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Abstract. In the present world, there are many two-stage systems
which provide information of inputs, outputs and intermediate measures
which are imprecise, such as, (stochastic, fuzzy, interval etc). In these
conditions, a two-stage data envelopment analysis or a (two-stage DEA
method) cannot evaluate the efficiencies of these systems. In several
two-stage systems, the simultaneous presence of stages is necessary for
the final product. Hence, in this paper, we shall propose the stochas-
tic multiplicative model and the deterministic equivalent, to measure
the efficiencies of these systems, primarily, in the presence of stochastic
data, under the constant returns to scale (CRS) assumption, by using
the non-compensatory property of the multiplication operator.Then, we
will use the reparative property of the additive operation to propose the
additive models as well as the deterministic equivalents, to calculate the
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efficiencies of two-stage systems, in presence of stochastic data, under
the constant returns to scale (CRS) and variable returns to scale (VRS)
assumptions. This is to illustrate that a simultaneous presence of the
stages is not necessary for the final product and one stage compen-
sates the shortcomings of another stage. Likewise, we shall convert
each of these deterministic equivalents to quadratic programming prob-
lems. Based on the proposed stochastic models, the whole system is
efficient if and only if, the first and the second stages are efficient. Ul-
timately, in the proposed multiplicative model, we will illustrate the
proposed multiplicative model, by employing the data of the Taiwanese
non-life insurance companies, which has been extracted from the extant
literature.

Keywords and Phrases: Data Envelopment Analysis, Efficiency, Two
stage system, Stochastic Data, Multiplier Form, Additive Form.

1 Introduction

DEA is a non-parametric mathematical approach that evaluates the effi-
ciency and the performance of decision making units (DMUs). Initially,
DEA was presented by Charnes, Cooper, and Rhodes their first pro-
posed model was called CCR [2]. Then onwards, many models have
been proposed, that measure the efficiency of DMUs, by considering
DMUs, as ‘black box systems. In variety of applications, data may
not be precise such as, stochastic data. Stochastic DEA (SDEA) was
presented, so as to measure the efficiency of black box systems in the
presence of stochastic data, by extending the classical DEA. In this field,
some researchers rendered the Stochastic models (see examples [5], [0],
[11] and [12]). These authors considered the envelopment form of DEA
models and proposed the stochastic DEA models by utilizing the chance
constrained programming method. In addition, Mirbolouki et al. [17]
also utilized the chance constrained programming method and offered
a stochastic DEA model, based on the multiplier form of DEA, which
measures the stochastic efficiency of black box systems. To do this, they
solved two problems, (the existing equivalent constraints and the ran-
dom variable in the objective function). In real applications, there are
systems with an internal structure such as, network systems. Hence, a
group of DEA models was presented in order to assess the efficiency of
these systems. These models were called Network DEA (NDEA) models
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(see examples [1], [3], [1], [7], [9], [<], [10], [11], [15] and [16]). The special
factor of these network systems is their two-stage system. Therefore, in
this paper, we will combine SDEA and NDEA to propose the stochastic
multiplicative and additive models that measure the stochastic efficiency
of two-stage systems in presence of stochastic data. Note, that in the
proposed multiplicative model, a simultaneous presence of stages, is nec-
essary in the final product and the shortcoming (default) of one stage
is not compensated by another stage. Moreover, it models the overall
efficiency of the system in the mathematical average of the efficiencies
of the stages. In this case, the first and the second stages present and
evaluateing the overall efficiency. This paper is organized as follows: In
section 2, firstly, we review production possibility sets T, T;,. Then,
we briefly review the Kao and Hwang [9] and Chen et al. [3] models
that measure the efficiency of two-stage systems. In section 3, firstly we
propose the structure of stochastic efficiency of the two-stage systems
in presence of stochastic data. Then, we apply the chance-constrained
programming method on the Kao and Hwang [9] model and determine
corresponding deterministic equivalent form; and also, the stochastic
versions of Chen et al. [3] models including the deterministic equiva-
lents, which are given. In section 4, the introduced stochastic models
are illustrated in the form of a case-study in relative to 10 Taiwanese
non-life insurance companies. Finally, section 5 presents our conclusions
and future research directions.

2 Preliminaries

In this section, two production possibility sets are presented. Then, in
order to measure the CRS and VRS efficiency of two-stage systems, the
multiplicative and additive models are introduced.

2.1 Production possibility sets

Consider n DMUs where each DMU;(j = 1,...,n) consume m inputs
zij(i = 1,...,m) to produce s outputs y,;(r = 1,...,s). Production
Possibility Sets T, T, are defined as follows regarding the prevalence of
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CRS and VRS assumptions of the production technology, respectively:

n n
P =1

T. = {(ﬂ?,y)

n n n
Tv = {(ZL‘,y) Z)\ij § Z, Z)\jyj 2 Y, Z)\] = 1,)\j Z 0,
j=1 7=1 7j=1

jzl,...,n}

In this subsection, firstly, we briefly present the models to evaluate the
CRS and VRS efficiency of two-stage systems with deterministic data
that were presented by Kao and Hwang [9] and Chen et al. [3]. Let
us assume that there are n DMUs with a two-stage structure. Each
DMU; (j =1,...,n) in the stage 1 consumes m input z;;(i = 1,...,m)

2.2 Two-stage DEA models

to produce D intermediate measure zq;(d = 1,...,n). Then, stage 2,
uses D intermediate measure z4i(d = 1,...,n) to generate s output
yrj(r =1,...,s). The structure of a two-stage system is shown in Figure
1.

