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1 Introduction

Let {8(n)} be a sequence of positive numbers with 3(0) =1 and 1 <
p < oo. We consider the space of sequences f = {f(n)}>2, such that

Hpr—HfH”—Df )PB(n)P <

The notation f(z) = E f(n)z" shall be used whether or not the series

converges for any value of z. These are called formal power series. Let
HP(3) denotes the space of such formal power series. These are reflexive
Banach spaces with the norm || - || and the dual of HP(3) is HY(3P/9)
where % + % =1 and BP/7 = {B(n)?/},, [16]. Also if

Zg e HY Bp/q)

then
o
lgllt =3 5(n) 9B (n)?
n=0

The Hardy, Bergman and Dirichlet spaces can be viewed in this way
when p = 2 and respectively f(n) = 1, B( )= (n+1)""% and B(n) =

(n+1)Y2. If hm (T')U =1 or lim mfﬁ( )n =1, then HP(f3) contains in

the set of functlons analytic on the open unit disc U. Let fi(n) = 6 (n).
So fx(z) = 2* and then {fi} is a basis for H”($3) such that || fx|| = B(k).
Clearly M., the operator of multiplication by z on HP() shifts the basis
{fx}x. The spaces HP(f3) are also called as weighted Hardy spaces. The
set of multipliers

{ e H"(B): vHP(B) € HP(B)}

is denoted by HE () and the linear operator of multiplication by 1 on
HP(B) by My.

Let 1 < p < oo and %—i— % = 1, then it has been proved that
Hq(ﬁg) and HY(B71) are norm isomorphic, where 3= = {871(n)}>,
[5, Lemma 2.1]. Hence HP(8)* = HI(571).
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It is convenient and helpful to introduce the notation (f, g) to stand
for g(f) where f € HP(3) and g € HY(5~!) where %—l—% = 1. Note that
in this case we have

< fg>=>_fn)iMn).

n=0

Also, for simplicity we will use [ - ||, and || - || instead of || - || z»(5) and
| - | ra(5-1) Tespectively. For some references on weighted Hardy spaces,
one can see [14-20].

Let X be a Banach space of analytic functions on a bounded plane
domain 2. Recall that a complex number A is said to be a bounded point
evaluation on X if the functional of point evaluation at A,ey : X — C
defined by ex(f) = f(\), is bounded. If X = H is a Hilbert space and e,
is bounded, then there exists a function k) € H such that ex(f) = (f, kx)
for all f € ‘H and ||e)|| = ||kxr||. The function k, is called the reproducing
kernel at A. Also, remember that the set of multipliers of X is denoted by
M(X) that consists of functions 1 such that ¥»X C X. Each multiplier
1 induces a multiplication operator My, : X — X defined by My f = ¢ f.

A function ¢ that maps €2 into itself induces a composition operator
C, on X defined by Cy, f = fog. Also, if € M(X), then the weighted
composition operator Cy , : X — X is defined by Cy, . f =1.f o .

2  Main Results

The numerical range of operators has been the focus of attention for sev-
eral decades and many properties of numerical range have been studied.
The numerical range of a bounded operator T on a Hilbert space H is
the set of complex numbers

W(T) = {(Th,h) : h € H,|[h]| = 1}.

Some properties and further developments of the numerical range of a
bounded linear operator on a Hilbert space can be found in [7, 8]. The
concept of numerical range on a Banach space X, have extended by Bauer
and Lumer in [2, 12], that is not necessarily convex, see [3, Example
21.6]. In [4], P. S. Bourdon and J. H. Shapiro worked on the Hardy
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space H? of the open unit disc U, and they considered the numerical
ranges of composition operators C,, induced by holomorphic self-maps
o of U. Some properties of numerical range of bounded operators acting
on weighted Hardy spaces has been considered in [9, 11, 20]. For maps
 that fix a point of U, they determined precisely when 0 belongs to the
numerical range W of C,. The determination of the numerical range
for two by two matrics, the Toeplitz-Hausdorff Theorem establishing
the convexity of the numerical range for any Hilbert space operator,
and the relationship between the numerical range and the spectrum has
been given by J. H. Shapiro in [13]. In [6], G. Gunatillake, M. Jovovic,
and W. Smith considered the inclusion of zero in the interior of the
numerical range.

