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1 Introduction

Let {β(n)} be a sequence of positive numbers with β(0) = 1 and 1 ≤
p <∞. We consider the space of sequences f = {f̂(n)}∞n=0 such that

‖f‖p = ‖f‖pβ =
∞∑
n=0

|f̂(n)|pβ(n)p <∞.

The notation f(z) =
∞∑
n=0

f̂(n)zn shall be used whether or not the series

converges for any value of z. These are called formal power series. Let
Hp(β) denotes the space of such formal power series. These are reflexive
Banach spaces with the norm ‖ · ‖β and the dual of Hp(β) is Hq(βp/q)
where 1

p + 1
q = 1 and βp/q = {β(n)p/q}n [16]. Also if

g(z) =

∞∑
n=0

ĝ(n)zn ∈ Hq(βp/q),

then

‖g‖q =
∞∑
n=0

|ĝ(n)|qβ(n)p.

The Hardy, Bergman and Dirichlet spaces can be viewed in this way
when p = 2 and respectively β(n) = 1, β(n) = (n + 1)−1/2 and β(n) =

(n+1)1/2. If lim
n

β(n+1)
β(n) = 1 or lim inf

n
β(n)

1
n = 1, then Hp(β) contains in

the set of functions analytic on the open unit disc U . Let f̂k(n) = δk(n).
So fk(z) = zk and then {fk}k is a basis for Hp(β) such that ‖fk‖ = β(k).
Clearly Mz, the operator of multiplication by z on Hp(β) shifts the basis
{fk}k. The spaces Hp(β) are also called as weighted Hardy spaces. The
set of multipliers

{ψ ∈ Hp(β) : ψHp(β) ⊆ Hp(β)}

is denoted by Hp
∞(β) and the linear operator of multiplication by ψ on

Hp(β) by Mψ.
Let 1 < p < ∞ and 1

p + 1
q = 1, then it has been proved that

Hq(β
p
q ) and Hq(β−1) are norm isomorphic, where β−1 = {β−1(n)}∞n=0

[5, Lemma 2.1]. Hence Hp(β)∗ = Hq(β−1).
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It is convenient and helpful to introduce the notation 〈f, g〉 to stand
for g(f) where f ∈ Hp(β) and g ∈ Hq(β−1) where 1

p + 1
q = 1. Note that

in this case we have

< f, g >=
∞∑
n=0

f̂(n)ĝ(n).

Also, for simplicity we will use ‖ · ‖p and ‖ · ‖q instead of ‖ · ‖Hp(β) and
‖ · ‖Hq(β−1) respectively. For some references on weighted Hardy spaces,
one can see [14-20].

Let X be a Banach space of analytic functions on a bounded plane
domain Ω. Recall that a complex number λ is said to be a bounded point
evaluation on X if the functional of point evaluation at λ, eλ : X → C
defined by eλ(f) = f(λ), is bounded. If X = H is a Hilbert space and eλ
is bounded, then there exists a function kλ ∈ H such that eλ(f) = 〈f, kλ〉
for all f ∈ H and ‖eλ‖ = ‖kλ‖. The function kλ is called the reproducing
kernel at λ. Also, remember that the set of multipliers of X is denoted by
M(X) that consists of functions ψ such that ψX ⊆ X. Each multiplier
ψ induces a multiplication operator Mψ : X → X defined by Mψf = ψf .

A function ϕ that maps Ω into itself induces a composition operator
Cϕ on X defined by Cϕf = f ◦ϕ. Also, if ψ ∈M(X), then the weighted
composition operator Cψ,ϕ : X → X is defined by Cψ,ϕf = ψ.f ◦ ϕ.

2 Main Results

The numerical range of operators has been the focus of attention for sev-
eral decades and many properties of numerical range have been studied.
The numerical range of a bounded operator T on a Hilbert space H is
the set of complex numbers

W (T ) = {〈Th, h〉 : h ∈ H, ‖h‖ = 1}.