Kao and Hwang [9] presented the following model that measures the
overall efficiency of the system and the efficiency of stages under the
CRS assumption simultaneously:

S
ES = max Z UrYro
r=1
m
s.t. Zvixw =1
i=1
s D
Zu’r‘yT’j_dezdjSOa jzlu”'vn (1)
r=1 d=1

D m
dezdj—ZvixijSO, jzl,...,n
d=1 =1

Up, Wq,V; > 0 r=1,...,s d=1,....,D i=1,....m
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Lij Zdj Yrj
——> Stagel Stage2 |——

Y

Figure 1. Two-stage system

If (u*,v*, w*) is an optimal solution of this model,, we have:

s D s
*
Sume i - e
ES — = EI — a= EII — r=
o m Y o m Y o
S v > v " w;
) 7 V10 ) 7 10 Z WgZdo
=1 i=1 d=1

That ES, EI, EI! indicates the overall efficiency of the system and
efficiency of the first and second stages respectively.

Theorem 2.1. DMU, is overall efficient if and only if EL = EIl = 1.

Proof. Refer to [9] O

Their proposed model cannot measure the VRS efficiency of two-
stage systems. Chen et al. [3] proposed the models that calculate the
overall efficiency of the system and efficiency of the stages under CRS
and VRS. The following model is presented to measure the CRS effi-
ciency of two-stage systems by Chen et al. [3]:

D s
Z WdZdo Z UrYro
Egchen—CRS)s — max w; d?@l + wy 7";1
> ViTio Z WdZdo
i=1 d=1
s D
s.t. Zuryrj—z:wdzdj <0, j=1,...,n (2)
r=1 d=1
D m
dezdj —Zvﬂz’j <0, 7=1,....n
d=1 i=1

Up,weg,v; >0 r=1,....8 d=1,....D i=1,....,m
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Note that
m m D
wi = (Y 0iwio) /(Y vitio + Y Wazao),
D m D
wy = (O wazdo) /(> vitio + Y Wazdo)
d=1 i=1 d=1

are defined as Proportion of the aggregate input of stage 1 and stage 2 to
the aggregate input of the whole system and demonstrate contribution
of the performance of stages 1, 2. Actually, our argument is that the
importance of a stage as measured by its weight.

Therefore, model (2) can be converted into the following form:

s D
E(gchen7CRS)s = max Z UrYro + Z WdZdo

r=1 d=1
m D
s.t. Zvixio—dezdozl
=1 d=1
s D
Zuryrj—dezdjg(), ji=1,....n (3)
r=1 d=1
D m
dezdjvaixijSO, i=1....n
d=1 =1
Up,We,v; >0 r=1,...;s d=1,....D +1=1,....m

If (u*,v*,w*) is an optimal solution of this model, we have:

s D D
Do UrYro + D WiZdo > whzdo
E(chenfcRS)s _r=1 d=1 El — d=1
o - D 9 o~ m )
iv*m- + > whz > v
i Lio d~do . 7 /10
i=1 d=1 =1
s
21 UrYro
I _ r=
B = D
Y Wizdo
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EC(,Chen_CRS)S, E!I' E!l indicates the overall efficiency of the system
and efficiency of the first and second stages respectively. We also have
E((fhen_CRS)s = w1 El +wyEN. And also, Chen et al. [3], also suggested
a model to compute the efficiency of a two-stage system under the VRS
assumption. Their proposed model is as follows:

D s
Z WqZdo + U1 Z UrYro + up2
E(()chen VRS)s _ max w; - + w2r ~
z ViZio Z WdZdo
=1 d=1

s D
s.t. ZuTyrj — dezdj Fupe <0, j=1...,n
r=1 d=1

D m
dezdj_zvil'ij+U01§07 J=1...,n (4)
d=1 i=1

Up, Wy, v; >0 r=1,...;s d=1,....D +1=1,...,m

uo1, up2 free

By applying w1, we in this model, the following model is obtained:

s D
E{her=VES)S — max Z UrYro + Z WaZdo + Uo1 + U2

r=1 d=1
m D
s.t. Zvixio+2wd2d0:1
i=1 d=1
s D
Zuryrj_zwdzdj+U02§0a J=1L...,n (5)
r=1 d=1
D m
dezdj—zvﬂij-FUmSOa J=1L...,n
d=1 i=1
Up,We,v; >0 r=1,...;s d=1,....D +1=1,....m

uo1, up2 free

After solving this model, the overall efficiency of the system and effi-
. (chen—V RS)s 1] 111 .
ciency of the stage 1, 2 (E, ,E),E)") can be determined as
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follows:
s D D
Y UWro + D WHZdo + o1 + Up2 > wiZdo + uo1
E(chen—VRS)s _ r=1 d=1 Bl — d=1
o - m D ’ - m .
v %0 + WZdo Z Vi Lio
i=1 d=1 i=1
S
> UpYro + U02
7 _ r=1
E) = 5
Z ZU;ZdO
d=1
. . hen—V RS
Therefore, the relationship between Egc o )37 E!l B! can be de-
hen—V RS
fined as follows: E((,C - ) = w1 EL +wo B

3 Stochastic Efficiency of Two-Stage Systems

In many situations, the input, intermediate product and output vec-
tors might be stochastic variables. Therefore, in this case, providing
a stochastic model is necessary, in order to measure the efficiency of
two-stage systems under CRS and VRS assumptions. Suppose we have
n DMUs with a two-stage structure; corresponding to the first stage
DMU;(j = 1,...,n), &;, Z; are the random inputs and intermediate
measures vectors. Then, the second stage, consumes these intermediate
measures to produce the random output vector ;. without losing gener-
ality, we presume that all components of inputs, intermediate measures
and output s have a normal distribution:

Zij ~ N(xij,00),  Grj ~ N(rj,005),  Zg ~ N(zgj,05)

Wherein, x;j, yrj, 2¢j (1 = 1,...,m r =1,...,s d=1,...,D) are
vectors of the expected values of inputs, intermediate measures and out-
puts of DMU;(j =1,...,n).

