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Abstract. In this paper, we first obtain two weighted identities for
twice partially differentiable mappings. Moreover, utilizing these equali-
ties, we establish the weighted Hermite-Hadamard type inequalities and
weighted Simpson type inequalities for co-ordinated convex functions in
a rectangle from the plane R?, respectively. The results given in this pa-
per provide generalizations of some result established in earlier works.
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1. Introduction

The Hermite-Hadamard inequality discovered by C. Hermite and J.
Hadamard see, e.g., [8], [24, p.137]) is one of the most well established
inequalities in the theory of convex functions with a geometrical interpre-
tation and many applications. These inequalities state that if f: 1 — R

Received: July 2019; Accepted: January 2020
*Corresponding author

149



150 H. BUDAK, F. ERTUGRAL AND M. ZEKI SARIKAYA

is a convex function on the interval I of real numbers and a,b € I with
a < b, then

b
(5 < 55 [ swar < LOHO) (1)

a
Both inequalities hold in the reversed direction if f is concave. We note
that Hermite-Hadamard inequality may be regarded as a refinement of
the concept of convexity and it follows easily from Jensen’s inequal-
ity. Hermite-Hadamard inequality for convex functions has received re-
newed attention in recent years and a remarkable variety of refinements

and generalizations have been studied.

The weighted version of the inequalities (1), so-called Hermite-Hadamard-
Fejér inequalities, was given by Fejer in [13] as follow:

Theorem 1.1. f : [a,b] — R, be a convex function, then the inequality

(5 /b gla)dr < /b fwyg(eyis < LTI /b s (2)

holds, where g : [a,b] — R is nonnegative, integrable, and symmetric
about x = “E (i.e. g(z) = gla+b—x)).

On the other hand, the following inequality is well known in the litera-
ture as Simpson’s inequality.

Theorem 1.2. Let f : [a,b] — R be a four times continuously differ-
entiable mapping on (a,b) and Hf(‘l)Hoo = Spr ‘f(4) (x)‘ < co. Then, the
following inequality holds:

‘1 [M +2f (CH"Z))] 1 /abf(w) dm‘ < ﬁ Hf(z;)Hoo (b—a)™.

3 2 2 b—a

For recent refinements, counterparts, generalizations and new Simpson’s
type inequalities, see ([3], [9]-[11], [14], [15], [21], [25], [26], [28]-[31], [33],
[34], [35], [37], [40)).

A formal defination for co-ordinated convex function may be stated as
follows:
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Definition 1.3. A function f: A — R is called co-ordinated convezr on
A, for all (z,u),(y,v) € A and t,s € [0,1], if it satifies the following
nequality:

flzx+(1—1t)y,su+(1—s)v) (3)

< ts flauw) + (1= s)f(z,0) +5(1 =) f(y,w) + (1 = 1)(1 = 5) f(y,v).

The mapping f is a co-ordinated concave on A if the inequality (3) holds
in reversed direction for all ¢,s € [0,1] and (z,u), (y,v) € A.

In [7], Dragomir proved the following inequalities which is Hermite-
Hadamard type inequalities for co-ordinated convex functions on the
rectangle from the plane R2.

Theorem 1.4. Suppose that f : A — R is co-ordinated convex, then we
have the following inequalities:

a+b c+d
(5 (W
1 1 / d 1 ’ b
c—+ a—+
< 5 loma [7 (e arr gt [ (S5 ) ay
. b d
< (b—a)(d—c)//ﬂz,y)dydr
b
<i a/fxcdx—i—/fxd
. d
+ d—c/f(a’y)dy+d—c/fb’y Y (5)
 H@ + fad) + 0,0 + f0.)

4

The above inequalities are sharp. The inequalities in (4) hold in reverse
direction if the mapping f is a co-ordinated concave mapping.
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Over the years, many papers are dedicated on the generalizations and
new versions of the inequalities (4) using the different type convex func-
tions. For the other Hermite-Hadamard type inequalities for co-ordinated
convex functions, please refer to ([1], [2], [4] ,[6], [22], [27], [32], [22], [36],
38], [41])

In [23], Ozdemir et al. gave the following identity and using the this iden-
tity, the authors established some Simpson type inequalities for double
integrals:

Lemma 1.5. f : A :=[a,b] X [c,d] — R be a twice partially differentiable
2
mapping on A°. If gtéf € L(A), then we have the following equality
s

fla, S5 + f (b, 55%) +4F (935 49) + £ (%32 o) + £ (%52 d)
9

fa.¢) + £ (b,e) + f (a,d) + f (b,d)
* 36

_G(bl_a)/ab [f(:z:,c)+4f (xcgd> +f(:v,d)] dz

—G(dl_c)/cd [f(a,y)+4f <a;b,y> +f(b,y)] dy

+(b—a)l(d—c)/ab/cdf(%y)dyd:c

1 1 2
_ (b—a)(d—c)/o /0 q(t,s)%(aw(1—t)b,cs+(1—s)d)dsdt

which the mapping q : [0,1] x [0,1] — R is defined by

(t-1)(s-1) 0<t<h n<a<)
N KL R I RS
(-5)(s-1) b<t<i n<a<)
(-3)(s-3) b<t<l b<s<
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Budak and Sarikaya proved the following Hermite-Hadamard-Fejér in-
equalities for double integrals in [5]:

Theorem 1.6. Let p : A := [a,b] X [¢,d] — R be a positive, integrable
and symmetric about ‘ITH’ and %l. Let f: A — R be a co-ordinated
convex on A, then we have the following Hermite-Hadamard-Fejer type

inequality
a+b c+d e
f<2 >//p$ydyda:
1 b d p )
< 2//[ ( CJQF > <a+ )]p(x,y)dydw
b d
< / p(z,y)dydx
< 1/ [U@a+5wa+ 1@y + 100 s

< f(ac)—i—f(ad)i—f(bc%—fbd// (2, y)dyd.

Moreover, Farid et al. established a Welghted versmn of the inequali-
ties (4) in [12]. Please see ([16]-[20], [39]) for other papers focused on
Hermite-Hadamard-Fejér inequalities for co-ordinated convex functions.

The aim of this paper is to establish some weighed generalizations of
Hermite-Hadamard and Simpson type integral inequalities. The results
presented in this paper provide extensions of those given in [23] and [27].

2. Weighted Hermite-Hadamard Type Inequal-
ities

In this section, we first prove a weighted identity for twice partially
differentiable mapping.
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Then, using this identity, we established a weighted Hermite-Hadamard
type inequality for co-ordinated convex mapping.

Lemma 2.1. Let p: A :=[a,b] X [¢,d] — R be a positive and integrable
function on A and let f : A — R be a twice partially differentiable
o0 f
otos

fla,¢) + fla,d) + fbc+fbd// (2, y)dydz (6)

€ L(A), then we have the following equality

mapping on A°. If

b d

/ / £,6) + F(@,d) + F(ary) + £(b,v)] ple, y)dydz

_ bad-c 0/10/1 / (u, v)dudy a:af (Ua(t), Va(s)) dsdt

where Ui (t) = (1 —t)a+tb, Ua(t) =ta+ (1 —t)b, Vi(s) = (1 — s)c+ sd
and Va(s) = sc+ (1 — s)d.
Proof. Integrating the by parts we have,

Us (t) 1% (s)

/1/1 / / u, v)dudv O f (Us(t), Va(s)) dsdt (7)
00

Otds
Uq (t) Vi (S)

Us(t) Va(s) 1

1
1 0
-/ [ [ ptuviaute] 2 @ao.vats)
0 Ul(t)Vl(S) 0
Va(s) Va(s)

1
/ / p(Us(t), v)dv + / p(UL0), ) | 9L Ua(0), Vo)) i s
0

Vi(s) Vi(s)
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Va(s)

b
{ bi a [/ p(u,’v)dudv] % (a, Va(s))
a Vi(s)
v

1
/[ U100 | 5
0

a<wowmm%@

b Va(s)
/ p(u, v)dudv

1
_ b - /
0 a Vi(s)

@‘6())d

a Vi (s)
1 1 VQ(S a
[ ]+ o| L waf0) ats) s
0 0 V1(s)
1 Vg(s 5
[ ]+ o| 2L (U1), Vo)) s
0 |Va(s)

{11 + LY —I3— 14
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Using again the integration by parts, we obtain

1 b Va(s) af
L = / / p(u, v)dudv P (a,Va(s))ds (8)
a Vi(s)

0 s

Va(s) 1

b
= //puvdudv
aV1(s
/1[
0

b d
— ( /p(u, v)dudv) [f (a,¢) + f(a,d)]

f(a, Va(s))

Q.

0
b

plu Va(s))du + [ p(u Va(s))du| £ (a,Va(s) ds

a\@

a

[a—

SH

@)

a c

p(u, Va(s)) f (a, Va(s)) duds

Se—_ o

b
/P(U Vi(s))f (a, Va(s)) duds

(/b
b d
2
//p f(a,v)dudv,

O O —_

\&

p(u,v) dudv) fl(a,c)+ f(a,d)]

and similarly,

1 [ b Va(s) 9
= / |:/ p(u, v)dudv] 87({(1)’ Va(s))ds (9)
0

a (s)
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1

f (ba VQ(S))

0
b

L b
_ 0/ { / p(u, Va(s))dudv + / (1, Vi (5))dudy

a

= — c(/b/dpuvdudv) (b,¢) + £(b, d)]

b d

dic//p(%”)f(b,v)dudv.