In this work we investigate conditions under which the numerical
range of a composition operator contains zero as an interior point, and
the study of extreme points of the numerical range of an operator on
a Banach space has been considered. Also, we represent the necessary
and sufficient conditions for the closedness of the numerical range of a
compact composition operator acting on Banach spaces HP([3).

We employ the notation W (T') for the closure of the numerical range
of an operator T" and the notation W (T') for the complex conjugate of the
numerical range of an operator 1. Also, we will use the usual notations
o(T),0,(T) and oqy(T") respectively for the spectrum, point spectrum,
and approximate point spectrum of an operator T. Also, we use ext(A)
to denote the set of extreme points of a set A.

Recall that an eigenvalue A of a bounded linear operator 7" on a
Hilbert space is called normal if ker (T —\I) = ker(T* —XI). It is proved
in [10, Theorem 2] that if A € W (T'), then A is a normal eigenvalue of
T.

As usual, H(2) denotes the set of analytic functions on the open unit
disc 2 C C and H>(2) denotes the set of all bounded analytic functions
on Q. Also, sup{|¢(2)| : z € G} is denoted by ||¢||,, where G C Q. In
the following by B(z), we mean a ball with center z € C. Also, by a
weighted composition operator Cy , on a Banach space X € H(2), we
mean automatically that ¢ is a nonconstant mapping from €2 into itself

and 1 € M(X).
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Let ¥ be defined on an open set {2 C C. We say that ¢ has bound-
ary limit almost somewhere on a set A C 91, if for some zg € A,
limyco r—z ¥(A) exists finitely (by finitely existence of a limit, we mean
that limit exists with finite absolute value).

Theorem 2.1. Let Cy be bounded on H C H(K), each point of
Q be a bounded point evaluation, and limy_,sq |lex]] = oo. Also, let
there exists a ball B(wo); w, € 0Q such that o(B(w,) N Q) C Q, and
limAﬁagmB(wo) Y(A) is finite. If 1 has boundary limit almost somewhere
on 00N B(w,), then 0 € W(Cy ). Also, if ¢ has a fized point u in €,
then Y(u) € W(Cy ).

Proof. Put V = B(w,) N . Since ¢ has boundary limit almost some-

where on V' N0, there is a zg € VNN so that limyey a—z, () exists

finitely. Now, for A € V put

kx e
I’

= (O N
2 = Gl Teal”

where k) is the reproducing kernel at A\. Then wy € W(Cy, ) and we
have:

kx « €\
wy = ,C
S TR )
1 _
= e b (Vewn).
||€/\H2< A ¢( ) <p()\)>

Hence we get
Jwrl < llell W] Tlep -

Note that since (V') C Q, ¢ is not the identity mapping. Also, we can
find a sequence {\,}, C V such that limy, ., ©()\,) exists and is an
element of Q2. Therefore, lim), ., €,(»,,) €xists with finite norm (because
each point of  is a bounded point evaluation). Since limy, ., |lex, || =
00, so we get wy, — 0 as A, — zo. This says that 0 € W(Cy ).

Now, assume that ¢ has a fixed point u in 2. By above calculations,
we have

wu = ww<u>ku<¢<u>> — ().
Hence 9(u) € W(Cy,). O
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Theorem 2.2. Let Y o 3(n)™2 = oo, H*(8) C H(U), and Cy, be
bounded on H?(B). If ¢» € C(OU) and for some 2y € 0L, limy_,., ©(\)
exists and not equal to zy, then 0 € WCly ).