3.1 Stochastic efficiency of the multiplicative model

In this subsection, we will initially propose a stochastic model of Kao
and Hwang [9], using the multiplicative model. Then, the deterministic
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equivalent of the proposed model will be provided. The stochastic model
that measures the efficiencies of the two-stage systems under CRS can
be described as follows:

S
~ ~
ES = max g UrYro
r=1

s.t. p{iviiio = 1} >(1—a)

i=1

s D
p{Zurgrj—dezdjso}2(1—a>, j=1,...,n (6)
r=1 d=1
D m
p{zwdidj—zvii’ijéo}2(1—04)7 J=LL...,n
d=1 i=1

U, We,v; >0 r=1,...;s d=1,....D 1=1,...,m

In this model, p means probability. indicates the level of error that is
predetermined. In the objective function of model [1], there is random
variable and we also have the following expression in the first constraint
of model [1] which is wrong:

m
p{ZUﬁ:iozl}:OZ(l—Q)éa21
=1

For solving these problems, firstly we introduce an alternative form of
the model (1). Note that we can replace the objective function of the
model (1) by:

max k

S
s.t. Zu,@ia >k
r=1
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Therefore, the following model is obtained:

r=1

m
Z'Uii'io =1
i=1

s D (7)
Zuryrj - degd] <0, j=1, y
r=1 d=1

D m
degdj - Zvijz] < 07 J = ]-a y T
d=1 i=1

Up, Wq,V; > 0 r=1,...,s d=1,....,D i=1,....m

However, the mentioned approximation error has not been remedied.
Hence, we replace the first constraint by > ", v;Z;, < 1. Therefore,
the following model can be constructed as an alternative form of the
proposed model (7):

/
ES =max k

S
s.t. Zurgm >k
r=1
m

Zvi-%io <1

i=1

s D
D urfi = Y waiy <0, j=1,....n
r=1 d=1

D m
E wdédj— E ’UZ'{Z‘Z'J'SO, j:1,...,n
d=1 i=1

Up, Wq, V; > 0 r=1,...,s d=1,....,D i=1,...,m

Note that the models (7) and (8) have equal objective values. Hence,
we have the following theorem:



EFFICIENCY OF TWO-STAGE SYSTEMS...

Theorem 3.1. In the models (7) and (8) we have: ES = E¥ .

Proof. Suppose S, S’ indicate the feasible regions related to the models
(7) and (8) respectively. Note that S C S" and k& < Y ", v < 1.
Since this is a maximization problem, in optimal solution we have k =
Yo, vi%io = 1. Hence, in optimality solutions of model (8) satisfy in
the constraints of the model (7) and the proof is complete. O

Now, we apply chance constrained problem and proposed the following
stochastic model of model (8):

r=1

m
p{ Uz£io§1}>(1—a)

=1

D (9)

P{Zurgm—zwdidjSO}Z(l—Q)7 j:]-a ,

r=1 d=1

D m
P{deidj—zviizjéo}2(1—04)7 J=1...,n

d=1 i=1
Up,weg,v; >0 r=1,...,8 d=1,....D i=1,...,m

3.1.1 Deterministic equivalent of model (9)

In this subsection, we will exhibit a deterministic equivalent of model
(9) using Cooper et al. [5]. Firstly, consider the following constraint:

p{ivii’io S 1} Z (1 — a).

In order to achieve the equality constraint, we define ¢; > 0 as an
external slack:

p{zui:&ro > k} =(1 —Oé) + (1.
r=1

11



12 S. ESFIDANTI et al.

Thus, there is S7 > 0 such that,

p{Zurg]m—k: > 51} =(1-a).
r=1

Note that ¢; = 0 if and only if s; = 0. By also, by defining (2 > 0 as an
external slack, we have

p{zvriio < 1} = (1 —Oé) +C2.
r=1

Hence there is s9 > 0 such that

p{zvifio < 1+82} =(1-a).

i=1

Corresponding to other constraints, we suppose there are s3;,s4; > 0
such that

s D

p{zurﬂm’ — ) wazq; < 33j} =(1-a), j=1...,n
r=1 d=1
D m

p{zwdgdj —sz’i'z‘j < 54j} =(1-a), j=1....n
d=1 i=1

Now, we set:
E(Zij) = i, E(Urj) = yrj,  E(Zg) = 245,
S S
E(Z UrYro — k;) = Zuryro —k
r=1 r=1

S

Hence: p { > Uplro — k> 51} = (1 — ) conclude that
r=1

s
p{zuiﬂm—k} <s1=oa.

r=1
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(10)

By considering ¢ as standard normal distribution function, we recall
that p(Z < 2) = a = ®(2) = a = & !(a) = z Hence, (10) can be
converted to

- (i UrYro — k)
= = o }(a).

