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1 Introduction

Fractional differential equations, appears in many scientific problems
such physics, chemistry, dynamic and engineering problems (see [1] and
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[9]). In recent decades many researches have been done in this field (
see [13] and [1]). Also a great deal of papers have been written on con-
sidering the existence of a solution for fractional differential equations.
Sometimes these equations are singular at some points ( see [3] and [2]).

In 2011, Feng and Sun [5], considered the existence of a solution for
the following singular system,

{ Du(t)

with boundary conditions u(0) = u(1) = v/(0) = v(0) = v(1) = V/(0) =
0, where2 < a, 8 < 3, f,g : (0,00) xR — R are continuous, lim; o+ f(¢,.)
= 400 and lim;_,o+ g(¢,.) = +o0.

In 2014 Li [6], worked on the existence and uniqueness of solutions for
singular fractional boundary value problem

Du(t) + f(t,u(t), D°u(t)) = 0,

with 4(0) = /(1) = 0 and «/(1) = D%u(t), where 0 < t < 1,2 < ¢ <
3,0<o<1,f:(0,1] x RxR — R is continuous function, f(¢,x,y) may
be singular at ¢ = 0 and D% is the standard Caputo derivative.

In 2017 Shabibi, Postolache and Rezapour investigated the singular frac-
tional integro-differential system

Dy + fr(t,uty ..oy Uy, D*ug, ..oy D™y,
+g1(t, ULy .- ,um,D/‘lul, ce ,D“mum) = 0,

DYy, + f(t,uty .oy Uy DPug, ..oy DF™ )
+gm(t,ut, ... Uy, DM ug, ..., DFm ) =0,

with boundary conditions w;(0) = 0, u}(1) = 0 and %[ui(t)]t:(] =0 for
1<i<mand2<k<n-—1 where; > 2, [o;] =n—1,0< p; <1,
D is the Caputo fractional derivative, f; is a Caratheodory function, g;
satisfies Lipschitz condition and f;(t, x1,...,22y) is singular at ¢ = 0 of

forall 1 <i<m ([12]).
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In 2018, the existence of solutions for the pointwise defined three
steps crisis integro-differential equation

D%x(t) +f(tyﬂf(t)7ﬂf'(t),Dﬁﬂf(t)7/0 h(§)x(§)ds, o(x(t))) = 0

with boundary conditions (1) = z(0) = 2”(0) = 2"(0) = 0, where
a>2, \up € (0,1), ¢ : X — X is a mapping such that [|¢(z) —
o)l < Oollz — y|| + 01]]2" — ¢/'|| for some non-negative real numbers
6p and 0; € [0,00) and all z,y € X, D* is the Caputo fractional

derivative of order a, f(t,x1(t),...,x5(t )) = fi(t,z1(¢),...,x5(t)) for all
te[0,N), f(t,z1(t),...,z5(t)) = fg(t xl(t) x5(t)) for all t € [\, u] and
ft,z1(t), . ..,xs5(t)) = fa(t,z1(t), ..., x5(t)) for all te(ull], fit,.,.,.,.)
and f3(t,.,.,.,.) are continuous on [ ,A) and (p, 1] and falt, .. ..) is

multi-singular was investigated [3].

Motivated by the above works, we will investigate the existence of
a solution of the following nonlinear fractional differential pointwise de-
fined system

D (1) + f1(t 2(0),y(0),2'(6), (1), DP (1), Dy (1)
JEn(©)2(€)de, [T ha(€)a(£)de) = 0,

Dozy(t) + folt, x(t), y(t), 2/ (t), ' (t), DPra(t), DP2y(t),
Jo (&) (€)dE, [ ha(€)x(€)dE) = 0,

(1)

with boundary conditions D*1x(n) = A1, D*2x(n2) = Mg, where a > 2,
z(1) = 29)(0) = 0 and y(1) = 9 (0) = 0 for j > 2, where n;, y; € (0,1),
Ai > 0, D% is the Caputo fractional derivative of order a; > 2, n =
[;] + 1, by € L' and f; € L! is singular at some points [0,1] for i = 1,2.
Recall that D*z(t) + f(t) = 0 is a pointwise defined equation on [0, 1] if
there exists a set E C [0, 1] such that the measure of E° is zero and the
equation holds on E (see [2]). In this paper, we use ||.||; for the norm
of L[0,1], ||.|| for the sup norm of Y = C0,1], ||z||, = max{|z|,||z'||}
for the norm of X = C[0,1] and ||(z,y)||,, = max{|z|,||y|l«} for the
norm of X?2.