Onthe other hand, we get

[ (b, Va(s)) ds

S (U2(t), Va(s)) dtds (10)

p(U Ua(t), Va(s)) ds

p(U: Ua(t), Va(s ))dS}dt
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b d
= (b_a)l(d_c)//p(u,v) [f (u,¢) + f (u,d)] dvdu

_(ba)Q(dc) /b /d p(u,v) f (u,v) dvdu

and similarly,

1 1
14—//
0 0

b d
= //puv (u,c) + f (u,d)] dvdu
b

(Ug( ), Va(s)) dtds (11)

d

//puv f (u,v) dvdu.

If we substitute the equalities (8)-(11) in (7), we obtain

W

Ui (t) Vi(s)

0% f
Otos

(jjpuvdudv) (a,c) + f(a,d)]
b d
— b—a)([d=0) //puv f(a,v)dudv

b d
+(b_a)1(d_c) ( / / p(u,v)dudv) (F (b ¢) + F(b,d)]
9 b d
‘<b—a><d—c>/ / plu,v) f{b,v)dudv

u, v dudv] (Ua(t), Va(s))dsdt  (12)

s]
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b d
//puv (u,c) + f (u,d)] dvdu
) b d
+(b—a)(d—c)//p u U dvdu
. b d
—@_@m_d//Mwawn+fw@mwu
) ab Cd
+(b_a)<d_c)//p(u,v)f(u,v) dvdu

B f(ac)+f(ad)+f(bc+fbd . 0)dudy
B (b—a) (d (// dd)

b d
@Jb@//f“vfoQ+ﬂu® (a,v) + f(b,v)] dvdu

N @_;@_d//m%mﬂ%mmm.

If we multiply the equality (12) by W, then we obtain the desired

result (6). O

Remark 2.2. If we choose p(z,y) =1 in Lemma 2.1, then the Lemma
2.1 reduces to Lemma 1 in [27].

Theorem 2.3. Let p : A := [a,b] X [¢,d] — R be a positive and integrable
function on A and let f : A — R be a twice partially differentiable
82f q
otos

A, then we have the following inequality

mapping on A°. If , ¢ > 1, 4s a co-ordinated convex function on
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f(ac)—i—f(ad) f(bc) +fbd// (z,y)dydz (13)

b d
// 2,0) + flw,d) + fla,y) + F(b,y)] pla,y)dyda

pM»—*

where % + é =1 and H(t,s) defined by

UQ(t) VQ(S)
H(t,s) = / /p(u,v)dudv
1(t) Va(s)

with Uy (t) = (1 — t)a + tb, Ua(t) = ta + (1 — t)b, Vi(s) = (1 — s)c + sd
and Va(s) = sc+ (1 — s)d.

Proof. Taking the modulus in Lemma 2.1 and by using the well-known
Holder’s inequality, we have
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flon0) % flond) + bc+fbd//'my@m (14)

b d
_i// (2,¢) + f(x.d) + fla,y) + F(b,y)] pla, y)dyda

+/b/df(w,y)p(x,y)dydx

1 1 UQ(t VQ(S 82
- // p(u, v)dudv 8t8f (Us(t), Va(s)) dsdt
0 0 |Ui(t) Vi(s)
G-ad-o [ [ ] .
—a)(d—c
< 2 7
b 4 // / / u, v)dudy Its (Ua(t), Va(s))| dsdt
00 1(t V1(S

b 11| Us( ) »
) (—a / / / / p(u,v)dudv| dsdt
0 0 Pi(t) Vi(s)
nEs ¢ 7
: (//(%83 (Ua(t), Va(s)) dsdt) .
0 0

, ¢ > 1, is a co-ordinated convex function on A, we obtain

Since

Otds

L 82 q
//‘87565 D) Vals))| dsdt
0 0
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1 1 @Qf ,
— //‘atas (ta+ (1 —t)b,sa+ (1 — s)d)| dsdt (15)
0 0
1 1
2 q
< O/O/[ts gtaj; (a,c) +t(1—8)‘8t68 (a, d)‘

2 q 2 q
Sk 00| + (=00 - 9) |5 0] dsar

52 q
Sk (0.a)]

52 q 52 q
o (0.0 + |5 (0, a)]