\/Var( ZS: UrPro — k)

r=1
In order to simplify, we denote

s

(Uo(k7 'LL))2 = V&I‘(Z UrGro — k) = Z Z urur’COV(:&rov gr’o)
r=1 r=1r'=1

m m

(O'I(k‘, v))2 = var(1l — Zviiio) = Var(z ViZ40)

i=1 i=1

m m
E E VU1 COV(Zio, Tiro)

=1 4i'=

s s
(Uj (wa U = var Z wdzdj Z uryrj Z Z UTUT/COV(gT‘ja gr’j)
d=1 r=1

r=1r'=1

—

D D D
+ Z Z wqwqrcov(Zgj, Zqrj) — 2cov( Z WqZdj, Z UrGrj)
d=1 r=1

d=1d'=1

13
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D D

= var Zle,] g WaZdj) E Z wqwg cov(Zgj, Zar;)
d=1

d=1d'=1

m

m m D
+ Z Z Vv cov(Tij, Tirj) — 2cov( E vilij, E WaZdj)
i=1 d=1

i=14'=1

- (i UrYro — k)

Therefore, r=1 = & 1(a). By applying the same ap-

o°(k,u)

proach for other constraints, the deterministic equivalent form of model
(9) will be as follows:

E? =max k

o

Z UrYro — Kk + CIJ_l(a)UO(k, u) = s1

r=1

Z'Uixio - <I>_1(0z)o'[(k, v)+s2=1
=1

s D
Zuryrj - dezdj o Ha)oj(w,u) +53;,=0 j=1,...
= d=1

m

D
dezdj - Zvi%’j - @71(a)03-(v,w) +545=0 j=1,...

i=1
Up,wg,v; >0 r=1,...,8s d=1,....,.D i=1,...;m
ng,84j20j:1,...,n
5155220

,n

(11)

,n

Note that this model is a nonlinear programming. Thus, by following
the Cooper et al. [5] model, we transform this model to a quadratic pro-
gramming problem. For this purpose we use the non-negative variables



EFFICIENCY OF TWO-STAGE SYSTEMS... 15

A, X'y Aj, A} and obtain the quadratic programming problem as follows:

/
ES =max k

S
s.t. Zuryro —k+d Ha)d—5,=0
r=1
m

Z Vo — P Ha)N + 59 =1
i=1

s D
D e — Y wazg — ST @) +s3;=0 j=1,...,n
r=1 d=1

D m
dezdj — Zvixij — <I>_1(04))\;~ + 845 = 0 7=1,...,n
d=1 =1

s s
2= Z Z UTUT/COV(QTO, gr’o)

r=1r'=1

P m m (12)

A= Z Z UiUiICOV(i'w, 53@'/0)

1=14¢=1

s s D D
2 ~ ~ ~ ~
/\j = E E uruwcov(yrj,ywj)—i- E E wdwd’COV(zdj7zd’j)
r=1 =1 d=1d'=1

D s
- 2COV(Z wd£dj7 Z urgrj)
d=1 r=1

D D m m
/2 ~ = ~ ~
A = E g wqwq cov(Zgj, Zqrj) + E g Vv cov(Tij, Tirj)

d=1d'=1 i=114'=1
m D
— 2COV( E Ui.f'ij, E wdédj)
i=1 d=1
Up, We,v; >0 r=1,...,8s d=1,....,.D i=1,...,m

/\,)\/,/\j,A;-,ng,SM ZO j:1,...,n

51,852 >0
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Theorem 3.2. Fora € (0,0.5] if(uﬁ,wz,v;‘,)\*,/\’*,)\Zf,)\g*js{,sa,sgj,sj‘j)

1s an optimal solution, we have 0 < Es <1.

Proof. If a € (0,0.5], then ®~!(a) < 0. In each optimal solution, we
have:

s D

Zl u:yTj - Z w:lzdj < 0 s m

TB W = D uryry = )iy <0
=1

m
> wizdj — > viwi; <0 =
d=1 =1

S m
And also, based on the constraints Y w'y,, > k, Y vfxi, < 1 of model
r=1 i=1
(12) the proof is complete. [
Now for a € (0,0.5] and any optimal solution (u},w}, v}, \*, N\, '
)\;*,s’{,sg,sgj,szj) of model (12), the overall efficiency as well as the
efficiency of the first and the second stages are defined as:

s s
* * *
) Zl UrYro dz:l WqZdo 21 U, Yro
s r= ] _ d= 11 r=
EO — m ) EO - m ) EO - D
*
2. viTio 2. i o > wizdo
i=1 =1 d=1

Thus, we have: Eg’ = ELl. Bl

Lemma 3.3. For a € (0,0.5] and each DMU,, we have: 0 < El' <1,
0< EIT<1.

Proof. In any optimal solution (u, w}, v}, A*, pUS AT )\;*, 81,85, 855, 54;)
of the model (12), for j = o, we have

s D
Zu;yro - Z wzzdo - q)(il)(a)A: + 8?‘)0 = 07
r=1 d=1

D m
S wiza = > viwio — OV (@)N, + 8, = 0.
d=1 i=1

And also, we know that

(@), A5 N > 0,85, 55, >0
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Thus, in any optimal solution, we have:

s D D m
Up-Yro WgRdo = Y, WqzZdo V; Tio >
r=1 d=1 d=1 i=1

These constraints mean that 0 < EL <1, 0 < EIf <1 and the proof is
complete. O

Lemma 3.4. For a € (0,0.5], DMU,, is stochastic overall efficient
under the model (12) if and only if the first and the second stages are
stochastic efficient, i.e. Egl =1 if and only if E! = EIl = 1.

oy s m
Proof. Suppose ES = 1, ie Y ulyro = >, v'zj. And also, for

r=1 =1
a € (0,0.5], we have
s D D m
* * * *
Z UpYro — Z WaZdo < 0, Z WgZdo — Z v; Tip < 0
r=1 d=1 d=1 =1