Some properties and further developments of the numerical range of a
bounded linear operator on a Hilbert space can be found in [7, 8]. The
concept of numerical range on a Banach space X, have extended by Bauer
and Lumer in [2, 12], that is not necessarily convex, see [3, Example
21.6]. In [4], P. S. Bourdon and J. H. Shapiro worked on the Hardy



4 M.M. Khorami, F. Ershad and B. Yousefi

space H2 of the open unit disc U , and they considered the numerical
ranges of composition operators Cϕ induced by holomorphic self-maps
ϕ of U . Some properties of numerical range of bounded operators acting
on weighted Hardy spaces has been considered in [9, 11, 20]. For maps
ϕ that fix a point of U , they determined precisely when 0 belongs to the
numerical range W of Cϕ. The determination of the numerical range
for two by two matrics, the Toeplitz-Hausdorff Theorem establishing
the convexity of the numerical range for any Hilbert space operator,
and the relationship between the numerical range and the spectrum has
been given by J. H. Shapiro in [13]. In [6], G. Gunatillake, M. Jovovic,
and W. Smith considered the inclusion of zero in the interior of the
numerical range.

In this work we investigate conditions under which the numerical
range of a composition operator contains zero as an interior point, and
the study of extreme points of the numerical range of an operator on
a Banach space has been considered. Also, we represent the necessary
and sufficient conditions for the closedness of the numerical range of a
compact composition operator acting on Banach spaces Hp(β).

We employ the notation W (T ) for the closure of the numerical range
of an operator T and the notation W (T ) for the complex conjugate of the
numerical range of an operator T . Also, we will use the usual notations
σ(T ), σp(T ) and σap(T ) respectively for the spectrum, point spectrum,
and approximate point spectrum of an operator T. Also, we use ext(A)
to denote the set of extreme points of a set A.

Recall that an eigenvalue λ of a bounded linear operator T on a
Hilbert space is called normal if ker(T−λI) = ker(T ∗−λI). It is proved
in [10, Theorem 2] that if λ ∈ ∂W (T ), then λ is a normal eigenvalue of
T .

As usual, H(Ω) denotes the set of analytic functions on the open unit
disc Ω ⊂ C and H∞(Ω) denotes the set of all bounded analytic functions
on Ω. Also, sup{|φ(z)| : z ∈ G} is denoted by ‖φ‖G , where G ⊂ Ω. In
the following by B(z), we mean a ball with center z ∈ C. Also, by a
weighted composition operator Cψ,ϕ on a Banach space X ∈ H(Ω), we
mean automatically that ϕ is a nonconstant mapping from Ω into itself
and ψ ∈M(X).
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Let ψ be defined on an open set Ω ⊂ C. We say that ψ has bound-
ary limit almost somewhere on a set A ⊂ ∂Ω, if for some z0 ∈ A,
limλ∈Ω,λ→z0 ψ(λ) exists finitely (by finitely existence of a limit, we mean
that limit exists with finite absolute value).

Theorem 2.1. Let Cψ,ϕ be bounded on H ⊂ H(Ω), each point of
Ω be a bounded point evaluation, and limλ→∂Ω ‖eλ‖ = ∞. Also, let
there exists a ball B(w0); w0 ∈ ∂Ω such that ϕ(B(w0) ∩ Ω) ⊂ Ω, and
limλ→∂Ω∩B(w0 ) ψ(λ) is finite. If ψ has boundary limit almost somewhere

on ∂Ω ∩B(w0), then 0 ∈ W (Cψ,ϕ). Also, if ϕ has a fixed point u in Ω,
then ψ(u) ∈W (Cψ,ϕ).

Proof. Put V = B(w0) ∩ Ω. Since ψ has boundary limit almost some-
where on V ∩ ∂Ω, there is a z0 ∈ V ∩ ∂Ω so that limλ∈V,λ→z0 ψ(λ) exists
finitely. Now, for λ ∈ V put

ωλ = 〈Cψ,ϕ
kλ
‖kλ‖

,
eλ
‖eλ‖

〉,

where kλ is the reproducing kernel at λ. Then ωλ ∈ W (Cψ,ϕ) and we
have:

ωλ = 〈 kλ
‖kλ‖

, C∗ψ,ϕ
eλ
‖eλ‖

〉

=
1

‖eλ‖2
〈kλ, ψ(λ)eϕ(λ)〉.