3
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2 Preliminaries

In this section, some of the definitions and primary theorems which are
required in the sequel, are stated.

Definition 2.1. ([7]) The Riemann-Liouville integral of order p with
the lower limit @ > 0 for a function f : (a,00) — R is defined by
P f(t) = ﬁ fcf(t — 5)P~1f(s)ds, provided that the right-hand side is
pointwise define on (a,00). We denote I7, f(t) by IPf(t).

Definition 2.2. (] ]) The Caputo fractional derivative of order o« > 0
is defined by D f(t) o= a) fo = a+1 ~ds, where n = [a] + 1 and
f:(a,00) > Risa functlon

Definition 2.3. ([10]) Let ¥ be the family of nondecreasing functions
¥ : [0,00) — [0,00) such that Y 2, ¥"(t) < oo for all ¢ > 0. One can
check that 1 (t) < t for all t > 0.

Definition 2.4. ([10]) Let T : X — X and a : X x X — [0,00) be
two maps. Then T is called an a-admissible map whenever a(z,y) > 1
implies a(Txz, Ty) > 1.

Definition 2.5. ([10]) Let (X,d) be a metric space, ¥ € ¥ and « :
X x X — [0,00) a map. A selfmap T : X — X is called an a-1)-
contraction whenever a(x,y)d(Tz, Ty) < 1 (d(x,y)) for all z,y € X.

Lemma 2.6. ([10]) Let (X,d) be a complete metric space, v € ¥V, « :
XxX —[0,00) amap and T : X — X an a-admissible a-1)-contraction.
If T is continuous and there exists xo € X such that a(xg,Txg) > 1,
then T has a fixed point.

Lemma 2.7. ([11]) Let n — 1 < a < i and x € C(0,1) N L'(0,1).
Then, we have I*D%x(t) = x(t) + X7, ' citt for some real constants

Coy. -+ 9Cn—1-

3 Main Results

Now, we are ready for providing our results.
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L1[0,1], then the solution of the problem DYu(t) + f(t)
boundary conditions D"u(n) = X, u(l) = u)(0) = >
u(t) = fol G(t,s)f(s)ds + H(t), where G(t,s) and H(t) are defined as
follow

( —(t—s)* 1+ (1—s)>!

)
1-t)I'(2— oy

—(t—s)* 14 (1—s)>!
N

) = )
G(t,s) =
(1—s)>—1
(hre—p
— Ty 9T 0<t<s<ns<l,
S a—1
\(1F(31) 0<t<s<1, n<s,
and AL )
2—p

Proof. First by similar manner as [3], we conclude that lemma (2.6)
is valid on L'[0,1]. Now let x(¢) be a solution for the problem, since
2U)(0) = 0 for j > 2, by using Lemma (2.6) we have

u(t) = _F(la) /0 (t — )* 71 f(s)ds + co + cit. (2)
By using u(1) = 0 we have
1 ! a—1 _
r(a)/o (1= )21 f(s)ds = co + c1. (3)
By (2) we have
et~
Diuln) =~ | = s s

5



A. MALEKPOUR, M. SHABIBI AND R. NURAEI

and since D*u(n) = \ we have

S an' ™" _
F(a—,u)/o (n—ys) f(s)ds + . =\

So

cnlt=H 1

= L — )P L f(s)ds
f— =M T J, 0T

hence
(2 - p) 1 K a—p—
= TE s s [ o rtsgas].
By putting in (3) we have
1
F(loz)/o (1—8)*"1f(s)ds = co

o s [

_l’_

SO

F(2 B ) K a—p—
- Mﬂﬂ[ Fm—uhé(n ) 1ﬂ$%y
hence
t 1
ut) =~ [ =9 @ s [0 s
SRS D [ o]
(2 —p) 1 ! a=p=1r(\lg
e [ 0 ]
t 1
= F(la)/o(ts)a_lf(s)derF(la)/o (1—s)*"1f(s)ds
_ Fi@_#) — ! —5)2 L f(s)ds
s (=) [ =9 ()
AT(2 — p)