Therefore, we conclude that EI = EIf = 1. Conversely, if El = Ef =1,
the proof is obvious. O

3.2 Stochastic efficiency of additive models

In this subsection, the stochastic versions of the additive models will be
presented in the presence of stochastic data. Then, the deterministic
equivalent forms of these stochastic models are obtained. The proposed
model of the previous section are unable to calculate the efficiency of
a two-stage system under VRS assumption. Thereby, by following the
Chen et al. [3] model we provide the stochastic models that measure
the efficiency of the two-stage systems under CRS and VRS assumptions

17
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respectively. Our proposed models are as follows:

s D
E(()chen—CRS)s = max Z UrYro + Z WdZdo

S
Elchen=VES)s — max E UrYro + E W4Zdo + Uo1 + Up2
r=1 d=1

m D
P {va + ) wakso = 1} > (1-a)
=1 d=1

s D
P{Zur@m’ - deidj +ug2 < 0} >(1-a), j=1,...
r=1 d=1

d m
P{deédj—Zviicij+u01§0}Z(l—a), j=1...
d=1 =1

Up,Wq,v; >0 r=1,...;s d=1,...

uo1, U2 free

(13)

Note that in these models, p means probability. The amount of « is pre-
determined that determines the level of error. In the objective functions
of models (13) and (14) where there is a random variable and we also
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have the following expression which is wrong

m D
p{ZU;‘xioqLZwZ{de:l}:()z(loz):>oz21

i=1 d=1
Thus, similar to the approach of the subsection (3-1), we presented the
following models:

E(chen—CRS)s — max k
o
s D
s.t. Z UpYro + Z Wa2do > k
r=1 d=1
m D
Zvﬁcio - dezdo =1
=1 d=1
s D
Zury’l“j_zwdzdj Sou j:]-)"'an (15)
r=1 d=1
D m
dezdj—ZvixijSQ j:1,...,n
d=1 =1
U, Wy, v; >0 r=1,...,s d=1,....D i1=1,...,m
E(cheanRS)s — max k
o

s D
s.t. Z UpYro + Z WyZdo + Up1 + ug2 > k
r=1 d=1

m D
g ViTio + g Wazdo = 1
i—1 d=1

s D
D uryrj = Y wazgg+ue <0, j=1,...,n
r=1 d=1

D m (16)
dezdjfz:vi:pithuglg(), j=1....n

d=1 =1

Up, Wy, v; >0 r=1,...;s d=1,....D 1=1,....m

uop1, uo2 free
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Now, the alternative form of the models (3) and (5), can be written as

follows:
E(()chen—CRS)s’ — max k
s D
St Unlrot Y Wazde > K
r=1 d=1
m D
Z Vilio — Z WaZdo < 1
i=1 d=1
s D
Zuryrj—dezdjgo, ji=1,...,n (17)
r=1 d=1

D m
E Wqzdgj — E vixijgo, jzl,...,n
d=1 i=1

Up,We,v; >0 r=1,...;s d=1,....D 1=1,....m

Eéchen—VRS)s’ — max k

s D
s.t. Z UrYro + Z WqZdo + Uo1 + Up2 = k
r=1 d=1

m D
§ ViZio + § Wazdo < 1
=1 d=1

s D
Zuryrjfzwdzdj+uo2§0, Jj=1...n (18)
r=1 d=1

D m
E wdzdj—g virij tun <0, j=1,...,n
d=1 i1

U, We,v; >0 r=1,...;s d=1,....D +1=1,...,m
up1, uoz free

Theorem 3.5. For models (15) and (17) (and also, for models (16)
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and (18)), we have E(()chenfCRS)s _ E(()chenfCRS)s’( and E(()cheanRS)s _
E(cheanRS)s’ )
) .

Proof. The proof is similar to the proof of theorem 3.1. O
Hence, the stochastic versions of the models (17) and (18) are as
follows:

Es(chen—CRS)s’ — max k
o
s D
s.t. {Z Urfiro + > Wado > k} > (1-a)
d=1

P{szmw dezdo < 1} >(1-a)

(19)
P{Zurym dezd]<0}>(1—a), ji=1,....n
P{dezd] szl‘”<0}2(1—a) ji=1,....n

Up,Wq,v; >0, r=1,...;8s d=1,....,D i=1,....m
Es(chenf\/RS)s’ — max k
o
s D
s.t. P{Zurgro +de§do + uo1 + ug2 > k} >(1-aw)
r=1 d=1

m D
P{ZviéﬁioJrdeidoSl}Z(l—a)

1=1 d=1

s D (20)
P{ZuTgrj—dezdj+uoggo} (1—a), j=1,...,n

d=1

{dezd] Zvl:zl]+u01<0} l-a), j=1,...,n
=1

Ur, W, v; >0, r=1,...,8 d=1,. i=1,....,m

ug1, up2 free
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3.2.1 Deterministic equivalent of model (19)

In this subsection, we obtain the deterministic equivalent of model (19).
By using the similar procedure, the deterministic equivalent form of
model (19) is as follows:

Evgchen—CRS)s’ — max k

s D
s.t. Z UrYro + Z Wazgj — k + @71 (a)o(k,u,w) = s}
r=1 d=1
m D
Zvixio + dezdj —d Y a)ol (k,v,w)+sh =1
i=1 d=1

s D
ZuTyTj - dezdj — o Ha)o;(w,u) + s35;,=0 j=1,...,n
r=1 d=1

(21)

