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Abstract. In this paper, we introduce the concept of F−G−contraction
mappings in F-metric spaces endowed with a graph and give some fixed
point results for such contractions. Our results are generalization of
some famous theorem in metric spaces to F−metric spaces endowed
with a graph. Also, we give some examples that support obtained the-
oretical results.
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1 Introduction

Fixed point theory is one of the traditional theory in functional and
nonlinear analysis. Fixed point theory has developed rapidly in various
extensions of metric spaces (see e.g. [4, 6, 9, 11, 14, 15, 20, 21, 22, 25]
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and references therein). Jleli and Samet [24] introduced the concept of
a F-metric spaces as follows (see e.g. [18, 26] and references therein).

Let F be the set of functions f : (0,∞)→ R such that
(F1) f is non-decreasing, i.e., 0 < s < t implies f(s) ≤ f(t).
(F2) For every sequence {tn} ⊂ (0,∞), we have

lim
n→∞

tn = 0 if and only if lim
n→∞

f(tn) = −∞.

Definition 1.1. [24] Let X be a (nonempty) set. A function D : X ×
X → [0,∞) is a F-metric on X iff, there exists (f, α) ∈ F × [0,∞) such
that for all x, y ∈ X the following conditions are satisfied:
(D1) D(x, y) = 0 if and only if x = y.
(D2) D(x, y) = D(y, x).
(D3) For every N ∈ N, N ≥ 2 and for every {ui}Ni=1 ⊂ X with (u1, uN ) =
(x, y), we have

D(x, y) > 0 implies f(D(x, y)) ≤ f(

N−1∑
i=1

D(ui, ui+1)) + α.

The pair (X,D) is called a F-metric space.

Example 1.2. [24] Let X = R and D : X ×X → [0,∞) be defined as
follows:

D(x, y) =

{
(x− y)2 (x, y) ∈ [0, 3]× [0, 3],

|x− y| otherwise,

and let f(t) = ln(t) for all t > 0 and α = ln(3). Then, D is a F-metric
on X. Since D(0, 3) = 9 ≥ D(0, 1) +D(1, 3) = 5, then D is not a metric
on X.

Example 1.3. [24] Let X = R and D : X ×X → [0,∞) be defined as
follows:

D(x, y) =

{
e|x−y| x 6= y,

0 x = y.

Then, D is a F-metric onX. SinceD(2, 4) = e2 ≥ D(2, 3)+D(3, 4) = 2e,
so D is not a metric on X.



SOME FIXED POINT RESULTS FOR F −G−CONTRACTION 3

Definition 1.4. [24] Let (X,D) be an F-metric space and {xn} be a
sequence in X.
1) A sequence {xn} is called F-convergent to x ∈ X, iff D(xn, x) → 0
as n→∞.
2) A sequence {xn} is F-Cauchy, iff D(xn, xm)→ 0 as n,m→∞.
3) A F-metric space (X,D) is said to be F-complete, if every F-Cauchy
sequence in X is F-convergent to some element in X.

Theorem 1.5. [24] Let (X,D) be an F-complete F-metric space and
let T : X → X be a self-mapping satisfying

D(Tx, Ty) ≤ λD(x, y), (1)

for all x, y ∈ X where 0 ≤ λ < 1. Then T has a unique fixed point.

Espinola and Kirk in 2006 published some useful results on combin-
ing fixed point theory and graph theory [12]. In 2008, Jachymski [23]
proved the contraction Principal for mappings on a metric space with a
graph. For some recent works in metric spaces endowed with graph the
reader is referred to (see e.g. [1, 2, 3, 5, 7, 8, 10, 13, 16, 17, 19, 28]

Let G = (V (G), E(G)) be a directed graph such that V (G) is the
set of vertices and E(G) is edges of G. Also ∆ ⊂ E(G) where ∆ =
{(x, x) : x ∈ X} and assume that G has no parallel edges. We denote
the conversion of a graph G by G−1, i.e., the graph obtained from G
by reversing the direction of edges. Let G̃ be the undirected graph
obtained from G by ignoring the direction of edges, so we have E(G̃) =
E(G)

⋃
E(G−1). Let x and y are vertices in a graph G. A path in G

from x to y of length m is a sequence {xn}mn=0 of m + 1 vertices such
that x0 = x, xm = y and (xi−1, xi) ∈ E(G) for i = 1, ...,m. A graph
G is called connected if there is a path between any two vertices of G
and graph G is weakly connected if G̃ is connected. For x ∈ X we set
[x]G̃ which is the equivalence class of the following relation R defined on
V (G) by the rule: xRy if there is a path in G from x to y. Also, for
x ∈ G and m ∈ N, define

[x]mG = {y ∈ X : there is a directed path from x to y of length m} .

