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Abstract. Let R be a commutative ring with identity and M be
a unitary R-module. A proper submodule N of M is 2— absorbing if
r1,72,73 € R, m € M with rirersm € M implies riram € N or rirsm €
N or rargm € N. Let ¢ : S(M) — S(M) U {o} be a function where
S(M) is the set of all submodules of M. We call a proper submodule
N of M a p-2-absorbing submodule if r1,72,73 € R, m € M with
rirarsm € N —p(N) implies that rirom € N or rirgm € N or rorgm €
N. We want to extend 2-absorbing ideals to ¢-2-absorbing submodules
and we show that y-2-absorbing submodules enjoy analogs of many of
the properties of 2-absorbing ideals.
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1. Introduction

Throughout this paper R will be a commutative ring and M a unitary
R—module. A 2-absorbing submodule N of M is a proper submodule
with the property that for ri,re,r3 € R, m € M, rirorsm € N implies
rirom € N or rirgsm € N or rorgm € N. We can restrict this definition
to where ri7rorgm lies. A proper submodule N of M is said to be weakly
2-absorbing submodule if for r1,79,73 € R, m € M with rirorsm €
N — {0}, either ryrgm € N or rirsm € N or rorgm € N.
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Definition 1.1. ([3]) A 2-absorbing ideal I of R is a proper ideal with
the property that for a,b,c € R, abc € I implies that ab € I or bc € I or
ac € 1.

Definition 1.2. A proper ideal I of R is weakly 2-absorbing, if a,b,c € R
with abc € I — {0}, implies that ab € I or ac € I or bc € I.

Remark 1.3. It is clear that if N is a 2-absorbing submodule of R-
module M, then (N : M) is a 2-absorbing ideal of R. Suppose that N
18 a weakly 2-absorbing submodule which is not 2-absorbing. Note that
the ideal (N : M) is not a weakly 2-absorbing ideal of R generally. For
example let M denote the cyclic Z-module 32, and N = {0}. So, N is a
weakly 2-absorbing submodule of M, but (N : M) = 27Z is not a weakly
2-absorbing ideal of R.

Definition 1.4. A proper submodule N of a multiplication R-module M
1s said almost 2-absorbing submodule if for ri,ro,r3 € R, m € M with
rirarsm € N — N2, either rirom € N or rirsm € N or rorsm € N.
with weakly 2-absorbing submodules and almost 2-absorbing submodules
i mind, we make the following definition.

let R be a commutative ring, M a unitary R-module and and ¢ : S(M) —
S(M) U {o} be a function , where S(M) is the set of all submodules
of M. A proper submodule N of M 1is said to be p-2-absorbing if
for ri,ro,r3 € R, m € M with rirorsm € N — @(N) implies either
rirsm € N or rirom € N or rorsm € N. We next give a rather gen-
eral condition for a ¢-2-absorbing submodule to be 2-absorbing. [theorem
2.12.]. Also we show that, if S is a multiplicatively closed subset of R and
N is a ¢-2-absorbing submodule, then Ng is ¢pg-2-absorbing submodule.

2. Main Results

In this section we extend the concept of 2-absorbing submodule and we
shall show the extend 2-absorbing submodule enjoy analog many of the
properties 2-absorbing submodules.

Definition 2.1. An R-module M is called a multiplication module pro-
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vided that for every submodule N of M there exists an ideal I of R such
that N = IM.

Definition 2.2. ([1]) Let M be a multiplication R-module and N1 =
1M, Ny = IsM. Then we define the product of N1 and Ny by N1 Ny =
ILILM.

Lemma 2.3. The product of two submodules in a multiplication module
1s well-defined and it is a submodule of M.

Proof: See [5], Lemma 1.3. O

Note 2.4. If M is a multiplication R-module and N = IM, then N =
IM = (N:M)M.

Lemma 2.5. Let M be a faithful multiplication R-module and {Ix}xea
be a non-empty collection of ideals of R for A € A. If Ix D ann(M) for
all A € A, then N(I\M) = (NI\)M.