D m
dezdjvaiJ:ijf@_l(a)J;-(v,w)+s£1j:0 j=1...,n
d=1 i=1
Up,wg,v; >0, 7=1,....8 d=1,....D i=1,...,m
Sg],ngZO(]:l,,n
8,85 >0

That:

s D
(0°(k,u, w))? = Var(z UrYro + Z WaZdo — k)
r=1 d=1

s s D D
= Z Z UTUT/COV(QTO, g’r’o) + Z Z wdwd’cov(édm 2d’o)

r=1r/=1 d=1d'=1

s D
+ 2cov((z UrTro), (Z WyZdo — k))
r=1 d=1
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m D
(0! (k,v,w))? = var(1 = (O vilfio + ) waZdo))
i=1 d=1

m D m m
= var( E ViZio + E WaZdo) = g E V01COV(Zio, Tir)
i=1 d=1

1=14di=1

—i—g E wdwd/cov zdo,zd/ —|—cov E vzxw,g wdzdo

d=1d'=1

S

D s s
(o (w, w))? = var(z WqZdj — Z UrYrj) = Z Z Up Uy COV (Trji, Tr )
d=1 r=1

r=1r'=1

D D D s
+ E E wqwg cov(Zgj, Zqj) — 2cov( E WaZgj, g UrTro)
d=1 r=1

d=1d'=1

D D
(j( 2 — var( g Vi — E WaZgj) = E g wawg cov(Zgj, Zar;)
d=1

d=1d'=1

m m
+ E E Vv cov(Tiz, Tirj) — 2cov( E Vi, E WaZdj)
=1

i=14'=1

This model is a nonlinear programming. In order to convert this model
to a quadratic programming problem, the non-negative variables are -,
Y, Y, 7}. Therefore Therefore the following quadratic programming
problem is obtained:
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ENv(gchen—CRS)s' — max k

s D

Z UrYro + Z wezgo — k+ @ a)y —s) =0

r=1 d=1

m D
Zvixio + dezdo —d Ha)y +sh=1

i=1 d=1

s D
Zuryrj - dezdj - <I>_1(04)'yj + sgj =0 j=1,...,n

dezd] Zle” (@)Y +s5;,=0 j=1,...,n
(22)

s D D
2 - -
Y= § E urur’COV yma yr o + g § wdwd’COV(de Zd’o)

r=1r/=1 d=1d'=1

+ 2cov((z UrTro), (Z WaZdo — k))
=1 d=1

m m D D
= E Z VU COV(Zio, Tire) + Z E WaWar oV (Zdo, Zdro)
i=14'=1 d=1d'=1
+ cov § ViZj0, Z wdzdo
i=1
s D D
= Z Z ururlcov(grj, gr’j) + Z E wdwd/cov(édj, 2d’j)
r=1r'=1 d=1d'=1

D s
—2cov() _waig, Y | trijrj)
d=1 r=1
D D m m
= Z Z wqwqrcov(Zgj, Zqrj) + Z Z VUi Cov(Tiz, Tyrj)

d=1d'=1 i=14/'=1
m D
- 2COV(Z Ui:fij, Z wdédj)
=1 d=1
Up,wg,v; >0 r=1,...,8s d=1,....,.D i=1,....m
o / .
7j,7j,53j,84j20]:1,...,n

/ / /
S1,52,7, 7 Z 0
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Theorem 3.6. For a € (0,0.5], if (u},w), vy, v*, 7 ,'y;‘,'y; REANEA ,sgj,

st) be an optimal solution of model (22), we have 0 < Elchen=CRS)s"
1.

Proof. The proof is similar to the proof of Theorem 3.2. U

Now, if (uy, wj, v}, 7", 7" 75,7 81,85 , 835, 84;) is an optimal solution
of model (22), for j = o, the efficiency of the first and the second stages
are defined:

D m s D
nil * * il * *
E) = g WiZdo/ E U Tio, BN = g UrlYro/ E W Zdo-
d=1 i=1 r=1 d=1

Therefore, there is A € (0,1) that fichen—CRS)s" _ AEI 4+ (1 - NE!,

Lemma 3.7. For o € (0,0.5] and each DMU,, we have: 0 < El <1,
0< EH <1.

Proof. The proof is similar to the proof of lemma 3.3. U

Lemma 3.8. For a € (0,0.5], DMU, is stochastic overall efficient un-
der the model (18) if and only if, the first and the second stages are

stochastic efficient, i.e. Eéc}len_VRS)sl =1 if and only if, Eg = Egl =1.

Proof. The proof is similar to the proof of lemma 3.4. O
By applying the aforementioned manner to the model (14), the deter-
ministic equivalent form of this model can be obtained as follows that is

25
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a nonlinear programming:

Ec()cheanRS)s’ — max k

S
D Urtro+ Y Wazdo + o1 + oz — k

r=1 d=1
+ & Ya)o®(k,u, w, upr, ug2) = 57
m D
Zvifio + dezdo - (I)_l(a)oj(kv v,w) + 5/2, =1
i=1 d=1
s D
Zuryrj — Z WqZgj — <I>_1(a)aj(w, u, uo2) + sgj =0, (23)

-1 / "
dezdj vai]’ +ugr — @7 ()0 (v, w, ue1) + 545 = 0,
i=1

Up, We,v; >0, r=1,...,s d=1,....D 1=1,...,m
3J,84J>0 j=1,.
17 2>0

uo1, uo2 free

We use the non-negative variables 1,7, n;, 7]} > 0 in order to achieve a
quadratic programming problem. Therefore the quadratic programming
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problem is as follows:

