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1. Introduction

The concept of intuitionistic fuzzy sets was introduced by K. Attanassov [1] in
1983. In 2001, E. P. Lee and Y. B. Im [7] introduced the concept of mated fuzzy
topological spaces as a generalization of intuitionistic fuzzy topological spaces
introduced by Coker [4] and smooth topological spaces by Ramadan [14]. Also
they introduced the notion of (r, s)-fuzzy open set, (r, s)-fuzzy closed set, clo-
sure operator and interior operator in mated fuzzy topological spaces. Then,
as a generalization of the regular fuzzy open and regular fuzzy closed sets
introduced by Azad [2] in 1981, Ramadan et.al. [15] brought the concept of
(r, s)-regular fuzzy closed sets in intuitionistic fuzzy topological spaces.

Conforming to the view of J. G. Garcia and S.E. Rodabaugh [5], that Intuition-
istic Fuzzy Sets by definition cannot be Intuitionistic Mathematics, scholars
started to use the term “double fuzzy topological spaces” instead of “intuition-
istic fuzzy topological spaces”.

Later in 2011, Ghareeb [6] introduced and studied various notions of normality
using regular fuzzy closed sets in a double fuzzy topological space. Regular
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fuzzy closed sets were further explored and generalized by several authors [3,
11, 12, 16].

In [8] Levine introduced the concept of simple extension of a topological space
and studied various properties of the same. Extending this notion to fuzzy
topological context, many papers came out later such as [9, 10]. Recently the
authors defined extensions of a double fuzzy topological space and investigated
certain properties of it in [17].

In this paper we compare the families of (r, s)-rfc sets in a double fuzzy topolog-
ical space and its extensions. Though these families are different they are closely
related as there is a non-empty intersection always. Certain type of extensions
in which the family of (r, s)-rfc sets remain unchanged are obtained. Given a
fuzzy set f in a double fuzzy topological space, extensions that make f , (r, s)-
rfc are found. Investigating the structure of various families of fuzzy sets related
to (r, s)-rfc sets, a complemented lattice has been identified.

2. Preliminaries

Throughout the paper, X denotes a nonempty set, I = [0, 1], the closed unit
interval of the real line, I0 = (0, 1], I1 = [0, 1), IX = the set of all fuzzy
subsets of X. The constant fuzzy subset taking the value α is denoted by
α. Also, I0 ⊕ I1denotes the set {(r, s) ∈ I0 × I1 : r + s  1}.

Definition 2.1. (see [13]) Consider the pair (τ, τ∗) of functions from IX → I
such that

1. τ(f) + τ∗(f)  1,∀f ∈ IX ,

2. τ(0) = τ(1) = 1, τ∗(0) = τ∗(1) = 0,

3. τ(f1 ∧ f2)  τ(f1)∧ τ(f2) and τ∗(f1 ∧ f2)  τ∗(f1)∨ τ∗(f2), fi ∈ IX , i =
1, 2,

4. τ
 

i∈∆
fi






i∈∆
τ(fi) and τ∗

 

i∈∆
fi






i∈∆
τ∗(fi), fi ∈ IX , i ∈ ∆

The pair (τ, τ∗) is called a double fuzzy topology on X. The triplet (X, τ, τ∗) is
called a double fuzzy topological space.

Notation: For a given g ∈ IX and for any f ∈ IX , Rgf denotes the set
(f1, f2) : f = f1 ∨ (f2 ∧ g), f1, f2 ∈ IX


.

Definition 2.2.(see [17]) Let (X, τ, τ∗) be a double fuzzy topological space and
g ∈ IX . For α ∈ I0 and β ∈ I1 with α  τ(g), β  τ∗(g) and α+ β  1 define
U ,U∗ : IX → I by
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fuzzy closed sets were further explored and generalized by several authors [3,
11, 12, 16].

In [8] Levine introduced the concept of simple extension of a topological space
and studied various properties of the same. Extending this notion to fuzzy
topological context, many papers came out later such as [9, 10]. Recently the
authors defined extensions of a double fuzzy topological space and investigated
certain properties of it in [17].