Hence we get
|ωλ| ≤ ‖eλ‖−1|ψ(λ)| ‖eϕ(λ)‖.

Note that since ϕ(V ) ⊂ Ω, ϕ is not the identity mapping. Also, we can
find a sequence {λn}n ⊂ V such that limλn→z0 ϕ(λn) exists and is an
element of Ω. Therefore, limλn→z0 eϕ(λn) exists with finite norm (because
each point of Ω is a bounded point evaluation). Since limλn→z0 ‖eλn‖ =
∞, so we get ωλn → 0 as λn → z0. This says that 0 ∈W (Cψ,ϕ).

Now, assume that ϕ has a fixed point u in Ω. By above calculations,
we have

ωu =
1

‖eu‖2
ψ(u)ku(ϕ(u)) = ψ(u).

Hence ψ(u) ∈W (Cψ,ϕ). �
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Theorem 2.2. Let
∑∞

n=0 β(n)−2 = ∞, H2(β) ⊂ H(U), and Cψ,ϕ be
bounded on H2(β). If ψ ∈ C(∂U) and for some z0 ∈ ∂Ω, limλ→z0 ϕ(λ)
exists and not equal to z0, then 0 ∈WCψ,ϕ).

Proof. For λ ∈ U ; λ 6= 0, set

ωλ = 〈Cψ,ϕ
kλ
‖kλ‖

,
eλ
‖eλ‖

〉.

Then we can see that

ωλ =
1

‖eλ‖2
ψ(λ)〈kλ, eϕ(λ)〉

= (

∞∑
n=0

|λ|2n

β(n)2
)−1ψ(λ)

∞∑
n=0

λ̄nϕ(λ)n.

Therefore,

ωλ = (

∞∑
n=0

|λ|2n

β(n)2
)−1ψ(λ) (1− λ̄ϕ(λ))−1.

Now since
∑∞

n=0 β(n)−2 = ∞, ψ ∈ C(∂Ω) and limλ→z0 ϕ(λ) 6= z0, we
get ωλ → 0 as λ→ z0. This implies that 0 ∈WCψ,ϕ). �

Corollary 2.3. Let Cψ,ϕ be bounded on H2 and ψ ∈ C(∂U). If ϕ is not
the identity mapping, then 0 ∈WCψ,ϕ).

Corollary 2.4. Let Cϕ be bounded on H2 and ϕ is not the identity
mapping. Then 0 ∈WCϕ).

Definition 2.5. Suppose that H is a Hilbert space of analytic functions
on the open unit disc U and ψ is a multiplier of H. A nonconstant
holomorphic self map ϕ of U is called a ψ−generator of H, if the set of
multiplication by ψ to all polynomials in ϕ, is dense in H. In the special
case of ψ = 1, we call ϕ a generator of H.
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Theorem 2.6. Let H be a Hilbert space of analytic functions on U such
that the set of polynomials is dense in H. If ϕ is not a ψ−generator of
H and Cψ,ϕ is bounded on H, then 0 ∈ int W (Cψ,ϕ).

Proof. Since ϕ is not a ψ−generator ofH, the set {ψ.p◦ϕ : p is a poly.}
is not dense in H. But ran Cψ,ϕ is equal to the closure of the set
{ψ.p ◦ ϕ : p is a poly.}, hence ran Cψ,ϕ 6= H. This implies that

kerC∗ψ,ϕ = (ran Cψ,ϕ)⊥ 6= 0.

So 0 is an eigenvalue of C∗ψ,ϕ but not a normal eigenvalue, because Cψ,ϕ
is one-to-one. Hence 0 does not belong to the boundary of W (C∗ψ,ϕ).
Since 0 ∈ σp(C

∗
ψ,ϕ) ⊆ W (C∗ψ,ϕ), 0 should be belong to the interior of

W (C∗ψ,ϕ). But W (C∗ψ,ϕ) is equal to the conjugate of the set W (Cψ,ϕ),
hence 0 ∈ int W (Cψ,ϕ) and this completes the proof. �

Corollary 2.7. Let ϕ be not a ψ−generator of H2(β) and H2(β) ⊂
H(U). If Cψ,ϕ is bounded on H2(β), then 0 ∈ int W (Cψ,ϕ).