ENv(gchen—VRS)s’ — max k

s D
Z UrYro + Z W4Zdo + U1 + Uo2 — k + @71(04)77 = 8/1/
r=1 d=1

m D
sz‘ﬂfio + dezdo — & o) +s5=1
i=1 d=1

S
Zuryrj —dezdj + ugg — <I>_1(a)77j -l-sg’j =0 j=1,...,n
= —

dezdj — vaij + upy — @_l(a)n} +s;,=0 j=1,...,n
s D D
772 = Z Z Urtyr COV (Fros Yr'o) Z Z Waw oV (Zdo, Zd'o)
r=1r'=1 d=1d'=1
D
+ 2C0V((Z UrYro + Up1 + uOQ)a (Z WqZdo — k))
r=1 d=1

m m
Z Z VU1 COV(Zio, Tiro) + Z Z WaWar oV (Zdo, Zdro)
i=1i'=1 d=1d'=1
+ cov Z ViZio, Z wdzdo
=1
s D D
= Z Z Uy COV (Yrj, Upr ) + Z Z wWawq cov(Zgj, Zar ;)

r=lr'=1 d=1d'=1
D s
- 2COV(Z wdgdja Z urgrj + UOQ)
d=1 r=1
D D m m
= E Z wd’wd/COV(,gdj, 5d’j) + Z Z UZ'U,L‘/COV(.iij, i“llj)
d=1d'=1 i=14'=1
m D
_ 2COV(Z ViTij, Z WaZg — Uo1)
=1 d=1
uT’wd’U’iZO 7":17...,5 dzl,jD i:17_."m
/ / " " .
mm, 77]'77]]‘,83]'334]‘ >0 ] = 1, ,n
//
51y 2) 2 0

uo1, up2 free
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After solving this model for a € (0,0.5] , we define the efficiencies of the
system as follows:

s D

Z u:yro + Z wzzzdo + ual + 7162
(chen—VRS)s' _ =1 d=1
By =

m D
2. Vi Tio + 3 WyZdo
i=1 d=1
D s
* *
> Wizdo + Ufy > UrYro + ufy
A d=1 AT =1
Eo - m ’ Eo - D
*
Z V; Tio Z w;zdo
=1 d=1

Wherein E{"~V#9)s , B EIT indicate the stochastic overall efficiency

and the stochastic efficiency of stage 1, 2 respectively. Therefore, there
is A € (0,1) that B VA — \EI 4+ (1 - N ELL

Lemma 3.9. For a € (0,0.5] and each DMU,, we have: 0 < Eg <1,
0<EN<1.

Proof. The proof is similar to the proof of lemma 3.3. (|

Lemma 3.10. For a € (0,0.5], DMU, is stochastic overall efficient
under the model (22) if and only if the first and the second stages are

stochastic efficient, i.e. E(EChen*VRS)SI =1 if and only if Eg = E;” =1.

Proof. The proof is similar to the proof of lemma 3.10. O

Finally, we note that the results of the efficiency of the system and
stages are in range (0,1] in all of the proposed stochastic models for
a € (0,0.5]. If a € (0.5,1), it is probable that efficiencies are negative
or greater than 1. It must be noted that in many cases models (12),
(22) and (24) have multiple optimal solutions. Thus, in these models,
the overall efficiency decomposition will not be distinctive. Hence, we
are unable to compare the efficient stages of different DMUs together in
each model. Therefore, by following the Kao and Hwang [9] approach,
we presume that the efficiency of stagel, is the most important stage
from the point of view of the decision maker (DM) and compute the
maximum efficiency of stage 1, while the overall efficiency of system
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is unchanged. Then, we calculate the maximum efficiency of stage 2,
while the efficiency of stage 1 and the overall efficiency of system are
unchanged.

4 Case Study

In this section, we will illustrate the deterministic equivalent form of
the proposed stochastic model (9) for 10 Taiwanese non-life insurance
companies with data for the years 2000, 2001 and 2002. (Extracted
from Kao and Hwang [10]). Each company has a two-stage structure.
Table 1, shows the inputs, intermediate measures and outputs which
we utilized to illustrate the proposed models. And also, the expected
values, variance and covariance of inputs and outputs and intermediate
products of 10 Taiwanese non-life insurance companies over 3 years (
2000, 2001, 2002) are reported in the Tables 2, 3, 4.

Table 1. Case-Study Data

Inputs Intermediate outputs
measures
Operating | Direct written | Underwriting
expenses premiums profit (Y1)
(X1) (Z1)
Insurance | Reinsurance Investment
expenses premiums profit
(X2) (Z2) (Y2)

4.1 Results of model (12)

Table 5 shows the obtained efficiencies of model (12). The results com-
puted by GAMS software and have been summarized in Table 5, by
assuming o = 0.45. In Table 5, first column renders the digit of each.
The stochastic efficiency of stages 1 and 2 including the overall efficiency
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Table 2. Expected values of inputs and outputs and intermediate prod-