Proof. For A € U; A # 0, set

kx  ex
wy = (Ot Xy,
Cos Tl Teal

Then we can see that

wy = He ng( )<k)\76g0()\)>

’)\’271 - An
Z M (A) D AN
n=0

Therefore,

IAIQ” 3 -1
Z ) (T=2p(N)

Now since > o2, 3(n)™2 = oo, ¢ € C(99) and limy_,,, p(\) # 29, we
get wy — 0 as A — zg. This implies that 0 € WC’WD). O

Corollary 2.3. Let Cy , be bounded on H? and v € C(8U). If ¢ is not
the identity mapping, then 0 € WC’W/)).

Corollary 2.4. Let C, be bounded on H? and ¢ is not the identity
mapping. Then 0 € WCl,).

Definition 2.5. Suppose that H is a Hilbert space of analytic functions
on the open unit disc U and v is a multiplier of H. A nonconstant
holomorphic self map ¢ of U is called a ¥—generator of H, if the set of
multiplication by ¢ to all polynomials in @, is dense in H. In the special
case of Y =1, we call ¢ a generator of H.
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Theorem 2.6. Let H be a Hilbert space of analytic functions on U such
that the set of polynomials is dense in H. If © is not a Y—generator of
H and Cy , is bounded on H, then 0 € int W(Cly,,).

Proof. Since ¢ is not a )—generator of H, the set {¢).pop : pisapoly.}
is not dense in H. But ran Cy, is equal to the closure of the set
{th.poy: pisapoly.}, hence ran Cy , # H. This implies that

kerCy, , = (ran Cy, o)t #0.

So 0 is an eigenvalue of C* - but not a normal eigenvalue, because Cy, ,,
is one-to-one. Hence 0 does not belong to the boundary of W(C¢ g7)
Since 0 € 0,(Cy, ,) € W(Cy, ), 0 should be belong to the interior of
w(cCy, ). But W(C’Z,‘W) is eciual to the conjugate of the set W(Cy ),
hence 0 € int W(Cy,,) and this completes the proof. [0

Corollary 2.7. Let ¢ be not a —generator of H*(B) and H?*(B) C
H(U). If Cy., is bounded on H?(B), then 0 € int W(Cy,,).

Corollary 2.8. Let ¢ be a nonconstant holomorphic self map of U that
is not a generator of H*(B) and let C, be bounded on H?*(B). Then
0 € int W(C,).

Theorem 2.9. Let H be a Hilbert space such that H C H(U), each
point of U is a bounded point evaluation, and the set of polynomials is
dense in H. If Cy., is bounded on H and v has a zero in U or ¢ is not
one-to-one, then ¢ is not a Y—generator of H.

Proof. Clearly Cy , is injective. Suppose that 1(z9) =0, zo € Up. Put

My ={feM: f(z0) =0},

and note that M, is a closed subspace of H that is nontrivial, since
1 & M,,. But polynomials are dense in H, hence M., is equal to the
closure of {p : p is a poly. and p(zp) = 0}. Since ran Cy, C M, ¢
can not be a 1p—generator of H.

Now, if ¢ is not one-to-one, there exists distinct points z1, zo in U
satisfying ¢(z1) = p(22). If ¥(21) = 0 or ¥(z2) = 0, then by the first
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case p is not a 1p—generator of H. Else, let 1(z;) = 0 for i = 1,2 and
note that

Cup(W(21)ez, —P(22)ez) = (21) Y(22)ep(zy) — P(22) Y(21)ey) = 0.
Thus

¢(21)6z2 - w(22)621 € keT(C;Z,@)

and so ker(C’l’ZW) # 0. This implies that ran Cy , # H and so {1).p o
¢ : p=poly.} can not be dense in H. Hence ¢ is not a 1)—generator
of H O

Corollary 2.10. Under the conditions of Theorem 2.9, 0 € int W (Cly ).

Corollary 2.11. Let lim infﬁ(n)% =1 and Cy , be bounded on H?(J3).
If ¢ has a zero in U or ¢ is not one-to-one, then ¢ is not a —generator
of H*(B), and s0 0 € int W(Cy.,).

