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Harmonic univalent functions related to
q–derivative based on basic hypergeometric

function

Abstract. We study a family of harmonic univalent functions using
an operator involving q–derivative and hypergeometric function. Pre-
cisely we obtain a necessary and sufficient condition for functions in
this family. Extreme points and convexity of such functions are also
introduced.
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1 Introduction

Let SH denote the class of functions which are harmonic, univalent,
complex valued and sense preserving in U = {z ∈ C : |z| < 1} normalized
by f(0) = fz(0)− 1 = 0. Each f ∈ SH is of the type f = h+ g where h
and g are analytic in U. We call h and g analytic part and co-analytic
part of f respectively. Also f is locally univalent and sense preserving in
U if and only if |h′(z)| > |g′(z)| in U, see [2]. Thus, for f = h+ g ∈ SH,
we may consider:

h(z) = z +
∞∑
k=2

akz
k, g(z) =

∞∑
k=1

bkz
k, (0 6 b1 < 1). (1)
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The q–shifted factorial for |q| < 1 defined by:

(α, q)k =

{
1 , k = 0,

(1− α)(1− αq)(1− αq2) · · · (1− αqk−1) , k ∈ N,
(2)

where N denote the set of positive integers and α is a complex number.
For complex parameters αi, βj and q where i = 1, 2, . . . ,m, j =

1, 2, . . . , n, βj ∈ C\{0,−1,−2, . . .} and |q| < 1, we consider the basic
hypergeometric function mΦn(α1, . . . , αm;β1, . . . , βn, q, z) by:

mΦn(α1, . . . , αm;β1, . . . , βn, q, z) =

∞∑
k=0

(α1, q)k · · · (αm, q)k
(q, q)k(β1, q)k · · · (βn, q)k

zk,

(3)

where m = n+ 1, m,n ∈ N0 = N∪{0}, z ∈ U and the q–shifted factorial
(α, q)k is given in (2).

We note that

lim
q→1−

(
mΦn

(
qα1 , . . . , qαm ; qβ1 , . . . , qβn , q, (q − 1)1+n−mz

))
= mFn(α1, . . . , αm;β1, . . . , βn, q, z),

(4)

where mFn(α1, . . . , αm;β1, . . . , βn, q, z) is the well-known hypergeometric
function. For more details, one may refer to [3, 5] and [6].

The q–derivative of a function G is defined by:

∂q
(
G(z)

)
=
G(qz)−G(z)

(q − 1)z
, (q 6= 1, z 6= 0). (5)

We can easily observe that:

∂q
(
zk
)

=
1− qk

1− q
zk−1 = [k]qz

k−1, (6)

where [k]q = 1−qk
1−q is the q–integer number, see [7] and [8].

We conclude that:

lim
q→1

∂q
(
G(z)

)
= G′(z).
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For more properties of q–derivative, see [4] and [7]. Now, we consider
the linear operator:

Hmn (α1, . . . , αm;β1, . . . , βn; q)f(z)

=
(
z mΦn(α1, . . . , αm;β1, . . . , βn; q, z)

)
∗ f(z)

= z +
∞∑
k=2

Γ(αi, βj , q, k)akz
k,

(7)

where “∗” stands for well-known convolution (or Hadamard product)
and:

Γ(αi, βj , q, k) =
(α1, q)k−1 · · · (αm, q)k−1

(q, q)k−1(β1, q)k−1 · · · (βn, q)k−1
. (8)

It is convenient to write:

Hmn (α1, . . . , αm;β1, . . . , βn; q)f(z) = Hmn (α, β, q). (9)

H. Aldweby and M. Darus [1] were defined the operator (7) on harmonic
function f = h+ g given by (1) as follows:

Hmn (α, β, q)f(z) = Hmn (α, β, q)h(z) +Hmn (α, β, q)g(z). (10)

For more properties of operators given in (7) and (10), see [3].

We denote by SH the class of functions f = h+ g, where:

h(z) = z −
∞∑
k=2

|ak|zk, g(z) =

∞∑
k=1

|bk|zk, (|b1| < 1). (11)

For γ > 0, 0 6 δ, η 6 1, 0 6 σ < 1 and t ∈ R let StH(γ, δ, η, σ) denote
the class of functions in SH of the type (1) such that:

Re

{(
ηeit − γδ

)
− ηeit

(
Hmn (α, β, q)f(z)

)′′
z′′

+ (γ + δ)

(
Hmn (α, β, q)f(z)

)′
z′

+ (1− γ)(1− δ)H
m
n (α, β, q)f(z)

z

}
> σ,

(12)
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where

z′ =
∂

∂θ
(z) = iz, z′′ =

∂2

∂θ2
(z) = −z, (13)

and(
Hmn (α, β, q)f(z)

)′
=

∂

∂θ

(
Hmn (α, β, q)f(reiθ)

)
= iz

(
Hmn (α, β, q)h

)′ − iz(Hmn (α, β, q)g
)′
,

(14)

(
Hmn (α, β, q)f(z)

)′′
=

∂2

∂θ2
(
Hmn (α, β, q)f(reiθ)

)
= z
(
Hmn (α, β, q)h

)′ − z2(Hmn (α, β, q)h
)′′

− z
(
Hmn (α, β, q)g

)′ − z2(Hmn (α, β, q)g
)′′
.