Definition 1.6. [27] Let (X, d) be a metric space and T : X → X be a
self-mapping. Then
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i) T is called a Picard operator (briefly PO), if T has a unique fixed
point x∗ ∈ X and Tnx→ x∗ for each x ∈ X.

ii) T is called a weakly Picard operator (briefly WPO) if the sequence
{Tnx} converges to a fixed point of T for all x ∈ X.

Definition 1.7. [23] Let (X, d) be a metric space endowed with a graph
G. A mapping T : X → X is called orbitally G−continuous on X if for
all x, y ∈ X and all {pn} of positive integers with (T pnx, T pn+1x) ∈ E(G)
for all n ≥ 1, the convergence T pnx→ y implies T (T pnx)→ Ty.

Let T be a self mapping on X. We denote

XT = {x ∈ X|(x, Tx) ∈ E(G)},

F ix(T ) = {x ∈ X|Tx = x}.

2 Main Results

Now, we introduce one new type of contractive mappings in the context
of F-metric spaces endowed with a graph and prove the corresponding
new result. We also prove and extend some the results of Jachymski [23]
and Falahi et al. [13] to the context of F−metric spaces. Throughout
this section we assume that (X,D) is a F−metric space endowed with
directed graph G, which V (G) = X and ∆ ⊂ E(G).

Definition 2.1. Let (X,D) be an F-metric space and T be a self-
mapping on X. We say that T is an F − G−contraction if for every
x, y ∈ X, we have

(x, y) ∈ E(G) implies (Tx, Ty) ∈ E(G);

(x, y) ∈ E(G) implies D(Tx, Ty) ≤ λD(x, y);

where λ ∈ [0, 1).

Example 2.2. Let (X,F) be an F−metric space and G = (X,∆).
Then any self-mapping T on X is an F −G−contraction.
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Example 2.3. Let X be a nonempty set and (X,F) be an F−metric
space. Then for any graph G = (X,E(G)), constant mapping T : X →
X is a F −G−contraction.

Example 2.4. Consider the F-metric space given in Example 1.2. De-
fine

Tx =


3x x > 2
x
2 0 ≤ x ≤ 2

0 x < 0.

Then, for any λ ∈ [0, 1), we have

D(T2, T3) = D(
2

3
, 9) = |2

3
− 9| = 25

3
> λ = λD(2, 3).

Then, T does not satisfy (1). Define G = (V (G), E(G)), where V (G) =
R and E(G) = {(x, x)|x ∈ R}. Therefore, T is an F − G−contraction
mapping for any λ ∈ [0, 1).

Example 2.5. Let X = {0, 1, 2} be endowed with the F-metric given
in Example 1.3. Define T0 = T2 = 0, T1 = 2. Then, for any λ ∈ [0, 1),
we have

D(T1.T2) = e|T1−T2| = e2 > λe = λD(1, 2).

Consequently, T does not satisfy (1). Define G = (V (G), E(G)), where
V (G) = X and E(G) = {(0, 0), (1, 1), (0, 2), (2, 2)}. Then T is an F −
G−contraction mapping for any λ ∈ [0, 1).

Proposition 2.6. Let (X,D) be an F−metric space and T : X → X
be a F −G−contraction. Then:
(i) T is a F − G̃−contraction and also a F −G−1−contraction.
(ii) [x0]G̃ is T−invariant and T |[x0]G̃ is a F − G̃x0−contraction, where
x0 ∈ X and T (x0) ∈ [x0]G̃.

Proof. (i) Since F−metric is symmetric, then T is a F−G̃−contraction
and also a F −G−1−contraction.
(ii) Let x ∈ [x0]G̃. So there exists a path {zi}Ni=0 in G̃ from x to

x0 which x = z0 and x0 = zN and (zi−1, zi) ∈ E(G̃). Since T is a
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F − G−contaraction, for all i = 1, ..., N , we have (Tzi−1, T zi) ∈ E(G).
Then Tx ∈ [Tx0]G̃ = [x0]G̃, that is, [x0]G̃ is T−invariant. Now, assume

(x, y) ∈ E(G̃x0). Since T is a F − G−contraction, (Tx, Ty) ∈ E(G).
Also, [x0]G̃ is T -invariant, then (Tx, Ty) ∈ E(G̃x0). Since G̃x0 is a

subgraph of G, we obtain T |[x0]G̃ is a F − G̃x0−contraction. �

Definition 2.7. Let (X,F) be a F−metric space. We say that se-
quences {xn}, {yn} are equivalent if limn→∞D(xn, yn) = 0, and they are
called F−Cauchy equivalent, if each of them is a F−Cauchy sequence.