(1 - t)a

nt=r
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SO

— _L ' _30‘_1 s)ds L 1 —Sa_l s)as
wt) =~ [ =9 @ s [0

M _ ! — 5)~ -1 s)ds
s (=0 [ s+ 1),
where
H(t) —Arﬁ__u“)a—t).

If t <n <1 then

ut) = —F(la) / (t — 9)* 1 f(s)ds

r<1a</ / /) S
([ o

and if n <t <1 then

so we can write u(t fo s)ds + H(t), where
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I(a)
—H)r(2— .
SUOMCo (), gemuet g <s<t<1 s<n,
—(t=9)" " +1=s)
) O0<n<s<t<l,
G(t,s) =
(1—s)*—1
I«
1-t)I"(2— =
_,(71—u)r((afzg(ﬂ s)*Ht 0<t<s<n<l,
(1-s)o~1
(T 0<t<s<l1 n<s

O Now we can gain %(t, s) as follow:

—(t—s)>—2
T 1
I'(2— ——

+nl—u(r7(olﬁu)(ﬂ—5)a“l 0<s<t<1, s<n,
@i@@: %%ﬁg' 0<n<s<t<l,
ot

%(M—S)a_“_l 0<t<s<n<l,

0 0<t<s<l, n<s.

One can see G and %G are continuous respect to t. Consider the space
X = C0,1] with the norm ||.|[« and the space X? with the norm ||.||.«
where [[(z, )l = max{[|z|l., [yll<}, =]+ = max{[lz,[|«"|} and ||| is
the supremum norm on C[0,1]. Let fi, fo be two maps on [0,1] x X8
such that are singular at some points of [0, 1]. For i = 1,2, let

() = -2 B2 0,
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—(t—s)*i 4 (1—s5)*i !

()
— (D0 (), gyai—pi—l 0<s<t<l, s<n,
n; Do —pi)
—(t— )ai—l_,'_(l_ )ai—l ‘
g 0<nm<s<t<l,
Gy, (t,s) =
(1—5)0‘1'71
e e ;
_ T OIRET) (0 G\ — .
Uz-l_#ir(ai—lii) (NZ 5) 0<t<s<m <1,
S a;—1
\(1F(311-) 0<t<s<1, 7, <s
and define F : X2 — X2 as
¢1( 7y)(t)
F t) =
0= (G i)
where
¢z z,y (t)

/G (1, 5)fi(5. 2(5), y(5), 2/ (), (s), D x(s), Dy (),

/ P (€)w(€)de, / ha(€)y(€)de)ds + Hit)
0 0

1

1
- ‘r<a>/ (t — )% fils,2(s), y(s), 2'(s), 3/ (s), DV a(s), DOy s),

/ h(©)e(e)de, /  halE)y(€)de)ds
0 0

1
['(evi)

/ () (€)de, /  ha(€)y(€)de)ds
0 0
F(2*:ui) _ " )il (g (s
m)(l t)/o (i — )™ fils, z(s),

_nlf,uir(ai _

() (5).8/ (), D*a(s). Dy (s), [ (€€,

0

+

1
/0 (1= 8)*  fils,2(s), y(s), 2'(s), 9/ (s), D7 a(s), D™y s),

/0 " halE)y(€)d€)ds + Hil),
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SO

where

¢i(@,y)(t) =

1
0 8?: (t,5)fi(s,2(s),y(s), 2 (s), 5 (s), DP'x(s), D2y (s),

/ dg/ ha(€)y(€)d€)ds + H!(t)
= | 60,006,600 D),
(s), /0 h(€)(€)de, /0 ha(€)y(€)d€)ds

F(Q_:ui) i ai—pi—1 p. / ’
s [ (609,09, 0,

Dﬁzy

+

D1a(s), DPy(s), /0 I (©)2(E)de, /0  ha(€)y(€)d€)ds + HI(t).

for all ¢ € [0,1]. It’s obvious that the singular pointwise defined equation
(1) has a solution if and only if the map F' has a fixed point. In the next
theorem, we provide our main result about the existence of a solution
for the problem (1).