ucts
DMU T To 21 29 Y1 Yo
1 609.144 331.84067 | 3555.58433 | 434.71933 | 497.68233 | 308.54633
2 692.59867 | 685.96133 | 4836.93887 | 932.00267 1604.134 525.65567
3 685.96133 1746.196 17973.607 | 955.91233 | 1785.40433 | 227329567
4 1302.60233 | 431.97567 | 4748.43367 691.696 1250.30433 245.712
5 1882.52467 | 893.47933 8437.897 461.48067 | 1527.24733 314.55
6 643.68967 | 623.28767 | 3913.41267 266.801 832.955 254.061
7 1242.916 303.727 4489.91633 535.016 1126.69433 | 486.38433
8 1074.35133 | 310.51767 | 4990.15433 | 405.27133 | 1343.47533 | 190.75167
9 596.62933 | 329.95067 | 2580.06167 223.407 716.62667 84.879
10 687.394 557.275 3790.80967 | 220.83467 1201.766 128.18767
Table 3. Variance of DMUs
DMU V(z1) V(z2) Viy1) V(y2) V(z1) V(22)
1 1784.26994 | 300.79361 671.52486 4936.03845 | 202064.75133 | 2099.73017
2 758.33795 | 1515.54017 | 5120523501 | 41687.23591 | 125265.48223 | 2242.80558
3 0351.92953 | 2555.45268 | 216152.29449 | 549621.14553 | 3209601.78055 | 18868.09631
4 525.14956 | 29565.33416 | 72211.44903 | 18234.64829 | 179858.90303 | 141630.42004
5 21.50215 | 2141.8848 | 34081.27578 | 2457.04398 | 219670.39097 | 20606.32184
6 472.97451 | 11829.12608 | 127696.23112 | 5485.46206 | 189680.52738 | 2492.09949
7 3573.21137 | 25569.13235 | 116044.055 | 36413.60875 | 612679.9989 | 14489.4648
3 259 2028.876 | 48031.09782 | 7807.63465 | 120665.5085 | 1242.68069
9 054.6386 | 350.10067 | 21321.09776 | 507.10401 51477.83656 | 4398.47299
10 1242.916 303.727 36299.7866 | 3550.70277 | 612679.9989 | 2339.72772
Table 4. Covariance of DMUs
DMU | C(z1,21) C(az,21) C(z1,22) C(x2,22) Cly1,21) Cly2, 21) Cly1,22) Cly2, 22)
1 —1142.123 5087.865 984.4877 386.31060 —7343.44307 20612.57991 —641.112633 —18576.79194
2 —39770.723 | —1107737.842 867.58313 885.19702 —51455.15378 | —47494.62574 7130.72663 107891.8135
3 114936.28 60335.36 —7245.75694 | —3392.15646 | 3209601.78055 | —884800.1054 | —18314.19532 53085.30383
4 5751.3461 —17373.886 —5588.3328 41217.20638 | —50161.00695 | —38165.55747 67314.5018 190560.3478
5 1388.28367 12031.667 —26409.12516 | —3602.5339 33647.48797 —4924.38931 9771.87462 —81285.01944
6 2961.5767 43358.164 —380.79257 1927.14580 144285.4787 —26263.10335 9080.46352 291571.539
7 —14675.617 —36341.814 953.167494 12713.63501 65148.36857 —6119.64696 —5523.15373 | —138352.2662
8 3613.9758 10156.61 —92.181387 —704.81939 21500.52459 14275.4333 3053.65983 17504.65016
9 —3385.12503 5067.92167 1668.0860 74583.117 33195.77192 —3275.72559 1463.72892 —26429.05463
10 71786.02378 32579.81545 4262.26277 1860.79293 36804.03399 —24800.49433 | 909473.1086 189365.5732

are listed in the columns 2 and 3 and 4 of Table 5, all of DMUs are in-
efficient. Between the inefficient, with scores of 0.54, 0.11 have the best
and the lowest overall efficiency. It is efficient in stage 2. The highest
efficiency belongs to stage 1 and in stage 2 with scores of 0.94 and 0.65,
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Table 5. Stochastic efficiency obtained from model (12)

Efficiency of stage 1 | Efficiency of stage 2 | Overall efficiency
DMU
1 0.94 0.4 0.37
2 0.72 0.59 0.43
3 0.54 1 0.54
4 0.8 0.24 0.19
5 0.49 0.23 0.11
6 0.37 0.59 0.22
7 0.46 0.26 0.12
8 0.38 0.65 0.25
9 0.47 0.34 0.16
10 0.55 0.46 0.25

respectively. In stage 1 and 2, showing efficiency scores of 0.37 and 0.23
have the lowest efficiency.

5 Conclusion

In practice, there are many systems with internal structures such as
network systems. NDEA is employed to evaluate the performance of
the network systems in presence of deterministic data. A special dis-
tinction of network systems are their two-stage systems denoting the
first stage which consumes the inputs to produce the intermediate mea-
sures, then these intermediate measures deploy to generate the outputs
of the second stage. In practice, the observations of inputs, interme-
diate measures, and outputs are imprecise and they can be considered
as stochastic data. Hence, SDEA is a useful method for measuring the
efficiency of black box systems with stochastic data. Mirbolouki et al.
[15] proposed a stochastic model that evaluates the efficiency of a black
box system based on a multiplier form of DEA. Therefore, in this paper,
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by using the non-compensatory property of the multiplication operator
and the compensatory property of the additive operator, we extended
NDEA and SDEA models and proposed the SNDEA models for com-
puting the stochastic efficiencies of the two-stage systems, in presence of
stochastic data, based on multiplicative and additive models. Then, for
our proposed stochastic models, we obtained the deterministic equiva-
lent forms and converted these deterministic forms into the quadratic
programming problems. Likewise, we showed that the obtained efficien-
cies of these models are positive for a € (0,0.5]. The proposed model
(12) is illustrated on a set of data for 10 Taiwanese non-life insurance
companies in the years 2000, 2001 and 2002, which were studied by Kao
and Hwang [9] utilizing the GAMS software. For future study, this work
can be extended to non- radial DEA models for measuring the efficiency
of a two-stage system in presence of stochastic data and ranking them
in cases where weakness of efficiencies for o € (0.5, 1) are not witnessed.
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