The following result extend the main one from [23].

Theorem 2.8. Let (X,D) be an F-metric space. The following are
equivalent:

(i) G is weakly connected.

(ii) For any F − G−contraction T : X → X, given x, y ∈ X, the se-
quences {Tnx} and {Tny} are equivalent.

iii) For any F −G−contraction T : X → X, card(Fix(T )) ≤ 1.

Proof. First we prove that (i) implies (ii). Let x, y ∈ X and by hy-
pothesis, [x]G̃ = X, then y ∈ [x]G̃. So there exists a path {xi}Ni=0 in

G̃ from x to y which x0 = x and xN = y and (xi−1, xi) ∈ E(G̃) for all
i = 1, 2, ..., N . Using Proposition 2.6, T is an F−G̃−contraction. Then,
we have

(Tnxi−1, T
nxi) ∈ E(G̃),

consequently

D(Tnxi−1, T
nxi) ≤ λD(Tn−1xi−1, T

n−1xi),

for all n ∈ N and i = 1, ..., N . Then, we get

D(Tnxi−1, T
nxi) ≤ λnD(xi−1, xi), (2)

for all n ∈ N and i = 1, ..., N . Now, let (f, α) ∈ F × [0,+∞) be such
that (D3) is satisfied and ε > 0 be fixed. From (F2), there exists δ > 0
such that

0 < t < δ implies f(t) < f(ε)− α. (3)
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Using (2), we have

N∑
i=1

D(Tnxi−1, T
nxi) ≤

N∑
i=1

λnD(xi−1, xi) = λn
N∑
i=1

D(xi−1, xi).

Scince limn→∞ λ
n
∑N

i=1D(xi−1, xi) = 0, there exists some N0 ∈ N such
that

0 < λn
N∑
i=1

D(xi−1, xi) < δ, n ≥ N0.

Using (3) and (F1), we obtain

f(
N∑
i=1

D(Tnxi−1, T
nxi)) ≤ f(λn

N∑
i=1

D(xi−1, xi)) < f(ε)− α, (4)

for all n ≥ N0. Using (D3) and (4), we have

f(D(Tnx, Tny)) ≤ f(

N∑
i=1

D(Tnxi−1, T
nxi)) + α ≤ f(ε)− α+ α < f(ε),

for all n ≥ N0. Then, we get

D(Tnx, Tny) < ε, n ≥ N0.

So D(Tnx, Tny)→ 0 as n→∞, that is, the sequences {Tnx} and {Tny}
are equivalent.
Now, we shall prove that (ii) implies (iii). Let T be a F−G−contraction
and x, y ∈ Fix(T ). From (ii), {Tnx} and {Tny} are equivalent. Then,
we have D(x, y) = D(Tnx, Tny)→ 0 as n→∞, that is, x = y.
Finally we prove that (iii) implies (i). On the contrary, we assume that G
is not weakly connected, that is, G̃ is disconnected. Suppose that there
exists x0 ∈ X such that both sets [x0]G̃ and X − [x0]G̃ are nonempty.
Suppose y0 ∈ X − [x0]G̃ and define

Tx = x0 if x ∈ [x0]G̃ ; Tx = y0 if x ∈ X − [x0]G̃.

Consequently, Fix(T ) = {x0, y0}. Now, we show that T is a F −
G−contraction. Suppose (x, y) ∈ E(G), so [x]G̃ = [y]G̃, that is, x, y ∈
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[x0]G̃, or x, y ∈ X− [x0]G̃. Then, we have Tx = Ty, so (Tx, Ty) ∈ E(G).
Since ∆ ⊂ E(G) and D(Tx, Ty) = 0 ≤ λD(x, y) for any λ ∈ [0, 1), we
get T is a F − G−contraction having two fixed points which violates
assumption (iii). �

Corollary 2.9. Let (X,D) be an F-complete F-metric space endowed
with a graph weakly connected G. Then, for any F − G−contraction
T : X → X, there is x∗ ∈ X such that limn→∞ T

nx = x∗ for all x ∈ X.

