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Abstract. In this article we investigate the two-term Abel’s inte-
gral equations. We will do this in two different ways and show that
such equation is reducible to an integro—differential equation of Volterra

type.
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1. Introduction

Abel’s integral equation is a special kind of linear Volterra integral equa-
tions of the first kind, and is usually solved via the Laplace transform
method, which finally reduces it to a differentiation of fractional order
[2].

In this paper we investigate the two-term Abel’s equation given by

/Ox{(;pAt)a+(IBt)ﬁ}u(t)dt:f($>7 x>0, 0<fB<a<l (1)
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and will solve it in two different ways, and derive some results about
the connection between fractional differentiation and solution of linear
Volterra integro—differential equations of the second kind.

The structure of the paper is as follows:
In section 2 we solve (1) via the Laplace transform method and ex-
press its solution as an infinite sum of the Riemann—Liouville fractional
derivatives of the function f [3, 4, 5].

In section 3 we reduce (1) to a Volterra integro—differential equation of
the second kind. In section 4 we summarize some conclusions.

2. Solution by the Laplace Transform Method

We consider the two terms Abel’s integral equations in the general form:

/ox{«vft)a+<wi>ﬁ}““>dt:f@’ r>0, 0<f<a<l (2)

and will solve it via the Laplace transform method. In this generalized
case as the original Abel’s equation:

v u(t)
——dt = 0 0 1 3
| Gsd=rw). e>0. 0<q<t )
by using the Laplace transforms and putting F(z) = L£{f(z)} and
U(z) = L{u(xz)} we obtain:

I T PR

or equivalently:

(2) C . (2) (5)
U(z) = . F(z )
_ Br(1-3) _g_ '
AF(l Ot) 1+ AFEl—ag 2B—a
and in the domain |z|?~® < ‘ggg:g%‘ we can use the geometric series

to obtain:

2l e BI(1— B)z8-\"
0O = G (Z(—nn( ) )F<z>, ()

n=0
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which by using the Riemann—Liouville’s integral formula[3]:

D20 = /0 “@ — P (), (7)

and the convolution theorem for the Laplace transform [2] on (6) gives
u(z) = Zf:o(—l)”(é?(rﬁj))zﬂ : ﬁ fox(l' — t)n_lf(t)dt
(8)
= ZZOZO Cn OD:;nf($)7
where n = (n+ 1)a—nB —1and ¢, = (—1)”%.
3. Solution by Transforming to Volterra Inte-
gral Equations of the Second Kind

In this section we solve (1) by using integral operators[2]. So we define
the two integral operators

Lu)(z) = /0 ' (Au(t)dt, (9)

x —t)*

and
B

[Mu](z) = /0 ' TRk (10)

Then by using (9) and (10) in (1) we have:

(L + M)ul(z) = f(z), (11)
and so we obtain

[Lul(z) = f(z) = [Mu](z)

= fl@) - Jy (xi)ﬁ“(t)dt’

(12)

e (@) = (L1 f](2) — L1 [ /0 ' (x_Bt)ﬁu(t)dt] , (13)
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where by using

L) = DL [ (14

can be expressed as[2]:

u(x) = [L7f](x) = L7 ([Mu]) ()

sin (o) t) sin(am T z  u(t
= sinfar) fo xft(l wdt — % (Tr )%fo (1721)1*0‘ 0 (= ()ﬁdtdz
(15)

and changing the order of integration and doing some manipulations we
obtain:

u(x) - 7 drJo (z—t)l-a

(16)

_ Bsinfam) r(() élmﬁ A [ — ) Pu(t)dt

which is a Volterra integro—differential equation of the second kind,
whose unique solution must be given by (8).

4. Conclusion

In this section we summarize the results of sections 2 and 3.
Comparing (8) and (16) we obtain[1]:

o)

(@) =Y eq oDy TN (z) = ([1 - AQ)T'F) (x) (17)

n=0

1 sm

Fla) = 5= ;i/ xfgla (18)
I'(«
I(

B sin(ar)

)T —7)
1 (19)

A=o — G +a)
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@ulte) = 3 [ =0 Puteya (20)

but the volterra equation

u(z) = F(z) + AlQul(x), (21)

is of the second kind and can be solved by many methods such as it-

eration method [7], Adomian’s method [6], ..., and given approximate

solutions for(1).
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