In this paper we compare the families of (r, s)-rfc sets in a double fuzzy topolog-
ical space and its extensions. Though these families are different they are closely
related as there is a non-empty intersection always. Certain type of extensions
in which the family of (r, s)-rfc sets remain unchanged are obtained. Given a
fuzzy set f in a double fuzzy topological space, extensions that make f , (r, s)-
rfc are found. Investigating the structure of various families of fuzzy sets related
to (r, s)-rfc sets, a complemented lattice has been identified.

2. Preliminaries

Throughout the paper, X denotes a nonempty set, I = [0, 1], the closed unit
interval of the real line, I0 = (0, 1], I1 = [0, 1), IX = the set of all fuzzy
subsets of X. The constant fuzzy subset taking the value α is denoted by
α. Also, I0 ⊕ I1denotes the set {(r, s) ∈ I0 × I1 : r + s  1}.

Definition 2.1. (see [13]) Consider the pair (τ, τ∗) of functions from IX → I
such that

1. τ(f) + τ∗(f)  1,∀f ∈ IX ,

2. τ(0) = τ(1) = 1, τ∗(0) = τ∗(1) = 0,

3. τ(f1 ∧ f2)  τ(f1)∧ τ(f2) and τ∗(f1 ∧ f2)  τ∗(f1)∨ τ∗(f2), fi ∈ IX , i =
1, 2,

4. τ
 

i∈∆
fi






i∈∆
τ(fi) and τ∗

 

i∈∆
fi






i∈∆
τ∗(fi), fi ∈ IX , i ∈ ∆

The pair (τ, τ∗) is called a double fuzzy topology on X. The triplet (X, τ, τ∗) is
called a double fuzzy topological space.

Notation: For a given g ∈ IX and for any f ∈ IX , Rgf denotes the set
(f1, f2) : f = f1 ∨ (f2 ∧ g), f1, f2 ∈ IX


.

Definition 2.2.(see [17]) Let (X, τ, τ∗) be a double fuzzy topological space and
g ∈ IX . For α ∈ I0 and β ∈ I1 with α  τ(g), β  τ∗(g) and α+ β  1 define
U ,U∗ : IX → I by
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fuzzy closed sets were further explored and generalized by several authors [3,
11, 12, 16].

In [8] Levine introduced the concept of simple extension of a topological space
and studied various properties of the same. Extending this notion to fuzzy
topological context, many papers came out later such as [9, 10]. Recently the
authors defined extensions of a double fuzzy topological space and investigated
certain properties of it in [17].

In this paper we compare the families of (r, s)-rfc sets in a double fuzzy topolog-
ical space and its extensions. Though these families are different they are closely
related as there is a non-empty intersection always. Certain type of extensions
in which the family of (r, s)-rfc sets remain unchanged are obtained. Given a
fuzzy set f in a double fuzzy topological space, extensions that make f , (r, s)-
rfc are found. Investigating the structure of various families of fuzzy sets related
to (r, s)-rfc sets, a complemented lattice has been identified.

2. Preliminaries

Throughout the paper, X denotes a nonempty set, I = [0, 1], the closed unit
interval of the real line, I0 = (0, 1], I1 = [0, 1), IX = the set of all fuzzy
subsets of X. The constant fuzzy subset taking the value α is denoted by
α. Also, I0 ⊕ I1denotes the set {(r, s) ∈ I0 × I1 : r + s  1}.

Definition 2.1. (see [13]) Consider the pair (τ, τ∗) of functions from IX → I
such that

1. τ(f) + τ∗(f)  1,∀f ∈ IX ,

2. τ(0) = τ(1) = 1, τ∗(0) = τ∗(1) = 0,

3. τ(f1 ∧ f2)  τ(f1)∧ τ(f2) and τ∗(f1 ∧ f2)  τ∗(f1)∨ τ∗(f2), fi ∈ IX , i =
1, 2,

4. τ
 

i∈∆
fi






i∈∆
τ(fi) and τ∗

 

i∈∆
fi






i∈∆
τ∗(fi), fi ∈ IX , i ∈ ∆

The pair (τ, τ∗) is called a double fuzzy topology on X. The triplet (X, τ, τ∗) is
called a double fuzzy topological space.