Proof. Let T : X → X be a F − G−contraction and fix any point
x ∈ X. Let m > n ≥ 0 and m,n ∈ N. Scince G is a weakly connected,
from Theorem 2.8, the sequences {Tnx} and {TnTm−nx} are equvailent.
Then limn,m→∞D(Tnx, Tmx) = 0, that is, {Tn(x)} is a F-Cauchy se-
quence in X. Hence, there exists x∗ ∈ X such that Tnx→ x∗ as n→∞.
Suppose y ∈ X, then by Theorem 2.8, sequencs {Tnx} and {Tny} are
equivalent. Using (D3), we have

f(D(Tny, x∗) ≤ f(D(Tnx, Tny) +D(Tnx, x∗)) + α,

for all n ∈ N. Since D(Tnx, Tny) + D(Tnx, x∗) → 0 as n → ∞, so
limn→∞ f(D(Tnx, Tny)+D(Tnx, x∗))+α = −∞. Then D(Tny, x∗)→ 0
as n→∞. �

Theorem 2.10. Let (X,D) be an F−complete F−metric space endowed
with a graph G and T be a self-mapping on X such that T is a F −
G−contraction mapping. Then T |XT

is a weakly Picard operator if one
of the following conditions hold:

i) T is orbitally G-continuous on X.

ii) If xn → x as n→∞ and (xn, xn+1) ∈ E(G) for all n ∈ N, then there
exists a subsequence {xnk

} of {xn} such that (xnk
, x) ∈ E(G) for

all k ∈ N.

Moreover, if (i) or (ii) holds, then XT 6= ∅ if and only if Fix(T ) 6= ∅.

Proof. If XT = ∅, then it is clear that there is nothing to prove. Let
x ∈ XT , then (x, Tx) ∈ E(G) and since T is an F − G−contraction
mapping, it following (Tx, T 2x) ∈ E(G), that is, Tx ∈ XT . Thus, T
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maps XT into XT . Then, it follows by induction that (Tnx, Tn+1x) ∈
E(G) and

D(Tnx, Tn+1x) ≤ αnD(x, Tx), (5)

for all n ∈ N. Let (f, α) ∈ F × [0,+∞) be such that (D3) is satisfied
and ε > 0 be fixed. Using (F2), there exists δ > 0 such that

0 < t < δ implies f(t) < f(ε)− α. (6)

From (5), we have

m∑
i=n

D(T ix, T i+1x) ≤
m∑
i=n

λiD(x, Tx) ≤ λn

1− λ
D(x, Tx),

for all m ≥ n ≥ 0. Scince limn→∞
λn

1−λD(x, Tx) = 0, there exists some
N0 ∈ N such that

0 <
λn

1− λ
D(x, Tx) < δ, n ≥ N0.

Using (6) and (F1), we have

f(
m∑
i=n

D(T ix, T i+1x)) ≤ f(
λn

1− λ
D(x, Tx)) < f(ε)− α. (7)

Then, from (D3) and (7), we get

f(D(Tmx, Tnx)) ≤ f(
m∑
i=n

D(T ix, T i+1x)) + α < f(ε).

Using (F1), we obtain

D(Tmx, Tnx) < ε, m > n ≥ N0.

This prove that {Tnx} is a F−Cauchy sequence. Since (X,D) is F-
complete, there exists x∗ ∈ X, such that

lim
n→∞

Tnx = x∗. (8)
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Now, we show that x∗ is a fixed point of T . To this end, if T is orbitally
G-continuous on X, then Tn+1x → Tx∗ as n → ∞. Because the limit
of convergent sequence in a F-metric space is unique, we get, Tx∗ = x∗.
Now, we suppose that condition (ii) holds. Then there exists a strictly
increasing sequence {nk} of positive integer such that (Tnkx, x∗) ∈ E(G)
for all k ≥ 1. Then, from (D3), we have

f(D(Tx∗, x∗)) ≤ f(D(Tx∗, Tnk+1x) +D(Tnk+1x, x∗)) + α

≤ f(λD(x∗, Tnkx) +D(Tnk+1x, x∗)) + α

Using (F2) and (8), we have

lim
k→∞

f(λD(x∗, Tnkx) +D(Tnk+1x, x∗)) + α = −∞,

which is a contradiction. Therefore, we have D(Tx∗, x∗) = 0, i.e. Tx∗ =
x∗. Since Fix(T ) ⊂ XT , we have x∗ ∈ XT , that is, T |XT

is a weakly
Picard operator. �
In Theorem 2.10, if G = G0, where G0 = (X,X × X), then XT = X
and we get the following corollary.

Corollary 2.11. Let (X,D) be a F-complete F−metric space and T be
a self-mapping on X which satisfy (1). Then T is a Picard operator.
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