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1. Introduction

Throughout this paper all Banach algebras are commutative. If A is a
Banach algebra, then the set of all linear functionals on A is denoted by
A* and the set of all its nonzero multiplicative functionals is denoted by
A. If ¢ € A*, then define

¢(a,b) = p(ab) — ¢(a)p(b)

for all a,b € A. If 6 € R", we say that ¢ is J-multiplicative, whenever
1@l < 6.
Also for each ¢ € A* define

d(p) = inf{ll¢ — ¢|l : v € AU{0}}.
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We say that A is an algebra in which approximately multiplicative func-
tionals are near multiplicative functionals, or A is AMNM for short,
if for each € > 0 there is 6 > 0 such that d(¢) < ¢ whenever ¢ is a
d-multiplicative linear functional.

B. E. Johnson has shown that various Banach algebras are AMNM
and some of them fail to be AMNM [5]. Also, this property is still
unknown for some Banach algebras such as H* and Douglas algebras.
First author and S. H. Petroudi has shown in their paper that some of
weighted Hardy spaces are AMNM [1]. In this paper, first we define
a multiplication on Ax B, where A and B are two Banach algebras and
will show that AxB is AMNM, where A and B are AMNM. Also
we show that the converse is true. Then we generalized this to finite
product of Banach algebras. For some sources on these topics one can
refer to [1-10].

Let A and B be two Banach algebras. Define in Ax B addition , multi-
plication and norm by (a,b)+(c,d)=(a + ¢,b+ d),(a,b)(c, d)=(ac, bd),
|(a,b)||=||al|+|b]| for every a,c € A and b,d € B. Therefore Ax B is an
algebra such that

(@, b)(¢; )| = [lac]| + [|bd]
< llallllell + lfoll{l<]
< (llall + TolDlell + {ldl])
= [l(a, 0)[[[l(c; d)]|-

Also if {(an,bn)} is a cauchy sequence in Ax B, then{a,}, {b,} respec-
tively are cauchy sequence in A and B. Thus there exist a € A,b € B
such that a,, — a,b, — b and hence

[(@n; bn) = (a,0)[| = llan — all + [|bn — bI| — 0.

Therefore Ax B is a Banach algebra.

2. Main Results

For the proof of our theorems, we need the following proposition[3].
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Proposition 2.1. Let A be a unital Banach algebra. Then the following
are equivalent.

(i) A is AMNM.

(ii) For any sequence {®,} in A* with ||®,|| — 0 there is a sequence
{U,} in AJ{0} with ||®, — ¥,| — 0.

(#ii) For any sequence {®,} in A* with ||®,| — O there is a subse-
quence {®p,} and a sequence {V;} in AU{0} with ||®,, — ¥;|| — 0.

(iv) For any sequence {®,} in A* with ||®,| — 0 and inf,|®,| > 0
there is a sequence {¥,} in A with ||®,, — ¥, || — 0.

(v) For any sequence {®,} in A* with ||®,| — 0 and ®,(1) =1 =
|@y|| there is a sequence {V,,} in A with ||®, — ¥,| — 0.

(vi) For each € > 0 there is 6 > 0 such that if & € A* with ®(1) =
1=®| and ||®| < § then d(®) < e.

Conditions (i) to (iv) are equivalent even if A does not have a unit. If
A has an approzimate unit of norm 1 then (i) to (iv) are equivalent to
the following,

(vii) For each € > 0 there is 6 > 0 such that if & € A* with | @[ =1
and ||®|| < & then d(®) < e.
Also T. M. Rassias proved the following theorem [7].

Theorem 2.2. Let J be a closed ideal in a Banach algebra A,
(i) If A and % are AMNM, then so is A.
(i) If A is AMNDM, then so is J.

(i) If A is AMNDM and J has a bounded approximate identity,
then % is AMNDM.

Theorem 2.3. If A and B are two AMNM algebras, then AXB is
AMNM.

Proof. We show that the statement (iv) of proposition 2 -1 holds
for AxB. Let {®,} C(AxB)*, infy||®,|| = k > 0 and ||®,] — 0.
Since inf,||®,|| = k,for every n, there exist a, € A and b, € B such
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that ||(an,bn)|| = 1 and |®,(an,bp)| > 5. If @, (an,by) = o, then for
Cp = g—z and d,, = 3—2, we get
2
l(cn, dn)|| < z and @, (cp,dy) = 1. (1)

For every n € N, define ©,, € A* and ¥,, € B* by

On(a) = Py (acy,dy), ¥y (b) = P, (cn, bd,) a € Ajb € B. (2)

Therefore for every a,d € A, we have

@n(aa d) = q)n(adcm dn) - (I)n(acnv dn)q)n(dcm dn)
= ®,(adcy, dy)Pp(cn, dn) — Pp(acy, dn) Py (dcy, dy)
+®,,((acy, dn)(den, dy)) — ®p((aden, dn)(cn, dp))
= én((acn’ dn)’ (dcn’ dn)) - (i)n((adcnv dn)7 (Cn7 dn))
Thus if ||a|| < 1, ||é]| < 1, then by (1),

. ) 2 .
[6n(a. &) < 11®a

and hence ||©,| — 0 as n — oo. Since A is AMNM, by Proposition
2.1. (ii), there is a sequence {0,,} ¢ A{J{0} such that [|©, — ,| — 0.
Similarly, we can find a sequence {¥,} ¢ B|J{0} such that ||¥, —
¥,|| — 0. Define ®,, € (A x B)*, by

$,(a,b) = Op(a) U, (b).