Proof: See [4], Corollary 1.7,P.759. O

Definition 2.6. Let R be a commutative ring, M a unitary R-module,
and ¢ : S(M) — S(M) U {s} be a function , where S(M) is the set
of all submodules of M. A proper submodule N of M is said to be p-2-
absorbing if for ri,re, 73 € R, m € M with rirersm € N — p(N) implies
either rirsm € N or rirgm € N or rorgm € N.

Note 2.7. Since N —¢(N) = N — (N Np(N)), without loss of generality
in one can assume that ¢(N) C N.

Definition 2.8. Let M be an R-module and S(M) is the set of all
submodules of M. For two functions 1,1y : S(M) — S(M)U{s} We
define 1 < g, if Y1(N) C 1ho(N) for all N € S(M).

Definition 2.9. Let R be a commutative ring and M be a multiplication
R-module. Define the following functions ¢q @ S(M) — S(M) U {2}
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and the corresponding pq-2-absorbing submodules:

g p(N)=o0 2-absorbing submodule

wo p(N)=0 weakly 2-absorbing submodule
02 o(N) = N? almost 2-absorbing submodule
on ©(N)=N" n-almost 2-absorbing submodule
Vo @e(N)=nN2 N" w-2-absorbing submodule

o1 e(N)=N any submodule

Observe that oy < o < P <+ < Pyl <P <+ < P2 < 1.

Lemma 2.10. Every 2-absorbing submodule is a @-2-absorbing submod-
ule.

Proof: It is clear by definition 2.9. O

Theorem 2.11. Let M be a multiplicationR-module and N be a proper
submodule of M.

(1) Suppose 1,12 : S(M) — S(M) U {0} are functions with 11 < 1.
Then N is 19-2-absorbing if N is 11-2-absorbing.

(2) N, 2-absorbing = N weakly 2-absorbing = N, w-2-absorbing
= N, (n+1)-2-

absorbing => N, n-almost2-absorbing (n > 2).

(8) N is w-2-absorbing if and only if N is n-almost 2-absorbing for all
n > 2.

Proof: Assume that N is ¢1-2-absorbing. Let rirorsm € N — ¢o(N)
for r1,re,73 € R, and m € M. Then, rirergm € N — ¢1(N). Since N
is ¢1- 2-absorbing, r1rem € N or r1r3m € N or ror3m € N. Hence N is
1o-2-absorbing.

(2) and (3) are clear by definition. [

Theorem 2.12. Let R be a commutative ring, M be a multiplication
R-module, ¢ : S(M) — S(M) U {0} be a function, and N be a p-2-
absorbing submodule of M such that (N : M)*N € ¢(N). Then N is a
2-absorbing submodule.

Proof: Let aj,a2,a3 € R, x € M and ajasazx € N. If ajasazx ¢
©(N), then we have ajasx € N or agsazx € N or ajazz € N since
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N is p-2-absorbing. So assume that ajasasz € @(N). First, suppose
that ajasasN € @(N); say ajagagn ¢ ©(N) where n € N. Then
ajazaz(x +n) € N —@(N). So araz(zr +n) € N or azaz(x +n) € N
or ajaz(x +n) € N. Hence ajagx € N or agazx € N or ajazz € N.
So we can assume that ajagasN C ¢(N). We can also assume that
(N : M)3x C p(N). If this is not true, then there exist u,v,w € (N : M)
such that wvwz ¢ ¢(N). So (a1 + u)(az + v)(az + w)x € N — ¢(N).
Since N is a ¢-2-absorbing submodule we have ajasx € N or ajasx € N
or agazr € N. Now there exist r1,72,73 € (N : M) and n € N such
that rirorsn ¢ p(N), since (N : M)3N ¢ @(N). So, (a1 +r1)(az +
ro)(ag+r3)(z+mn) € N—@(N). Hence (a1 +7r1)(az+72)(x+n) € N or
(ag+12)(as+rs)(x+mn) € N or (a1 +7r1)(azs+7r3)(x+n) € N. Therefore
arasx € N or asasxr € N or ajazr € N. [

Theorem 2.13. Let R be a commutative ring, M be a multiplication
R-module, ¢ : S(M) — S(M) U {e} be a function, and N be a proper
submodule of M. If N = IM for some ideal I of R, is a p-2-absorbing
submodule which is not 2-absorbing, then N* C o(N).