Theorem 3.2. Fori = 1,2, let a; > 2, [o;] =n— 1, Bips, i € (0,1),
N\ >0, h; € LY[0,1] with ||h]|; :== m;, fi : [0,1] x X8 — R be mappings
that are singular on some points [0,1] such that

oo

‘fi(taxla'“ax8)_fi(tayla'“vyS Z ‘xj _y]‘%]

for all x1,...,x8,y1,...,ys € X and almost all t € [0,1] and

ko

filt, w1, ms)| < bin(O T g1, oo 38) + My(a1, ..., 78)
k=1
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where ko € N, a; ;,b; : [0,1] = R, T} x, M; : X8 = Rt for each
1 < k < kg are nondecreasing mappings respect all their components
with lim,_ oo M = pik and lim, o M;(2,...,2) < oo for some

pik ERT and all1 <i<2,1<j<8andl<k< k.

Also, let
ko
1 I'(2 — ) ) 1
. . 0. —
1S { (F(O% =) (i - m)) L TR } €03
where
1 1
A = maxq 1, , M1, m
{ L2-p/) T2-pF) 2}

and b, ;5 € L'0,1], a;j(s) = (1 — )% 2a;(s). If

1 L2 — pi)
[0,1]) (F(ai =5 e M)) } <1

where A; j = A%i then the pointwise defined system

8
max { ( Zl A jllai,;
J:

D*a(t) + fl(t 2(8),y(t), 2'(1), (1), DPa(t), Dy 0),
Jo ha(€)z(€)dE, [y ha(€)x(€)dE) = 0,

D2y (t) + f2(t x(t ),y(t),m ( ).y (t), DPra(t), DP2y(t),
Jo P1(&)z(€)dE, [y ha(€)y(€)dE) =0,

with boundary contions DM x(n1) = A1, DH2y(n2) = Ao, 2(1) = 20)(0) =
0 and y(1) = y9(0) = 0 for j > 2 has a solution.

Proof. First we will prove that F' is continuous on X2. Let 0 < € < 1 be
artibary and {(zn, Yn) }n>1 — (7, y) in X2, then there exists ng € N such
that n > ng implies that ||(zn, yn) — (2, )|« < €, hence ||z, — x|/« < €
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and ||yn, — y||« < €, then we have

IN

|9i(@n, yn) (t) — Gilz, y)(t)]
1
oy (t, 3) (fi(& xn(3)> yn(s)v l‘;l(S), y;(s), Dﬁlxn(3)> Dﬁzyn(5)7

/0 (€ (€)de / " ha)un(€)dE) — fils, 2(s).u(s), (), 9/ (5),

DPa(s), DPy( /hl (©)de, /05h2<s>y<e>d5>>ds

1 ! a;—1
Foy ) )
Dy, (o). | I () €)de, / " ha(€)ya(€)de)
<2060, ()5 (5), D), Do), [ @t

fi(s’ xn(s)v yn(5)7 QT;Z(S), y;L(S)7 Dﬁlxn(s)v

/0 " halE)y(€)de)|ds

1 ! a—1
+F(ai)/ (1—2y5)

0
D%y (s), /0 () (), /  hal€)yn()d) — fi(s, 2(s) . (5).
2'(5),9/(5), DPrx(s), DPy(s / €)de, / ha(€

(5), DO (51, D2, [ (€2, [ ha(€un(dE)
0 0
i 5): (), (51,8 5), D¥ (), Dy s, [ ma(@)a(e)a,