5k . C)‘ -

4

If we syk substitute the inequality (15) in (14), the we establish desired
resu

Remark 2.4. If we choose p(x,y) = 1, then we obtain the following
inequality

fla,¢) + f(a,d) + f(b,¢) + f(b,d)
4

b b
1 1

d

d
1 1
+d_c/f(a7y)dy+d_c/f(bay)dy

C

-

b d
1
+(b—a)(da/ f(z,y)dydx
< (b—a)(d—rc)
4p+1)»

which was proved by Sarikaya et al. in [27].
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3. Weighted Simpson Type Inequalities

In this section, we first define the following mapping

©(a,b; f,p)
= (a—i—byc—i—d / / (u,v) dvdu
—|—f(a,CJ2rd /6p(u v) dvdu
1
5

oo

+f (b, < ) p (u,v) dvdu
(L
o (

+f (a,c)

0

~ S wm\
T e

+
~

NG p (u,v) dvdu

vo| 4
S

a

o+
ISH
\_/\_/\_/v

1
’ p (u,v) dvdu

. m‘p\
ol

S—

|

1

p (u,v) dvdu + f (b, c)/é /Ilp(u,v) dvdu

—

-

k,’

—~

8

&
m\H@
\cs\m\

p (u,v)dvdu + f bd/ / (u,v) dvdu

(b ) ) (2, ¢) do

NI (%"2 )
(i

[ay

S
c~

p

o\\m\

p

1
d—y
p(%d v

@‘

@
\ \ \@ \
e N N Y
\

163
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Now, we give the following equality.
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Lemma 3.1. Let the mappings p, Uy and Vo be as in Lemma 2.1 and

let f:A:= [a b] x [c,d] — R be a twice partially differentiable mapping
on A°. If —f € L(A), then we have the following equality
b; — — (¢, Us(t), V- dsdt
0 fn=0-a-o [ [ wies) 2L w0 v i

where the mapping w : [0, 1] x

JE [ p (u,0) dud

S I p (u,v) dudo
(ts) =14 5%

J5 J1p(u,v) dudv

I3 b (o) dudv

INCININ N
SRS
INCININ N
= Nl ol

D= o= OO

[0,1] — R is defined by

[V

(Vo)
ol S T

NCINN N
VSN
VAN ANY/NI/AN

D= O o= O

Proof. From the definition of the mapping w, we have

b—a) —c// ”ata (Ua(t), Va(s)) dsdt

- %a_f//(//lww@gg@mwmms

Y ﬂ//(//uvmv
.wﬂwﬂ%/%/éuvmv
- %//Qé wm@

= (b—a)(d—c)[ 1+ 2+ J3+ Js

Integration by parts, we obtain

) Va(s)) dtds

) - Va(s)) dtds
f

5= (U2(1), Vals)) dtds
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/0; /0é (/; /;p(u,v) dvdu) 57523]; (Us(t), Va(s)) dtds
</ / (u, v dvdu) —f(UQ() C+d> it
(/ / (u,v dvdu) (Us(t),d) dt
P / / (/ S0 dv) i (Uz(t),VQ(S))dtds]
c—d !a_b</ / uvdvdu> <“+b C+d)
b(/o (u,v dvdu)f(b,cgd>
b/o (/ (t,v dU)f(UQ(t),C_gd> dt]
d[a1b</ / uvdvdu) (a;—bd>
~b (/O/Op (u,v dz)du)f(b,d)

165
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: /'</ﬂpuvww>fa&<>®dt
Sl (e v)f@bwso
(//p(u U)dvdu>

A p()fab<>w<»ﬁ]@

a—>

- o >[<a;bc+d)/ / v) dvdu
(C;d /0/ (u, v) dodu
/0 (/ p(tvdv> C+d>dt
g bd)// (u, v) dudv

+
h
O

“p(s,1) £ (Ua(t), Vals ))dtdS] :
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Similarly, we get

= /u/(//r uvmm)miuw>w<»ww
- w—aﬁd—@I}(a;b”>éléz”“”d“”
f<ac»]ﬁéjélp<u,v>dudv
—[f(/ uwm>ﬂm+a—wb@ﬁ
(a—i—b c+d>/ / (u, ) dudo
+f( C”)// (u,v) dudy
—A%</fp@vww f(%()cgd)w

2

|

o
+Aépmw%wwmm+

i [ ) o wai. i
_ Wf!(a,c_gd)/gl/;p(u,v)dvdu
+f (a—zkb7c—2kd> ﬁg/lép(u,v)dvdu
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—/: (/;p(t,v) dv> f <U2(t), C;d> dt