It is easy to show that &, € AxB UJ{o0}.
Also we note that

1On(a) Ui (b) = Dn(a,0)] < ¥ (6)[|On(a)
—On(a)] + 8 (a)||Tn(b) — W (D)) (3)

On(a)¥n(b) — ®n(a,b) = Pu((a,b), (cr, 7))
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_(I)n(aa b)qv)n((cfm dn)y (C’m dn))
_(i)n((aCVHdn)a (Cnabdn))? (4)
and hence ||®,, — &,|| — 0 as n — oo and the proof is complete. [

By following lemma we will show that the converse of Theorem 2.3
holds.

Lemma 2.4. Let A and B be two Banach algebra and f: A — B be a
liner bounded bijection. If f(ab) = f(a)f(b), for every a,b € A, then A
is AMNM if and only if B is AMN M.

Proof. Suppose A is AMNM and {®,} be a sequence in B* with
|®,|| — 0. By property of f, for every a,b € A, we have

(®n0f)(a,b)] = |@n(f(a) £ (b)) — (®nof)(a)(@nof)()|

< 1 @nlllFIalllloll,

and hence ||(®,0f)| — 0. Thus there is a sequence {¥,,} in A|J {0} such
that ||®,0f — ¥, || — 0. By Open Mapping Theorem, ||f~!|| < co. Also,
note that {¥,0f~'} ¢ BU{0} and ||®, — Tpof | < |If | ®Pnof —
U, ||. Therefore ||®,, — ¥,,0f || — 0 and so B is AM N M. The proof of
converse is similar. [

Theorem 2.5. Let A and B be two Banach algebras . If A x B is
AMNM, then A and B are AMNM.

Proof. By definition of multiplication in A x B, it is easy to show that
A x {0} is a closed ideal in A x B. Thus by theorem 2.3., A x {0} is
AMNM. If we define f: Ax {0} — A by f(a,0) = a, then by Lemma
2.4., Ais AMNM. Similarly, we can show that B is AM N M.

Let Ay, Ao, A3 be three Banach algebras. Define the vector space opera-
tions in A1 X A X A3 componentwise, define multiplication in A; x Ay x As
by

(al, as, ag)(bl, bg, b3) = (albl, GQbQ, agbg),

and define ||(a1,a2,a3)|| = ||a1|| + |Jaz|| + ||as]|. Then it is easy to show
that A; x Ay x Az by this norm is a Banach algebra. If we define
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f : A1 X AQ X Ag — (Al X Ag) X A3 by f(al,ag,ag) = ((al,ag),ag), then
by lemma 2.4, A; x As x Az is AMNM if and only if (4; x A3) x A
is AMNM. Thus by theorem 2.3 and induction we can prove that
Ay X As... x A, is AMNM if and only if Ay,..., A, are AMNM. O

[1]

2]

[3]

[4]

References

F. Ershad and S. H. Petroudi, Approximately multiplicative functionals on
the spaces of formal power series, Abstract and Applied Analysis, 2011
(2011), 1-6.

R. Howey, Approzimately Multiplicative functionals on algebras of smooth
functions, J. London Math. Soc., 68 (2003), 739-752.

K. Jarosz, Almost multiplicative functionals, Studia Math., 124 (1997),
37-58.

K. Jarosz, Perturbations of Banach algebras, Lecture Notes in Mathemat-
ics 1120, Springer, Berlin, 1985.

B. E. Johnson, Approzimately multiplicative functionals, J. London Math.
Soc., 34 (1986), 489-510.

B. E. Johnson, Approximately multiplicative maps between Banach alge-
bras, J. London Math. Soc., 37 (1988), 294-316.

T. M. Rassias, The problem of S. M. Ulam for Approxzimately multi-
plicative mappings, Journal of mathematical analysis and application, 246
(2000), 352-378.

F. Sanchez, Pseudo-characters and Almost multplicative functionals, Jour-
nal of mathematical analysis and application, 248 (2000), 275-289.

S. Sidney, Are all uniform algebras AMNM 7, Bull. London Math. Soc.,
29 (1997), 327-330.

B. Yousefi and Y. N. Dehghan, Reflerivity on weighted Hardy spaces,
Southeast Asian Bulletin of Mathematics, 28 (3) (2004), 587-593.



APPROXIMATELY MULTIPLICATIVE FUNCTIONALS ...

Fariba Ershad

Department of Mathematics
Assistant Proffessor of Mathematics
Payame Noor University

P.O. Box 19395-3697

Tehran, Iran

E-mail: fershad@pnu.ac.ir

Leila Bagheri

Department of Mathematics
Ph.D Student of Mathematics
Payame Noor University

P.O. Box 19395-3697

Tehran, Iran

E-mail: bagheri@phd.pnu.ac.ir

67