0
/0 " hal)y(€)de)|d

Fi(8,2n (), yn(5), 2(5), yp(5), DM wn(s),

fi(S,JJn(S), yn<8>,$;(8),
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< r(lai) /Ot<t —s)n [ai,1<s>rxn<s> —2(8)" + aia(s)

9a(s) = 92 + aa(8) () = 2 (S + a9y (s) = o/ (5)]
+055(5)|DP (2 = ) (5) + 36(5)| D (g — ) (5)

+ai,7(8)(/05 |z — z|(€)dE) VT + ai78(8)(/08 |9 — y|(§)d5)w,s] ds

1
+F(1az)/0 (1—s)ot [ai,1(8)lxn(8) — ()| + ai2(5)|yn(s) — y(s)|""2

+ai3(s)| 2, (s) — ()" + aia(s)lyn(s) — ¥/ ()7 + ais(s) x
(D71 (g, — )(8)]7° + ai6(5)| D (yn — ) (5)]7°

+ai,7(3)(/08 |z, — z|(€)dE) VT + %8(3)(/0S |9 — y|(§)d§)’¥i,s] ds

T(2 — w) i S i1
(=0 [0 1[ai71<s>|xn<s>—x<s>|%

+ai2(s)lyn(s) — y(8)[" + aia(s)|a,(s) — ' (s)[72
+aia(8)|yn(s) — ¥/ ()4 + ais5(s)| D™ (@ — ) ()

S

Faio()| D% (g — ) ()5 + asn(s)( /0 [ — 2] (€)dE )T

Tas(3)( /0 Jun — ol(€)de)s | ds.

Now since | D% xz(s)|

/ " hi(©)2(©)lde < |1z / " hi(€)de = mille]
0 0

we have
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|¢z(xm yn)(t) - ¢2(x7 y)(t”
. / (t— ) [ai,l(S)lxn(S) —z(s)["! + aip(s)|yals) —y(s)"?
0

IN

['(e;)
+ai3(s)|zy(s) — 2'(s)"2 + aia(s)|yn(s) —y'(s)[74

|z, (s) — ) M)%,e

+az',5(5)(r(2_;;()8)%’5 + ai6(s)( T2 5,)

+ai7(s)(my||zn — z||)7 + a;g(s)(mallyn — yH)%,S] ds

1
o L a0 [ai,ms)\xn(s) — () + a1 (5) a(s) =y
+aiz(s)|a,(s) — 2'()* + asa(s)lyn(s) — o/ (s)] "
|20 (8) = 2" ()] iy oy 9n(8) =Y (8o
e ) e Ty

_l’_

+ai,5(8)(

+aiq7(s)(my||xy — z]])77 + ai,S(S)(mQHyn — yH)%‘,zz] ds

s [ sy [ai,1<s>\xn<s> — ()

+ai2(s)|yn(s) — y(s)["* + as 3(s) 20, (s) — ' (s)| "

(i)~ 97 +an (o)l =L

7+ air(s)(mallen — z|))77

_l’_

|yn(s) — y’(S)I)

o) Cre g,

+a35(5) (ma g — yuw] ds

1 ! — s a;—1
I'(a) /o (=)

+a;3(s)||z;, — 2" + aia(s)lly, — ¥'17* + ais(s)

IA

ai 1 (s)l|lzn = 27 + ai2(s) |y =yl

Iz — /|

(2 — )75
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lyn —y'l75e
I‘(Q — 52)%‘,6

Vi, 7

+ai6(s) +aiz(s)my" [z — 2|77

+ais(s)my" [lyn — yll”’“] ds

1 ! a—1
ey, 0

+aiz(s)llay, — 2|73 + aia(s)lly, — ¥l + ais(s)

ain(8)l|zn — ]| + ai2(s)lyn =yl

[, — &[]
I‘(Q — /31)%',5
ly — o'l
I"(2 — 52)%',6

Vi, 7

+ai6(s) +aig(s)my "o, — x|

+aig(s)my”* lyn — y||%’8] ds
02— m |
1—;%-( t1) (1- t)/ (i — 8)* " H ag(s)||lzn — =7
n; M (ow — i) 0

