ...,m∑
j∈J l λjyrj > ϕyro r = 1, ..., s

λj > 0 j ∈ J l. (3)

I and O are the set of inputs and outputs, respectively, xij and yrj rep-
resent the input i and output r at DMUj . when l = 1 , model (3) is the
output oriented CCR model. Model (3), classify all DMUs in levels of El

step by step. Model (4) calculate the relative attractiveness of DMUo at
one especial level Elo with respect to after steps El+d, d = 1, ..., L− lo.[6]

ϕ∗o(d) = max ϕo(d) d = 1, ..., L− lo

s.t.
∑

j∈Elo+d λjxij 6 xio i = 1, ...,m∑
j∈Elo+d λjyrj > ϕ(d)yro r = 1, ..., s

λj > 0 j ∈ Elo+d. (4)
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That
1. ϕ∗o(d) < 1, d = 1, ..., L− lo
2. ϕ∗o(d+ 1) < ϕ∗o(d).

Definition 3.1. A∗
o(d) = 1

ϕ∗o(d) is called the d-degree relative attractive-
ness of evaluated DMU (DMUo) from a specific level Elo.
In model (4), each efficient frontier of Elo+d represents a level of ef-
ficiency for measuring the relative attractiveness of DMUs in especial
level Elo. The larger A∗

o(d), means more attractive.
For calculating the progress measure for a specific DMUo ∈ Elo , lo ∈
{2, ..., L}. One can be used the following model (5):

P ∗
o (g) = max Po(g) g = 1, ..., lo − 1

s.t.
∑

j∈Elo−g λjxij 6 xio i = 1, ...,m∑
j∈Elo−g λjyrj 6 Po(g)yro r = 1, ..., s

λj > 0 j ∈ Elo−g (5)

That
1. P ∗

o (g) > 1, g = 1, ..., lo − 1
2. P ∗

o (g + 1) > P ∗
o (g)

Definition 3.2. P ∗
o (g), is called the d-degree relative progress of evalu-

ated DMU (DMUo) from a specific level Elo.
For a larger P ∗

o (g), more progress is for DMUo.

4. Malmquist Productivity Index

The Malmquist productivity index introduced in DEA efficiency mea-
sures is defined as the ratio of the efficiency measure for the same produc-
tion unit in two various time periods or between two various observation
for the same period ([2]). The Malmquist index can be divided into two
factors. One shows the relative change in efficiency and other componet
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is known as frontier productivity index.
Suppose that n DMU, that input vector Xt ∈ Rm to produce output
vector Y t ∈ Rs, for introducing the distance function in time period
t.The measure value DMUo can be obtained by using the CCR model[8].

D(Xt, Y t) = min θt
o

s.t
∑n

j=1 λjx
t
ij 6 θt

ox
t
io i = 1, ...,m∑n

j=1 λjy
t
rj > yt

ro r = 1, ..., s

λj > 0 j = 1, ..., n. (6)

Where xt
ij and yt

rj are the corresponding ith input vector and rth output
vector for the DMUj , respectively, and xt

io is the ith input and yt
ro is the

rth output for DMUo in time period t. The optimal value of model (6),
θt
o shows decreasing in inputs while the output level still have keeped. If
θt
o = 1, DMUo is efficient in time period t, otherwise is the inefficient.

Malmquist index calculation requires two single period and two mixed
period measures. It can be replaced xt

io and yt
ro by vectors with xt+1

io and
yt+1

ro vectors, respectively (i = 1, ...,m), (r = 1, ..., s), o ∈ {1, ..., n},then
model (6) can evaluate technical efficiency of θt

o(x
t+1
o , yt+1

o ) for DMUo at
the time period t and also calculating the technical efficiency θt+1

o (xt+1
o , yt+1

o )
and θt+1

o (xt
o, y

t
o) in time period t+1, similarly in model (6).