Proof: Since M is a multiplication module, N = (N : M)M. Therefore
N*=(N:M)*M = (N:M)3N C ¢o(N). O

Corollary 2.14. Let M be an R-module and N be a p-2-absorbing
submodule of M, where ¢ < 4. Then N is w- 2-absorbing.

Theorem 2.15. Let R = R; X Ry and each R; is a commutative
ring with identity. Let M; be an R;-module and M = My x M, with
(r1,7m2)(my,ma) = (rima,roms2), be an R-module, where r; € R;, m; €
M;. Then we have:

(1) If Ny is a 2-absorbing submodule of My, then Ny x My is a 2-
absorbing submodule of M .

(2) If Ny is a 2-absorbing submodule of Ms, then My x Na is a 2-
absorbing submodule of M .

Proof: (1) Suppose that N is a 2-absorbing submodule of M; and let
(acemy, bdfma) = (a,b)(c,d)(e, f)(m1, ma) € N1xMa, where (a,b), (¢, d),
(e, f) € Ry X Ry, (my1,ma) € M; x Ms. Then acem; € Nj. Since
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Nj is 2-absorbing, acm; € Nj or aem; € Ny or cem; € N;. Hence
(a,b)(c,d)(m1,ma) € N1 X My or (a,b)(e, f)(m1,m2) € Ny x My or
(c,d)(e, f)(m1,ma) € N1 X Ma. Hence Ny x My is 2-absorbing.

(2) It is proved similarly. O

Theorem 2.16. Let R = R; x Ry where each R; is a commutative
ring with identity. Let M; be an R;-module and M = M; x Mo with
(r1,7m2)(my,ma) = (rimy,romz), be an R-module, where r; € R;, m; €
M;, i+ S(M;) — S(M;) U{g} be functions, and ¢ = 1 X 1p3. Then
we have:

(1) Ny x Ny is a p-2-absorbing submodule, where N; is a proper sub-
module of M; with ¥;(N;) = N;;

(2) N1 x Ms is a p-2-absorbing submodule of M, where Ny is a ¢1-2-
absorbing of My which must be 2-absorbing if 1o (M) # M.

(8) My x Ny is a @-2-absorbing submodule of M, where No is a 1ho-2
absorbing of My which must be 2-absorbing if 11 (M) # M.

Proof: (1) It is Clear, since N; X Na = ¢(Nj x Na).

(2) If Ny is 2-absorbing, then Nj x My is a 2-absorbing and hence ¢-
2-absorbing. So, suppose that Nj is 11-2-absorbing and (M) = Mo.
Also Suppose that (a,b)(c,d)(e, f)

(mq, mg) € N1 X Mo—p(NyxMs), where (a,b), (¢,d), (e, f) € R,(m1,ms2)
€ M. Then (a,b)(c,d)(e, f)(m1,ma) = (acemq,bdfms) € N1 x My —
wl(Nl) X ¢2(M2) = (Nl — ’Lﬂ1<N1>) X Msy. So acemq € Ny — ¢1(N1)
Since Np is 91-2- absorbing, acmy € Ny or aem; € Ny or cem; € Ny.
Hence (a, b)(c,d)(m1,ma) € Ny x M or (a,b)(e, f)(m1,ma) € Ny x Mo
or (¢,d)(e, f)(m1,ma) € N; X My. Thus Ny x Mj is p-2-absorbing.

(3) The proof is similar to (2). O

Theorem 2.17. Let R be a commutative ring, M be a unitary R-module,
v :S(M) — S(M)U{o} be a function and N be a proper submodule
of M. Then the following are equivalent:

(1) N is p-2-absorbing;

(2) For m € M, ri,r9 € R, which rirom € M — N, we have (N :
rirgm) = (N :rym) U (N 2 ram) U (p(N) : riram);

(8) Forry,ra € Rym € M which rirom € M —N, we have (N : rirom) =
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(N : rym) or (N : riram) = (N : ram) or (N : riraom) = (p(N) :
r1T9m);

(4) For ideals 1,J,K of R and submodule D of M, if IJIKD C N ,
IJKD ¢ o(N), then IJD C N or IKD C N or JKD C N.