Notation: For a given g ∈ IX and for any f ∈ IX , Rgf denotes the set
(f1, f2) : f = f1 ∨ (f2 ∧ g), f1, f2 ∈ IX


.

Definition 2.2.(see [17]) Let (X, τ, τ∗) be a double fuzzy topological space and
g ∈ IX . For α ∈ I0 and β ∈ I1 with α  τ(g), β  τ∗(g) and α+ β  1 define
U ,U∗ : IX → I by
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fuzzy closed sets were further explored and generalized by several authors [3,
11, 12, 16].

In [8] Levine introduced the concept of simple extension of a topological space
and studied various properties of the same. Extending this notion to fuzzy
topological context, many papers came out later such as [9, 10]. Recently the
authors defined extensions of a double fuzzy topological space and investigated
certain properties of it in [17].

In this paper we compare the families of (r, s)-rfc sets in a double fuzzy topolog-
ical space and its extensions. Though these families are different they are closely
related as there is a non-empty intersection always. Certain type of extensions
in which the family of (r, s)-rfc sets remain unchanged are obtained. Given a
fuzzy set f in a double fuzzy topological space, extensions that make f , (r, s)-
rfc are found. Investigating the structure of various families of fuzzy sets related
to (r, s)-rfc sets, a complemented lattice has been identified.

2. Preliminaries

Throughout the paper, X denotes a nonempty set, I = [0, 1], the closed unit
interval of the real line, I0 = (0, 1], I1 = [0, 1), IX = the set of all fuzzy
subsets of X. The constant fuzzy subset taking the value α is denoted by
α. Also, I0 ⊕ I1denotes the set {(r, s) ∈ I0 × I1 : r + s  1}.

Definition 2.1. (see [13]) Consider the pair (τ, τ∗) of functions from IX → I
such that

1. τ(f) + τ∗(f)  1,∀f ∈ IX ,

2. τ(0) = τ(1) = 1, τ∗(0) = τ∗(1) = 0,

3. τ(f1 ∧ f2)  τ(f1)∧ τ(f2) and τ∗(f1 ∧ f2)  τ∗(f1)∨ τ∗(f2), fi ∈ IX , i =
1, 2,

4. τ
 

i∈∆
fi






i∈∆
τ(fi) and τ∗

 

i∈∆
fi






i∈∆
τ∗(fi), fi ∈ IX , i ∈ ∆

The pair (τ, τ∗) is called a double fuzzy topology on X. The triplet (X, τ, τ∗) is
called a double fuzzy topological space.

Notation: For a given g ∈ IX and for any f ∈ IX , Rgf denotes the set
(f1, f2) : f = f1 ∨ (f2 ∧ g), f1, f2 ∈ IX


.

Definition 2.2.(see [17]) Let (X, τ, τ∗) be a double fuzzy topological space and
g ∈ IX . For α ∈ I0 and β ∈ I1 with α  τ(g), β  τ∗(g) and α+ β  1 define
U ,U∗ : IX → I by
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fuzzy closed sets were further explored and generalized by several authors [3,
11, 12, 16].

In [8] Levine introduced the concept of simple extension of a topological space
and studied various properties of the same. Extending this notion to fuzzy
topological context, many papers came out later such as [9, 10]. Recently the
authors defined extensions of a double fuzzy topological space and investigated
certain properties of it in [17].

In this paper we compare the families of (r, s)-rfc sets in a double fuzzy topolog-
ical space and its extensions. Though these families are different they are closely
related as there is a non-empty intersection always. Certain type of extensions
in which the family of (r, s)-rfc sets remain unchanged are obtained. Given a
fuzzy set f in a double fuzzy topological space, extensions that make f , (r, s)-
rfc are found. Investigating the structure of various families of fuzzy sets related
to (r, s)-rfc sets, a complemented lattice has been identified.