(15)

Also we denote by StH(γ, δ, η, σ) the subclass of StH(γ, δ, η, σ) consisting
of functions f ∈ SH of the type (11) which satisfy the condition (12).

2 Main results

In this section, we first give the sufficient coefficient bounds for f(z) ∈
StH(γ, δ, η, σ) and then we show these sufficient conditions are also nec-
essary for f(z) ∈ StH(γ, δ, η, σ).

Theorem 2.1. Suppose f = h+ g, h and g be given by (1) and:

∞∑
k=2

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|ak|+

∞∑
k=1

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|bk| 6 1− σ.

(16)

Then f(z) ∈ StH(γ, δ, η, σ).

Proof. By using the fact that:

Re{W} > σ ⇐⇒ |W + 1− σ| > |W − 1− σ|
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and letting:

W = ηeit − γδ
)
− ηeit

(
Hmn (α, β, q)f(z)

)′′
z′′

+ (γ + δ)

(
Hmn (α, β, q)f(z)

)′
z′

+ (1− γ)(1− δ)H
m
n (α, β, q)f(z)

z

it is enough to show that:

|W + 1− σ| − |W − 1− σ| > 0.

But by using (13), (14) and (15) we have:

|W + 1− σ| =

∣∣∣∣∣ηeit − γδ − ηeit
(

1 +
∞∑
k=2

kΓ(αi, βj , q, k)akz
k−1+

+
∞∑
k=2

k(k − 1)Γ(αi, βj , q, k)akz
k−1 +

∞∑
k=1

kΓ(αi, βj , q, k)bk(z)
k−1

+
∞∑
k=1

k(k − 1)Γ(αi, βj , q, k)bk(z)
k−1
)

+ (γ + δ)

(
1 +

∞∑
k=2

kΓ(αi, βj , q, k)akz
k −

∞∑
k=1

kΓ(αi, βj , q, k)bk(z)
k−1
)

+ (1− γ)(1− δ)
(

1 +

∞∑
k=2

Γ(αi, βj , q, k)akz
k−1 +

∞∑
k=1

Γ(αi, βj , q, k)bk(z)
k−1
)∣∣∣∣∣

> 2− σ −
∞∑
k=2

∣∣1 + (γ + δ)(k − 1) + γδ − ηk2
∣∣Γ(αi, βj , q, k)|ak|

∣∣∣∣zkz
∣∣∣∣

−
∞∑
k=1

∣∣1− (γ + δ)(k − 1) + γδ − ηk2
∣∣Γ(αi, βj , q, k)|bk|

∣∣∣∣zkz
∣∣∣∣ ,

and

|W − 1− σ| 6 σ +
∞∑
k=2

∣∣1 + (γ + δ)(k − 1) + γδ − ηk2
∣∣Γ(αi, βj , q, k)|ak|

∣∣∣∣zkz
∣∣∣∣
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+
∞∑
k=1

∣∣1− (γ + δ)(k − 1) + γδ − ηk2
∣∣Γ(αi, βj , q, k)|bk|

∣∣∣∣zkz
∣∣∣∣ ,

where Γ(αi, βj , q, k) is defined by (8).
So by using (16), we have:

|W + 1− σ| − |W − 1− σ| >

2

[
1− σ −

∞∑
k=2

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|ak|

−
∞∑
k=1

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|bk|

]
> 0.

�

Remark 2.2. The coefficient bound (16) is sharp for the function:

H(z) = z +
∞∑
k=2

xk
|(γ + δ)k + (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

zk

+
∞∑
k=1

yk
|(γ + δ)k − (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

(z)k,

where
1

1− σ

( ∞∑
k=2

|xk|+
∞∑
k=1

|yk|
)

= 1.

Theorem 2.3. Let f = h+ g ∈ StH(γ, δ, η, σ) if and only if:

∞∑
k=2

( ∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣ |ak|

+
∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2

∣∣ |bk|)Γ(αi, βj , q, k)

6 1− σ −
(
2(γ + δ)− (1 + γδ + η)

)
|b1|.