Fare ([5]) defined an input oriented productivity index as the geometric
mean of the two Malmquist indices developed by Caves ([3]). refer-
ring to the technologies at time periods t and t+1,yielding the following
Malmquist-type measure of productivity: ([2])

M t,t+1 = [D
t(xt+1,yt+1)
Dt(xt,yt) × Dt+1(xt+1,yt+1)

Dt+1(xt,yt)
]
1
2 (7)

Gaves et al. (1982) and Fare et al. (1994) defined that M t,t+1 > 1
indicates productivity gain, if M t,t+1 < 1 indicates productivity loss,
and M t,t+1 = 1 means no change in productivity from time t to t+1.
Fare et al. (1994) decomposed the Malmquist productivity index into
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two components:

M t,t+1 = Dt+1(xt+1,yt+1)
Dt(xt,yt) [ Dt(xt+1,yt+1)

Dt+1(xt+1,yt+1)
× Dt(xt,yt)

Dt+1(xt,yt)
]
1
2 (8)

or

M = E.P (9)

E = Dt+1(xt+1,yt+1

Dt(xt,yt) represented the change in efficiency and

P = [ Dt(xt+1,yt+1)
Dt+1(xt+1,yt+1)

× Dt(xt,yt)
Dt+1(xt,yt)

]
1
2 represented the measure of technical

progress.

4.1 Malmquist Index for the Group of DMUs in Different
Conditions

This section present the Malmquist productivity index to calculate the
efficiency of group decision-making units under different conditions. Group
performance is calculated with this method. Malmquist index evaluates
the productivity variation among different groups rather than two dif-
fernt time. Note that the choice of different groups is something desired
by the manager.
Consider δA as cardinal of DMUs in group A, using inputs XA ∈ Rm

+ to
produce outputs Y B ∈ Rs

+, and δB as cardinal of DMUs in group B, us-
ing inputs XB ∈ Rm

+ to produce outputs Y B ∈ Rs
+. (XA

j , Y
A
j ) is the jth

input-output vector for group A and (XB
j , Y

B
j ) is the jth input-output

vector for group B. DA(XB
j , Y

B
j ) represents the input distance function

for a DMU in group B with respect to the frontier of group A. The
Malmquist index is calculated between two groups (A and B group)as
follows ([2]).

IAB = [
(
∏δA

j=1 DA(XA
j ,Y A

j ))
1

δA

(
∏δA

j=1 DA(XB
j ,Y B

j ))
1

δA

× (
∏δB

j=1 DB(XA
j ,Y A

j ))
1

δB

(
∏δB

j=1 DB(XB
j ,Y B

j ))
1

δB

]
1
2 (10)
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4.2 Malmquist Index on the Efficiency Frontier Layers

In the previous section, the Malmquist index were introduced to a group
of decision-making units under different conditions. In this section we
want evaluate, Malmquist index using the efficiency of boundary layer
classification obtained from decision-making units.
consider J1 = {DMUj , j = 1, ..., n} be the set of all n DMUs. Define
J l+1 = J l − El where El = {DMUk ∈ J l | ϕ∗(l, k) = 1}, and ϕ∗(l, k) is
the optimal value of model (3):
when l=1, model (3) is the output oriented CCR model and DMUs in set
El define the first-level efficient frontier. When l=2, give the second-level
efficient frontier after the elimination of the first-level efficient DMUs,
and continue similarly. With this manner, identified the several levels
of efficient frontier. El is the lth-level efficient frontier. The following
algorithm reflect process computation of efficiency frontiers.
Step 1. Let l=1, calculate for J l the model (3), for obtain the first-level
efficient DMUs (El).
Step 2. eliminate the efficient DMUs in last step. J l+1 = J l − El. (if
J l+1 = ∅ then stop.)
Step 3. form the new subset of inefficient DMUs, J l+1, and by model
(3) to obtain a new set of efficient DMUs El+1.
Step 4. let l=l+1 and go to step 2.
now, considered the result efficiency layers instead different groups in
computation the Malmquist index groups.
Ek1 , Ek2 the set of DMUs belong to the two different efficiency fron-
tier, that introduce instead two different group. Consider δk1 DMUs in
group Ek1 , using inputs XEk1 ∈ Rm

+ to produce outputs Y Ek1 ∈ Rs
+,

and (XEk1

j , Y Ek1

j ) is the jth input-output vector for group Ek1 and same
condition hold for Ek2 group. DEk1 (XEk2

j , Y Ek2

j ) represents the input
distance function for a DMU in group Ek2 with respect to the frontier
of group Ek1 . Evaluated the Malmquist index for efficiency frontier by
following model:

IEk1Ek2 = [
(
∏δk1

j=1 DEk1 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk2

j=1 DEk1 (XEk2
j ,Y Ek2

j ))