2. Preliminaries

Throughout the paper, X denotes a nonempty set, I = [0, 1], the closed unit
interval of the real line, I0 = (0, 1], I1 = [0, 1), IX = the set of all fuzzy
subsets of X. The constant fuzzy subset taking the value α is denoted by
α. Also, I0 ⊕ I1denotes the set {(r, s) ∈ I0 × I1 : r + s  1}.

Definition 2.1. (see [13]) Consider the pair (τ, τ∗) of functions from IX → I
such that

1. τ(f) + τ∗(f)  1,∀f ∈ IX ,

2. τ(0) = τ(1) = 1, τ∗(0) = τ∗(1) = 0,

3. τ(f1 ∧ f2)  τ(f1)∧ τ(f2) and τ∗(f1 ∧ f2)  τ∗(f1)∨ τ∗(f2), fi ∈ IX , i =
1, 2,

4. τ
 

i∈∆
fi






i∈∆
τ(fi) and τ∗

 

i∈∆
fi






i∈∆
τ∗(fi), fi ∈ IX , i ∈ ∆

The pair (τ, τ∗) is called a double fuzzy topology on X. The triplet (X, τ, τ∗) is
called a double fuzzy topological space.

Notation: For a given g ∈ IX and for any f ∈ IX , Rgf denotes the set
(f1, f2) : f = f1 ∨ (f2 ∧ g), f1, f2 ∈ IX


.

Definition 2.2.(see [17]) Let (X, τ, τ∗) be a double fuzzy topological space and
g ∈ IX . For α ∈ I0 and β ∈ I1 with α  τ(g), β  τ∗(g) and α+ β  1 define
U ,U∗ : IX → I by
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fuzzy closed sets were further explored and generalized by several authors [3,
11, 12, 16].

In [8] Levine introduced the concept of simple extension of a topological space
and studied various properties of the same. Extending this notion to fuzzy
topological context, many papers came out later such as [9, 10]. Recently the
authors defined extensions of a double fuzzy topological space and investigated
certain properties of it in [17].

In this paper we compare the families of (r, s)-rfc sets in a double fuzzy topolog-
ical space and its extensions. Though these families are different they are closely
related as there is a non-empty intersection always. Certain type of extensions
in which the family of (r, s)-rfc sets remain unchanged are obtained. Given a
fuzzy set f in a double fuzzy topological space, extensions that make f , (r, s)-
rfc are found. Investigating the structure of various families of fuzzy sets related
to (r, s)-rfc sets, a complemented lattice has been identified.

2. Preliminaries

Throughout the paper, X denotes a nonempty set, I = [0, 1], the closed unit
interval of the real line, I0 = (0, 1], I1 = [0, 1), IX = the set of all fuzzy
subsets of X. The constant fuzzy subset taking the value α is denoted by
α. Also, I0 ⊕ I1denotes the set {(r, s) ∈ I0 × I1 : r + s  1}.

Definition 2.1. (see [13]) Consider the pair (τ, τ∗) of functions from IX → I
such that

1. τ(f) + τ∗(f)  1,∀f ∈ IX ,

2. τ(0) = τ(1) = 1, τ∗(0) = τ∗(1) = 0,

3. τ(f1 ∧ f2)  τ(f1)∧ τ(f2) and τ∗(f1 ∧ f2)  τ∗(f1)∨ τ∗(f2), fi ∈ IX , i =
1, 2,

4. τ
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The pair (τ, τ∗) is called a double fuzzy topology on X. The triplet (X, τ, τ∗) is
called a double fuzzy topological space.

Notation: For a given g ∈ IX and for any f ∈ IX , Rgf denotes the set
(f1, f2) : f = f1 ∨ (f2 ∧ g), f1, f2 ∈ IX


.

Definition 2.2.(see [17]) Let (X, τ, τ∗) be a double fuzzy topological space and
g ∈ IX . For α ∈ I0 and β ∈ I1 with α  τ(g), β  τ∗(g) and α+ β  1 define
U ,U∗ : IX → I by
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