Corollary 2.12. Let ¢ be a nonconstant holomorphic self map of U and
C, be bounded on H*(B). If ¢ is not injective, then 0 € int W(C,).

Now we use a definition of numerical range of an operator acting on
Banach spaces which extends the earlier definition of numerical range of
an operator acting Hilbert spaces.

Definition 2.13. Let X be an infinite dimensional reflexive Banach
space and T belongs to B(X) (the set of all bounded linear operators on
X ). The numerical range of T is defined by W (T) = co(V(T)) where
co(V(T)) is the convex hull of V(T') that is defined as follows:

V(T) ={2"(T(x)) : z € X,2" € X5 [|lz|| = [|l=7|| = 2"(2) = 1}.

Under Definition 2.13, we extend Theorem 1 of [1] that was stated
only for Hilbert spaces.

Theorem 2.14. Let X be an infinite dimensional reflexive Banach space
and T € B(X) be compact. Then

(i) W(T) is closed if and only if 0 € W(T).

(ii) If 0 ¢ W(T), then 0 € ext(W(T)) and so W(T)\W (T) consists at
most of line segments in OW (T') which contain 0 but no other extreme
point of W (T).
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Proof. Note that if 3 € V(T) and 8 # 0, then by Theorem 3.1 in [11],
there exists 0 < o < 1 such that a3 € V(T). So 8 € (0,a'4].
(i) Note that 0 € o(T) C W(T). Now if W(T) is closed, then clearly
0 € W(T). Conversely, if 0 € W(T), then by the convexity of W(T),
we get 3 € W(T) whenever 3 € V(T). Thus V(T) C W(T) and so we
obtain

W(T) = coV(T) Cc W(T).

This implies that W (T') is closed.

(ii) First we show that every nonzero extreme point of W (T') belongs to
W(T). Let 8 € ext(W(T)). If B # 0, then as we saw earlier 3 € (0, ¢/
for some ¢ > 1 (since 3 € W(T)). Thus it should be 8 = ¢S which
implies that ¢ = 1 and so g € W(T).

Now, note that if 0 € W(T)\W (T, then it should be 0 € OW (T).
If there exists a line segment [z, z2] C OW(T) such that 0 € (21, 22)
and also [z1, 29] N W(T') has two extreme points z; and 23, then as we
saw it should be 21, zo belongs to W(T'). Now by the convexity of
W(T), we get 0 € W(T') that is a contradiction. So if 0 ¢ W (T"), then
0 € ext(W(T)). Also, note that if 0 ¢ W(T) and if there is not a
line segment I containing 0 such that I C OW(T'), then every point in
OW (T)\{0} should be an extreme point of the intersection of W (T') with
a ray from 0. Hence W (T)\W (T') = {0} and so the proof is complete.

g

Corollary 2.15. Let X be a Banach space and T € B(X) be compact.
If X is not separable, then W (T) is closed.

Proof. Since T is compact, ran(T) is separable. Now if 0 ¢ o,(T™),
then ran(T') is dense in X that is a contradiction. Thus

0 € 0, (T%) C W(T*) = W(T)

and so 0 € W(T'). Now by Theorem 2.14 (i), W(T) is closed. O
Now we investigate the numerical range of an operator acting on
Banach weighted Hardy spaces HP(3), p > 1. We will use the facts that

ew(z) = iu_)”z" e HY(p™
n=0
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and

IwI”q
lewll* = Z

for all win {2 : |z| < r} where r = liminfﬁ(n)% and %—i—% =1. Thus w
n
is a bounded point evaluation on HP(3) if and only if {w"/B(n)} € (4.
In the rest of the paper we suppose that liminfﬁ(n)% =1, so
n

HP() € H(U) where U is the open unit disc in the complex plane. In
the following proposition, the structure of V(T) of an operator T" acting
on HP() has been characterized (see also [9]). This enables calculations
in W(T') to be simpler.