-

i n
4 /0 / p(t,s>f(UQ<t>,v2<s>>dtds]7

and

Jy = /11/11 (/:/:p(u,v)dudv> 88:8]; (Ua(t), Va(s)) dtds
_ (b_al [f(a,c)/%/lp(u,v)dvdu
( >/ /Z (u,v) dvdu
- ([gm Vv ) £ (Us(t), )

1
2

+f

(7
+f<a;b7c+d>/ / (u,v) dvdu

a, et > p (u,v) dvdu
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-

_/: ([Zp(t,v) dv) f (Uz(t), C;d) gt

_/1 (/:p(u,s)du>f(a7v2(5))d5

6

_/1 ([Zp(u,s)du> f<a+b Vil )>d
+[ [lp(fy S)f(Uz(t%Vg(s))dtds] .

Using the change of variable, we obtain

-

-

(b—a)(d—c)[J1+ Jo+ J3+ J4

b ctd\ [¢ [¢
_ f<a; ,c; )/}3 /g p (4, v) dvdu
+f (a,c—;d> /:[Gp(u,v)dvdu
1 5
_/ (ﬁ p(t,v)dv f(Ug(t),c—;d)dt

(55 ) [
(a;r >/ / (u, v) dudu
( §

=]

NI

+

C

+/ 10

169
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which completes the proof. [J

Remark 3.2. If we choose p(x,y) = 1 in Lemma 3.1, then Lemma 3.1
reduses to Lemma 1.5 which is proved by [23].

Theorem 3.3. Let the mappings p, Us and Vo be as in Lemma 2.1. If
82f q
Ot0s

the following inequality

©(a, b; f,p)]

< (b—a)(d-c) (/01/01 |w(t,s)\pdsdt>;

92 q
8158]; (a7 d) ‘

, q > 1, is a co-ordinated convex function on A, then we have

+7

92 q
ataj; (a, C>’ +
X

1,1 _
wherei—i—a—l.
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Proof. Taking the modulus in Lemma 3.1 and using the Hoélders in-
equality we have

©(a,b; £,p)|
< v-0@-9 [ [Tl 2L e e

< (b—a)( (//|wts|pdsdt)

dsdt

[ [ Zhianof o)
2 ¢ |9
Since 90| q > 1, is a co-ordinated convex function on A, using the
S
inequality (15), we obtain
1©(a, b; £, p)]

< (b—a)(d—c) (/01/1 |w(t,s)|pdsdt);

2 q 2 2 q i
(igm@!+z%m@)+mmw@\+i£ww )q
X .
4

This completes the proof.

Corollary 3.4. If we choose p(x,y) = 1 in Theorem 3.3, then we have
the following inequality

‘ ( c+d)+f(

5) A (52, 550) 4 £ (2420) 1 (242,0)
9

flao)+ fbo)+ f(ad+ f(bd)
36

a)/ [f(x )+ 4f <ac d) +f (s d)]
—ﬁ/ @ var (t) + 1] v
tmaa=a ), [ el

B—a)(d—c) 1 pir 1
36 2t ) (9<p+1>2>
(

N

62 q
ar,aj.: (a, d)‘

62 q
81,6}.: (a, C)‘ +

22 f N
2 (b, 0)| )
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Theorem 3.5. Let the mappings p, Us and Vo be as in Lemma 2.1. If
0% f
Otds

18 bounded on A, i.e.

0% f
0tos ||

fﬁ(x )
otos Y

1l
/ / |w (t, s)| dsdt.
/0 Jo

= Spr(m,y)GA

‘<oo,

then we have the following inequality

1©(a,b; f,p)| < (b—a)(d—c)

Ot0s
Proof. From Lemma 3.1, we have

1 1
et f) < G=a)@=0) [ [ ju(t.s)

2

otos
1©(a,b; f,p)| < (b—a)(d—c)

0% f
505 (Ua(t), Va(s))| dsdt.

Since is bounded on A, we obtain

87585

// |w (t, s)| dsdt

Remark 3.6. If we choose p(z,y) = 1 in Theorem 3.5, then we have
the following inequality

f(ay55) + 1 (b <5

which completes the proof. [J

) +4f (%5
9

fla,c)+ f(b,c) + f(a,d)+ f (b d)
36

_ﬁ/j {f(m,c)—kélf @%) +f(a:,d)] dz

fﬁ/j {f(a,y>+4f (“‘;b,y) +f(b7y)} dy

+m/ab/cdf(m,y)dydx

0% f
0tos ||,

24) + /(500 + £ (%37.d)

+

< 25(b—a)(d—c)
= 1296

which was proved by Ozdemir et al. in [23].
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