Corollary 2.8. Let ϕ be a nonconstant holomorphic self map of U that
is not a generator of H2(β) and let Cϕ be bounded on H2(β). Then
0 ∈ int W (Cϕ).

Theorem 2.9. Let H be a Hilbert space such that H ⊂ H(U), each
point of U is a bounded point evaluation, and the set of polynomials is
dense in H. If Cψ,ϕ is bounded on H and ψ has a zero in U or ϕ is not
one-to-one, then ϕ is not a ψ−generator of H.

Proof. Clearly Cψ,ϕ is injective. Suppose that ψ(z0) = 0, z0 ∈ U0. Put

Mz0 = {f ∈ H : f(z0) = 0},

and note that Mz0 is a closed subspace of H that is nontrivial, since
1 6∈ Mz0 . But polynomials are dense in H, hence Mz0 is equal to the
closure of {p : p is a poly. and p(z0) = 0}. Since ran Cψ,ϕ ⊂ Mz0 , ϕ
can not be a ψ−generator of H.

Now, if ϕ is not one-to-one, there exists distinct points z1, z2 in U
satisfying ϕ(z1) = ϕ(z2). If ψ(z1) = 0 or ψ(z2) = 0, then by the first
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case ϕ is not a ψ−generator of H. Else, let ψ(zi) = 0 for i = 1, 2 and
note that

C∗ψ,ϕ(ψ(z1)ez2 − ψ(z2)ez1) = ψ(z1) ψ(z2)eϕ(z2) − ψ(z2) ψ(z1)eϕ(z1) = 0.

Thus
ψ(z1)ez2 − ψ(z2)ez1 ∈ ker(C∗ψ,ϕ)

and so ker(C∗ψ,ϕ) 6= 0. This implies that ran Cψ,ϕ 6= H and so {ψ.p ◦
ϕ : p = poly.} can not be dense in H. Hence ϕ is not a ψ−generator
of H �

Corollary 2.10. Under the conditions of Theorem 2.9, 0 ∈ int W (Cψ,ϕ).

Corollary 2.11. Let lim inf β(n)
1
n = 1 and Cψ,ϕ be bounded on H2(β).

If ψ has a zero in U or ϕ is not one-to-one, then ϕ is not a ψ−generator
of H2(β), and so 0 ∈ int W (Cψ,ϕ).

Corollary 2.12. Let ϕ be a nonconstant holomorphic self map of U and
Cϕ be bounded on H2(β). If ϕ is not injective, then 0 ∈ int W (Cϕ).

Now we use a definition of numerical range of an operator acting on
Banach spaces which extends the earlier definition of numerical range of
an operator acting Hilbert spaces.

Definition 2.13. Let X be an infinite dimensional reflexive Banach
space and T belongs to B(X) (the set of all bounded linear operators on
X). The numerical range of T is defined by W (T ) = co(V (T )) where
co(V (T )) is the convex hull of V (T ) that is defined as follows:

V (T ) = {x∗(T (x)) : x ∈ X,x∗ ∈ X∗; ‖x‖ = ‖x∗‖ = x∗(x) = 1}.

Under Definition 2.13, we extend Theorem 1 of [1] that was stated
only for Hilbert spaces.

Theorem 2.14. Let X be an infinite dimensional reflexive Banach space
and T ∈ B(X) be compact. Then
(i) W (T ) is closed if and only if 0 ∈W (T ).
(ii) If 0 /∈ W (T ), then 0 ∈ ext(W (T )) and so W (T )\W (T ) consists at
most of line segments in ∂W (T ) which contain 0 but no other extreme
point of W (T ).
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Proof. Note that if β ∈ V (T ) and β 6= 0, then by Theorem 3.1 in [11],
there exists 0 < α ≤ 1 such that αβ ∈ V (T ). So β ∈ (0, α−1β].
(i) Note that 0 ∈ σ(T ) ⊂ W (T ). Now if W (T ) is closed, then clearly
0 ∈ W (T ). Conversely, if 0 ∈ W (T ), then by the convexity of W (T ),
we get β ∈ W (T ) whenever β ∈ V (T ). Thus V (T ) ⊂ W (T ) and so we
obtain

W (T ) = coV (T ) ⊂W (T ).