Theorem 2.16. Let 1 < p < oo, =+ = = 1 and T be a bounded

1

{rsry: f= goﬂn)z" €

HP(B) and || f|l, = 1} where f*(z) = i *(n)z" satisfies f*(n) =0
Fmle By

Proof. Clearly if f € HP(B), then f* € H4(3~!) and we have ||f*|| =
IfII5 = (f, f*). Now, let h € HP(B71) be such that ||hll, = ||fll, =
(f,h) = 1. Hence, we can see that

1
p
linear operator on HP([3). Then V(T') =

whenever f(n) =0, and else f*( )= ( )

Y 1UF 1B (1A B) ] = (£l 1]l = 1.

n=0

Since equality holds in the Holder inequality (for complex series), it
is easy to see that [f(n)[PB(n)? = |h(n)|?78(n)~7 and f(n)h(n)| =
h(n)|f(n)| for all n. If f(n) # 0, we obtain

~ ~ A —1. A P P ~

() = Fol o)l 1 mIE 8T = ().
This completes the proof. [
= 1 and T be a bounded
T(9).0): 9= 3 in)" ¢

Theorem 2.17. Let 1 < p < o0, = +

Q=

1
p
linear operator on HP(B). Then V(T) ={

—~
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HY(B™1) and ||g|l, = 1} where *g(z) = 3 *g(n)z" satisfies *g(n) = 0
n=0

whenever §(n) = 0, and else *g(n) = Q(n)|§(n)\%_lﬁ(n)_q.

Proof. If g(2) = Y g(n)z" € HI(B™!), we have
n=0

q
g€ HP(B) 5 I"gllb = llglli =<"g,9 > ;5 “(cg) =cr("g).

By the same method used in Theorem 2.17, we can complete the proof.
O

Remark 2.18. In [11, Theorem 3.1], it has been proved that if T is a
compact operator on a reflexive Banach space X, then

(%) V(T)C{eca:0<c<1l,acV(T)}

So if a € V(T), then there exists a sequence {z(Tz,)}, in V(T) con-

verges to a and ||z}| = ||l@n|| = z)(z,) = 1. For the special case

X = HP(B), by Theorem 2.16, z, has a certain construction depending
oo

on Ty, ie., if z, = Y #,(m)z™ € HP(B), then

m=0

1 B(m)P2m

zh(2) = Y du(m)|zn(m)

m=0

This makes that (in the case X = HP()) the proof of (x) to be easier
than the one has been came in [11]. The idea behind the definitions of
f* and *g (where f € HP(B), g € HY(B7')) is related to the article
[20]. Of course, I must point out that a condition of convexity had to
be considered in Corollary 6 of [20], since for an operator 7" acting on a
Banach space, V(T') is not necessarily convex.

Corollary 2.19. Let T be a compact operator on HP(B3) and 3 € W(T).
Then 8 = ca, where « € W(T') and |c| = 1.

Note that Theorem 3.3 and Corollary 3.4 in [11] have been proved
only for composition operators. In the following theorem, we state sim-
ilar results for weighted composition operators.



12

M.M. Khorami, F. Ershad and B. Yousefi

Theorem 2.20. Let ]% +% =1, 32 ,8(n)"% =00, H(B) C H(U),
and Cy , be bounded on HP(B). If b € C(09Q) and for some zy € 0L,
limy ., *ex(p(N)) exists finitely, then 0 € V(Cy.») C WCy, ).

Proof. For A € U, XA # 0, set

fex e

wy = (Cp 2 Ay,
CoeTrerl Teal

Note that (*ex)* = ex, [[*exllllexll = [lexl|” and (*ex, ex) = [lex]| 7. Thus
by 2.17, wy € V(Cy,,). Now, we can see that wy = 1p(N)|[ex]| "7 *ex(p(N))
tends to 0 as A — zg and so the proof is complete. O
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