Proof: (1) = (2) Let = € (N : riram), then arirom € N. If xrirom ¢
©(N), since N is p-2-absorbing submodule and r1rom ¢ N, then xrym €
N or zrgm € N. Sox € (N : rym) or x € (N : rgm). If zrirom €
@(N), then x € (p(N) : rirgm). the other inclusion always holds Since
¢(N) C N.

(2) = (3) If an ideal is a union of two ideals, it is equal to one of them.
(3) = (4) Let I,J,K be ideals of R, and D be a submodule of R-
module M with IJKD C N. Suppose that IJD & N, IKD ¢ N and
JKD ¢ N. We show that IJKD C ¢(N). For this let ryrom € D but
rirem ¢ N, where riry € I.J. Since IJKD C N, we have riroKm C N.
Thus K C (N : riram) = (¢(N) : rirem) and so KIJD C o(N). Let
rirom € N and choose r;7ym’ € D\ N. Then (rirom~+r;rym’) € D\ N.
So by the first case, Kr;rym’ C o(N) and K (rirom +ryrem’) C o(N).
Now for k € K we have riromk = (rirgm4+ryrym )k —ryrom'k € o(N).
Then IJKD C ¢(N).

(4) = (1) Let rirorsRm € N —@(N). Then < r; ><rg ><r3> Rm C
N, <ry ><rg><rg>RmZ p(N). Then <r;y ><ry > Rm C N or
<ri><rg3>RmCNor<ry><ryg>RmCN. Then rirgom € N or
rirgm € N or rorgm € N. [

Remark 2.18. Let ¢ : S(M) — S(M)U{o} be a function, and S be a
multiplicatively closed subset of R. We define pg : S(Mg) — S(Mg)U
{0} by ws(V) = (p(N N M))s. and ps(N) =0, if (N M) = 0. Note
that s(N) C N. and (pqa)s = @a for a € {o} U{0} UN. We show that
if (p(N))s € ps(Ng), and N is a p-2-absorbing submodule, then Ng is
ps-2-absorbing submodule. We define on : S(M) — S(M) U {s} by
on(E) = w for K O N. Note that pn (%) =0 if p(K) = ¢, and
K\~ K
‘PN(N) c N

Theorem 2.19. Let R be a commutative ring and M be a multiplication
R-module, and ¢ : S(M) — S(M) U {o} be a function. Let P be a -
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2-absorbing submodule of M.

(1) If N is a submodule of R-module M with N C P, then % S a pN-
2-absorbing submodule of %

(2) Suppose that S is a multiplicatively closed subset of R with (p(P))s C
ws(Ps). Then Pg is a @g-2-absorbing submodule of Mg.

Proof: (1) Let r1,r9,73 € R, m € M. Suppose that m = m +

N,rirorsm € % —goN(%) = % — w. Hence rirorsm € P—(o(P)+
N). Thus rirgrsm € P — ¢(P). So rirgm € P or rirgm € P or

rorsm € P. Therefore (rirom + N) € % or (rirsm + N) € ﬁ or

(rorsm+ N) € %. Hence r179m € P or rir3m € P or rorsm € P.

(2) Let r1,72,73 € ST'R,m € M. Suppose that rirer3m € Ps— ¢g(Ps).
Then there exist s1, 52,83 € S, x,y,2 € R, such that r| = i, ry = Z,
rs = &, ($)(L)(E)m € Ps. Then zyzm € P, zyzm ¢ ¢(P). Since P
is a -2-absorbing submodule, zym € P or xzm € P or yzm € P. Hence
rirom € Pg or rirsm € Pg or rorsm € Pg. So Pg is pg-2-absorbing

submodule. 0O
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