This implies that W (T ) is closed.

(ii) First we show that every nonzero extreme point of W (T ) belongs to
W (T ). Let β ∈ ext(W (T )). If β 6= 0, then as we saw earlier β ∈ (0, cβ]
for some c ≥ 1 (since β ∈ W (T )). Thus it should be β = cβ which
implies that c = 1 and so β ∈W (T ).

Now, note that if 0 ∈ W (T )\W (T ), then it should be 0 ∈ ∂W (T ).
If there exists a line segment [z1, z2] ⊂ ∂W (T ) such that 0 ∈ (z1, z2)
and also [z1, z2] ∩W (T ) has two extreme points z1 and z2, then as we
saw it should be z1, z2 belongs to W (T ). Now by the convexity of
W (T ), we get 0 ∈ W (T ) that is a contradiction. So if 0 /∈ W (T ), then
0 ∈ ext(W (T )). Also, note that if 0 /∈ W (T ) and if there is not a
line segment I containing 0 such that I ⊂ ∂W (T ), then every point in
∂W (T )\{0} should be an extreme point of the intersection of W (T ) with
a ray from 0. Hence W (T )\W (T ) = {0} and so the proof is complete.
�

Corollary 2.15. Let X be a Banach space and T ∈ B(X) be compact.
If X is not separable, then W (T ) is closed.

Proof. Since T is compact, ran(T ) is separable. Now if 0 /∈ σp(T
∗),

then ran(T ) is dense in X that is a contradiction. Thus

0 ∈ σp(T ∗) ⊂W (T ∗) = W (T )

and so 0 ∈W (T ). Now by Theorem 2.14 (i), W (T ) is closed. �
Now we investigate the numerical range of an operator acting on

Banach weighted Hardy spaces Hp(β), p > 1. We will use the facts that

ew(z) =

∞∑
n=0

w̄nzn ∈ Hq(β−1)
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and

‖ew‖q =

∞∑
n=0

|w|nq

β(n)q
<∞

for all w in {z : |z| < r} where r = lim inf
n

β(n)
1
n and 1

p + 1
q = 1. Thus w

is a bounded point evaluation on Hp(β) if and only if {wn/β(n)} ∈ `q.
In the rest of the paper we suppose that lim inf

n
β(n)

1
n = 1, so

Hp(β) ⊂ H(U) where U is the open unit disc in the complex plane. In
the following proposition, the structure of V(T) of an operator T acting
on Hp(β) has been characterized (see also [9]). This enables calculations
in W (T ) to be simpler.

Theorem 2.16. Let 1 < p < ∞, 1
p + 1

q = 1 and T be a bounded

linear operator on Hp(β). Then V (T ) = {〈Tf, f∗〉 : f =
∞∑
n=0

f̂(n)zn ∈

Hp(β) and ‖f‖p = 1} where f∗(z) =
∞∑
n=0

f̂∗(n)zn satisfies f̂∗(n) = 0

whenever f̂(n) = 0, and else f̂∗(n) = f̂(n)|f̂(n)|
p
q
−1
β(n)p.

Proof. Clearly if f ∈ Hp(β), then f∗ ∈ Hq(β−1) and we have ‖f∗‖qq =
‖f‖pp = 〈f, f∗〉. Now, let h ∈ Hp(β−1) be such that ‖h‖q = ‖f‖p =
〈f, h〉 = 1. Hence, we can see that

∞∑
n=0

[(|f̂(n)|β(n))(|ĥ(n)|β(n)−1)] = ‖f‖p ‖h‖q = 1.