1
δk2

× (
∏δk1

j=1 DEk2 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk2

j=1 DEk2 (XEk2
j ,Y Ek2

j ))

1
δk2

]
1
2 (12)
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DEk1 (XEk1

j , Y Ek1

j ) represents the input distance function for a DMU
in group Ek1 with respect to the frontier of group EK1 , that really is
the units efficiency measure that located on own frontier and this value
is one, therefore is rewriting the model (12) into following:

IEk1Ek2 = [
(
∏δk1

j=1 DEk2 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk2

j=1 DEk1 (XEk2
j ,Y Ek2

j ))

1
δk2

]
1
2 (13)

Theorem 4.2.1. For each tree different efficiency frontier Ek1 , Ek2 , Ek3

that k1 < k2 < k3, hold the following relation:

IEk1Ek2 × IEk2Ek3 = IEk1Ek3 (14)

Proof. Considering each IEk1Ek2 index to decompose to product of ef-
ficiency change index IEEk1Ek2 and technical change index IFEk1Ek2 ,
must prove:

IEEk1Ek2 × IEEk2Ek3 = IEEk1Ek3

IFEk1Ek2 × IFEk2Ek3 = IEk1Ek3

With using the IEEk1Ek2 in [2] we have:

IEEk1Ek2 × IEEk2Ek3 =
(
∏δk1

j=1 DEk1 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk2

j=1 DEk2 (XEk2
j ,Y Ek2

j ))

1
δk2

×

(
∏δk2

j=1 DEk2 (XEk2
j ,Y Ek2

j ))

1
δk2

(
∏δk3

j=1 DEk3 (XEk3
j ,Y Ek3

j ))

1
δk3

=
(
∏δk1

j=1 DEk1 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk3

j=1 DEk3 (XEk3
j ,Y Ek3

j ))

1
δk3

= EEk1Ek3

for calculating IF when we have N groups,the IFadj is introduced in
this way ([2]):

IFEk1Ek2

adj = [
∏n

i=1

∏δi
j=1 DEk2 (Xi

j ,Y i
j ))

1
δi∏δi

j=1 DEk1 (Xi
j ,Y i

j ))
1
δi

]
1
N

Now we having three groups Ek1 , Ek2 , Ek3 we will have:
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IFEk1Ek2

adj × IFEk2Ek3

adj =

(
(
∏δk1

j=1 DEk2 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk1

j=1 DEk1 (XEk1
j ,Y Ek1

j ))

1
δk1

× (
∏δk2

j=1 DEk2 (XEk2
j ,Y Ek2

j ))

1
δk2

(
∏δk2

j=1 DEk1 (XEk2
j ,Y Ek2

j ))

1
δk2

×

(
∏δk3

j=1 DEk2 (XEk3
j ,Y Ek3

j ))

1
δk3

(
∏δk3

j=1 DEk1 (XEk3
j ,Y Ek3

j ))

1
δk3

)
1
3 × (

(
∏δk1

j=1 DEk3 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk1

j=1 DEk2 (XEk1
j ,Y Ek1

j ))

1
δk1

×

(
∏δk2

j=1 DEk3 (XEk2
j ,Y Ek2

j ))

1
δk2

(
∏δk2

j=1 DEk2 (XEk2
j ,Y Ek2

j ))

1
δk2

× (
∏δk3

j=1 DEk3 (XEk3
j ,Y Ek3

j ))

1
δk3

(
∏δk3

j=1 DEk2 (XEk3
j ,Y Ek3

j ))

1
δk3

)
1
3 =

(
(
∏δk1

j=1 DEk3 (XEk1
j ,Y Ek1

j ))

1
δk1

(
∏δk1

j=1 DEk1 (XEk1
j ,Y Ek1

j ))

1
δk1

× (
∏δk2

j=1 DEk3 (XEk2
j ,Y Ek2

j ))

1
δk2

(
∏δk2

j=1 DEk1 (XEk2
j ,Y Ek2

j ))

1
δk2

×

(
∏δk3

j=1 DEk3 (XEk3
j ,Y Ek3

j ))

1
δk3

(
∏δk3

j=1 DEk1 (XEk3
j ,Y Ek3

j ))