(17)

Proof. From Theorem ?? StH(γ, δ, η, σ) ⊂ StH(γ, δ, η, σ), and since (16)
is equivalent to (17) we conclude the “if part”. For the “only if part”,
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suppose that f(z) ∈ StH(γ, δ, η, σ). Then for z = reiθ ∈ U, we have:

Re

{(
ηeit − γδ

)
− ηeit

(
Hmn (α, β, q)f(z)

)′′
z′′

+ (γ + δ)

(
Hmn (α, β, q)f(z)

)′
z′

+ (1− γ)(1− δ)H
m
n (α, β, q)f(z)

z

}
> σ,

= Re

{
ηeit − γδ

− ηeit
(

1 +

∞∑
k=2

kΓ(αi, βj , q, k)akz
k−1 +

∞∑
k=2

k(k − 1)Γ(αi, βj , q, k)akz
k−1

+

∞∑
k=1

kΓ(αi, βj , q, k)bk(z)
k−1 +

∞∑
k=1

k(k − 1)Γ(αi, βj , q, k)bk(z)
k−1
)

+ (γ + δ)

(
1 +

∞∑
k=2

kΓ(αi, βj , q, k)akz
k−1 −

∞∑
k=1

kΓ(αi, βj , q, k)bk(z)
k−1
)

+ (1− γ)(1− δ)
(

1 +
∞∑
k=2

Γ(αi, βj , q, k)akz
k−1 +

∞∑
k=1

Γ(αi, βj , q, k)bk(z)
k−1
)}

> 1−
∞∑
k=2

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣ |ak|Γ(αi, βj , q, k)

+
(
2(γ + δ)− (1 + γδ + η)

)
|b1|

+
∞∑
k=2

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|bk|rk−1 > σ.

The above inequality holds for all z ∈ U. So if z = r → 1. We obtain
the required result (17). Now the proof of theorem is complete. �

3 Geometric properties

In this section we introduce extreme points of StH(γ, δ, η, σ) and show
that this class is a convex set.

Theorem 3.1. f = h+g ∈ StH(γ, δ, η, σ) if and only if it can be expressed
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of the type:

f(z) = X1z +
∞∑
k=2

Xkhk(z) +
∞∑
k=1

Ykgk(z), (z ∈ U), (18)

where

hk(z) = z − 1− σ
|(γ + δ)k + (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

zk, (19)

and

gk(z) =
1− σ

|(γ + δ)k − (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)
(z)k, (20)

X1 > 0, Y1 > 0, X1 +
∑∞

k=2Xk +
∑∞

k=1Yk = 1, Xk > 0, Yk > 0 for
k = 2, 3, . . ., and Γ(αi, βj , q, k) is given by (8).

Proof. If f be given by (18), then:

f(z) = z −
∞∑
k=2

1− σ
|(γ + δ)k + (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

Xkz
k

+
∞∑
k=1

1− σ
|(γ + δ)k − (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

Yk(z)
k.

Since by (17), or equivalently by (16), we have:

∞∑
k=2

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)×

× (1− σ)|Xk|
|(γ + δ)k + (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

+
∞∑
k=1

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)×

× (1− σ)|Yk|
|(γ + δ)k − (1− γ − δ + γδ)− ηk2|Γ(αi, βj , q, k)

= (1− σ)
( ∞∑
k=2

|Xk|+
∞∑
k=1

|Yk|
)
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= (1− σ)(1−X1) 6 1− σ.

So f(z) ∈ StH(γ, δ, η, σ).

Conversely, suppose f(z) ∈ StH(γ, δ, η, σ). By putting:

X1 = 1−
( ∞∑
k=2

Xk +

∞∑
k=1

Yk

)
,

where

Xk =

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)

1− σ
|ak|,

Yk =

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)

1− σ
|bk|

We conclude the required representation, so the proof is complete. �

Theorem 3.2. If fn(z), n = 1, 2, . . ., belongs to StH(γ, δ, η, σ), then

the function F (z) =
∑∞

n=1λnfn(z) is also in StH(γ, δ, η, σ), where fn(z)
defined by:

fn(z) = z −
∞∑
k=2

ak,nz
k +

∞∑
k=1

bk,n(z)k,
(
n = 1, 2, . . . ,

∑∞
n=1λn = 1

)
.

(21)

Proof. Since f(z) ∈ StH(γ, δ, η, σ), by (17) or equivalently (16), for
n = 1, 2, . . . we have:

∞∑
k=2

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|ak,n|

+

∞∑
k=1

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|bk,n| 6 1− σ.

Also

F (z) =
∞∑
n=1

λnfn(z) = z −
∞∑
k=2

( ∞∑
n=1

λnak,n

)
zk +

∞∑
k=1

( ∞∑
n=1

λnbk,n

)
(z)k,
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Now according to (17) or equivalently (16), we have:

∞∑
k=2

∣∣∣∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1

λnak,n

∣∣∣∣∣Γ(αi, βj , q, k)

+
∞∑
k=1

∣∣∣∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1

λnbk,n

∣∣∣∣∣Γ(αi, βj , q, k)

=
∞∑
n=1

{ ∞∑
k=2

∣∣(γ + δ)k + (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|ak,n|

+
∞∑
k=1

∣∣(γ + δ)k − (1− γ − δ + γδ)− ηk2
∣∣Γ(αi, βj , q, k)|bk,n|

}
λn

> (1− σ)
∞∑
n=1

λn = 1− σ.

Thus F (z) ∈ StH(γ, δ, η, σ). �

Remark 3.3. We note that StH(γ, δ, η, σ) is a convex set.
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