Since equality holds in the Holder inequality (for complex series), it
is easy to see that |f̂(n)|pβ(n)p = |ĥ(n)|qβ(n)−q and f̂(n)|ĥ(n)| =
ĥ(n)|f̂(n)| for all n. If f̂(n) 6= 0, we obtain

ĥ(n) = f̂(n)|f̂(n)|−1|f̂(n)|
p
q β(n)

p
q

+1
= f̂∗(n).

This completes the proof. �

Theorem 2.17. Let 1 < p < ∞, 1
p + 1

q = 1 and T be a bounded

linear operator on Hp(β). Then V (T ) = {〈T (∗g), g〉 : g =
∞∑
n=0

ĝ(n)zn ∈
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Hq(β−1) and ‖g‖q = 1} where ∗g(z) =
∞∑
n=0

∗̂g(n)zn satisfies ∗̂g(n) = 0

whenever ĝ(n) = 0, and else ∗̂g(n) = ĝ(n)|ĝ(n)|
q
p
−1
β(n)−q.

Proof. If g(z) =
∞∑
n=0

ĝ(n)zn ∈ Hq(β−1), we have

∗g ∈ Hp(β) ; ‖∗g‖pp = ‖g‖qq =<∗ g, g > ; ∗(cg) = c
q
p (∗g).

By the same method used in Theorem 2.17, we can complete the proof.
�

Remark 2.18. In [11, Theorem 3.1], it has been proved that if T is a
compact operator on a reflexive Banach space X, then

(∗) V (T ) ⊆ {cα : 0 ≤ c ≤ 1, α ∈ V (T )}.

So if α ∈ V (T ), then there exists a sequence {x∗n(Txn)}n in V (T ) con-
verges to α and ‖x∗n‖ = ‖xn‖ = x∗n(xn) = 1. For the special case
X = Hp(β), by Theorem 2.16, x∗n has a certain construction depending

on xn, i.e., if xn =
∞∑
m=0

x̂n(m)zm ∈ Hp(β), then

x∗n(z) =

∞∑
m=0

x̂n(m)|x̂n(m)|
p
q
−1
β(m)pzm.

This makes that (in the case X = Hp(β)) the proof of (∗) to be easier
than the one has been came in [11]. The idea behind the definitions of
f∗ and ∗g (where f ∈ Hp(β), g ∈ Hq(β−1)) is related to the article
[20]. Of course, I must point out that a condition of convexity had to
be considered in Corollary 6 of [20], since for an operator T acting on a
Banach space, V (T ) is not necessarily convex.

Corollary 2.19. Let T be a compact operator on Hp(β) and β ∈W (T ).
Then β = cα, where α ∈W (T ) and |c| = 1.

Note that Theorem 3.3 and Corollary 3.4 in [11] have been proved
only for composition operators. In the following theorem, we state sim-
ilar results for weighted composition operators.
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Theorem 2.20. Let 1
p + 1

q = 1,
∑∞

n=0 β(n)−q = ∞, Hp(β) ⊂ H(U),
and Cψ,ϕ be bounded on Hp(β). If ψ ∈ C(∂Ω) and for some z0 ∈ ∂Ω,
limλ→z0

∗eλ(ϕ(λ)) exists finitely, then 0 ∈ V (Cψ,ϕ) ⊂WCψ,ϕ).

Proof. For λ ∈ U , λ 6= 0, set

ωλ = 〈Cψ,ϕ
∗eλ
‖∗eλ‖

,
eλ
‖eλ‖

〉.

Note that (∗eλ)∗ = eλ, ‖∗eλ‖‖eλ‖ = ‖eλ‖q and 〈∗eλ, eλ〉 = ‖eλ‖−q. Thus
by 2.17, ωλ ∈ V (Cψ,ϕ). Now, we can see that ωλ = ψ(λ)‖eλ‖−q ∗eλ(ϕ(λ))
tends to 0 as λ→ z0 and so the proof is complete. �

Acknowledgements
The authors would like to thank the referees for helpful suggestions and
other valuable remarks.

References

[1] G. D. Barra, J. R. Giles, and B. Sims, On the numerical range of
compact operators on Hilbert spaces, J. London Math. Soc., 2 (5)
(1972), 704-706.