1
δk3

)
1
3 = IFEk1Ek3

adj

5. Layers Malmquist Index and Attractiveness
and Progress

So far, we could use layering decision making units and we introduced
the different groups to measure the Malmquist index. We will now ex-
amine the relationship between the Malmquist index and the attractive
and development.
Distance function introduced in the efficiency index IEk1Ek2 on the layer
model (13) meaning DEk2 (XEk1

j , Y Ek1

j ), and it represents the distance
function in input oriented for a DMU in the Ek1 group compared with
the Ek2 group.Distance function introduced in the denominator frac-
tion IEk1Ek2 model (13) meaning DEk1 (XEk2

j , Y Ek2

j ) shows the distance
function in input oriented for a DMU in the Ek2 group compared to the
efficiency frontier Ek1 group.
On the other hand, model (5) calculates the value of progress with the
distance function P ∗

o (g). It is also the distance function in output ori-
ented that evaluated relative to later its efficiency frontier.
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According to Theorem 1 can be said that the distance function in input
oriented in the denominator fraction Malmquist index (DEk2 (XEk1

j , Y Ek1

j )),
shows an inverse of progress the distance function in output oriented
value (P ∗

o (g)). To calculated the attractive the objective function (ϕ∗o(d))
the model (5) the same amount of space in the output function is com-
puted to its next performance boundaries. According to the definition
A∗

o(d) = 1
ϕ∗o(d) the fraction numerator Malmquist index shows the at-

tractive.
Therefore we can say Malmquist index is multiplied to the geometric
mean of attractive and progress units on layer performance.

6. Example

We apply our approach to the data set of 37 computer printers [6], 1
input and 6 outputs were employed. Price (I1) (in US dollars) as the
single input. The following measures are chosen as outputs: (1) input
buffer (O1); (2) mean time between failure (MTBF) (O2); (3) 80-column
throughput (O3); (4) graphics throughput (O4); (5) sound level (O5) and
(6) print quality (O6). Table 1 provides the data for example .
By using the CCR model (1), we obtain 4 levels of efficiency frontiers.
They are:

E1 = {DMUj |j = 1, 2, 3, 5, 19, 20, 26}
E2 = {DMUj |j = 4, 7, 10, 11, 12, 15, 31}
E3 = {DMUj |j = 6, 8, , 9, 13, 22, 27, 30}
E4 = {DMUj |j = 14, 16, 17, 18, 21, 23, 24, 25, 28, 29, 32}
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Table 3.
Attractiveness and progress score for the first and second frontiers
DMU no. DE

k2
(XE

k1
j , Y E

k1
j ) DE

k3
(XE

k1
j , Y E

k1
j ) DE

k4
(XE

k1
j , Y E

k1
j )

= A∗o(1) = A∗o(2) = A∗o(3)
1 1.75205 1.83201 2.31503
2 1.7433 1.81594 2.30121
3 1.44483 1.52703 1.89061
5 1.33577 1.59209 1.81572
19 2.57176 3.42939 1.26133
20 1.18537 1.31248 1.59717
26 1.46755 1.64944 2.12225

DE
k1
(XE

k2
j , Y E

k2
j ) DE

k3
(XE

k2
j , Y E

k2
j ) DE

k4
(XE

k2
j , Y E

k2
j )

= 1
P∗o (1) = A∗o(1) = A∗o(2)

4 0.7967 1.43261 1.64116
7 0.8544 1.23076 1.4506
10 0.7893 1.39515 1.58585
11 0.9883 1.3685 1.53108
12 0.8628 1.18414 1.41272
15 0.8333 1.18991 1.38622
31 0.8466 1.09066 1.34711

Each one of columns of Table 3, is the represent a distance function and
the value of attractiveness and progress. For example the first value of
DEk2 (XEk1

j , Y Ek1

j ) column, means 1.75205 is the distance function of
DMU one on the first efficiency frontier (Ek1) relative to the DMUs on
the second frontier (Ek2). that is the attractiveness of DMU one relative
to the second efficiency frontier DMUs.

7. Conclusion

In this paper, using layerring efficiency frontiers, we obtained some cat-
egories to calculate the Malmquist index group, so that the grouping of
units by one manager has been in previous articles. With this classifi-
cation, in addition to low computational process, we showed that each
of the functions and denominator if the relationship between Malmquist
index shows the attractive and progress. In fact, Malmquist index layer
is the geometric average of attractive and progress.
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cation, in addition to low computational process, we showed that each
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