[2] F. L. Bauer, On the field of values subordinate to a norm, Numer.
Math., 4 (1962), 103-111.

[3] F. F. Bonsall and J. Duncan, Numerical Ranges II, London Math.
Soc. Lecture Note Series 10, Cambridge, 1973.

[4] P. S. Bourdon and J. H. Shapiro, When is zero in the numerical
range of a composition operators?, Integer. Equ. Oper. Theory, 44
(2002), 410-441.

[5] Z. Fattahi Vanani, A. I. Kashkooly and B. Yousefi, Fixed points
and compact weighted composition operators on Banach weighted
Hardy spaces, Fixed Point Theory, 19 (1) (2018), 421-432.

[6] G. Gunatillake, M. Jovovic, and W. Smith, Numerical ranges of
weighted composition operators, J. Math. Anal. Appl., 413 (1)
(2014), 458-475.



On the Numerical Range of some Bounded Operators 13

[7] K. E. Gustafson and D. K. M. Rao, Numerical Range, the Field
of Values of Linear Operators and Matrices, Springer-Verlag, New
York, 1997.

[8] P. Halmos, A Hilbert Space Problem Book, Van Nostrand, New
York, 1967.

[9] M. T. Heidari, Numerical range on weighted Hardy spaces as semi
inner product spaces, An. St. Univ. Ovidius Constanta, 25 (1)
(2017), 87-92.

[10] S. Hildebrandt, Uber den numerischen wertebereich eines operators,
Math. Ann., 163 (1966), 230-247.

[11] K. Jahedi and B. Yousefi, Numerical range of operators acting
on Banach spaces, Czechoslovak Mathematical Journal., 62 (137)
(2012), 495-503.

[12] G. Lumer, Semi-inner product spaces, Trans. Amer. Math. Soc.,
100 (1961), 29-43.

[13] J. H. Shapiro, Notes on the numerical range, http://www. math.
msu. edu /−shapiro /pubrit /downloads /numrange notes /numer-
icalnotes. pdf., (2003).

[14] A. L. Sheilds, Weighted shift operators and analytic function theory,
Math. Survay, Amer. Math. Soc. Providence, 13 (1974), 49-128.

[15] B. Yousefi, Unicellurarity of the multiplication operator on Banach
spaces of formal power series, Studia Mathematica, 147 (2001), 201-
209.

[16] B. Yousefi, Bounded analytic structure of the Banach space of for-
mal power series, Rendiconti Del Circolo Matematico Di Palermo,
51 (2002), 403-410.

[17] B. Yousefi and S. Jahedi, Composition operators on Banach space of
formal power series, Bolletino Della Uinone Mathematica Italiana,
(8) 6-B (2003), 481-487.



14 M.M. Khorami, F. Ershad and B. Yousefi

[18] B. Yousefi, Strictly cyclic algebra of operators acting on Banach
spaces Hp(β), Czechoslovak Mathematical Journal, 54 (129) (2004),
261-266.

[19] B. Yousefi, On the eighteenth question of Allen Shields, Interna-
tional Journal of Mathematics, 16 (1) (2005), 37-42.

[20] B. Yousefi and S. Haghkhah, Numerical range of composition op-
erators acting on weighted Hardy spaces, Int. J. Contemp. Math.
Sciences, 2 (27) (2007), 1341-1346.

Mohammad Morad Khorami
Department of Mathematics
Ph.D Student of Mathematics
Payame Noor University
P.O. Box 19395-3697, Tehran, Iran

E-mail: m62−khorami@yahoo.com

Fariba Ershad
Department of Mathematics
Assistant Professor of Mathematics
Payame Noor University
P.O. Box 19395-3697, Tehran, Iran

E-mail: fershad@pnu.ac.ir

Bahmann Yousefi
Department of Mathematics
Professor of Mathematics
Payame Noor University
P.O. Box 19395-3697, Tehran, Iran

E-mail: b−yousefi@pnu.ac.ir


	1 Introduction
	2  Main Results
	References