+a;2()|lyn — ylI"2 + aiz(s) ||z, — 2|75 + asa(s)lly, — ']

+ai75(s)w + aw(s)w +aiz(s)m{"7 ||an — ||
Fais(s)ms" flyn — yll“] ds (4)

1 t o1 , ‘
Ty Jy G [ai,l(s)(AHwn = @fl)™ + ai2(s)(Allyn — yll )™
+aig(s)(Allzn = 2[1)™* + aia(s)(Allyn — yll)™

Fais(5)(Allzn — 2)) 7 + ai6(s) (Allyn — yll) 70
Fai7 () (Allzn — 2)) 7 + ais(s)(Allyn — yH*)“] ds

1 ' o= i,1 )
F(az) /(; (1 - 5) ! [ai,l(s)(AHxn - -’EH*)’Y + CLz’Q(S) X

(Allyn = yll)* + aiz(s)(Allzn — 2[[4)7 + aia(s)(Allyn — yll<) ™
+ai5(8) (Allzn — 2[4)7° + ais(s)(Allyn — yll)™*

_l’_

+ai7(8)(Allzn — z||x) + aig(s)(Allyn — yH*)%‘,g] ds
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(2 — i)
' (= )

(1 _ t) /Om (772 o S)ai*llifl %

ai1 (8)(Allzn — 2[[)7" + aia(s)(Allyn — yll) 7

+ai3(5) (Allzn — 2[)7 + aia(s)(Allyn — ylls) ™
+ai5(8) (Allzn — 2[4)7° + aie(s)(Allyn — yll)™*

Tair(8)(Allan — 2l + ais(s) (Allga - yn*)w] s

8
1 t
< €713 Ao / (t —s)* ta; j(s)ds
INGD) o 0 i (
1< !
+F(a-) E e”i’jA%’j/ (1-— s)o"'_lai,j(s)dsl
2 j=1 0
F(Q — /,LZ) . . h =1
+ — (1 _ t) 6’71,3 A'Yl,] / (77 _ s)az Hi (L" '(S)dS
,'71 'U”'F(O[Z' — ,LLZ) ]:Zl 0 1 (v
1 o 1 o
< Vi, j A’Yi,j .- - Vi, g A’Yi,j .-
= F(Oéi) ;:1 € ”aw |[071] + F(Ozi) ;:1:6 ”aZ,JH[O,l]
8
(2 — ) N
+ - (I—1t) ) €eWIAYI|a;;
T - (02 A o
8
2 I'2— p)(1—
< €y ATy gl [ 1 22 ) t)]
j=1

C(ag) =il (o — ps)

where A = max{1, ﬁ, m,ml, ma}, hence y = min{~, ;, j =

1,..,8, i=1,2}

8 2 0(2 — i)
i(Tn, Yn) — Qi(z, §7§ A7 | : :
16i(2n, yn) — Gi(x, y)|| < € llaislio. [F(ai) * nt—ril (e — Mz‘)]

Jj=1
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Also we have

|6 (@, yn) (8) — i, y) (1)

01 5) (5, 20l6).Unl). 2 (5) 41 (5). D 2 (), D2y,
0

/ i () (), J " ha(€)un (€)dE) — fis,x(s), y(s), (), 4/ (5),
0 0

DPia(s), DPy(s). /0 b ()2(€)de /0 " ha(E)y(€)de) ) ds

1 ! — s a;—2
(e — 1) /0 (t=)

D2y (s), / (€ (€)de / " hal)yn (€)E) — (s, (), y(s),

2/(s),y/(s), DP'(s), DPy( /m (©)de, /05h2<5>y<5>d5>d

F(Q /“LZ) K a;—pi—1
TR ) o9

Yo(3), Dz (5), D%y (s), /0 (€ (€)de /0 " ha(€)ya(€)de)
(s 2(5), y(s), 2'(5), 4/ (), DPx(s), DPy(s), /0 b ()a(€)de,

IN

fi(sa 1‘”(8), yn(3)7 '1‘;1(8)7 y;(s), Dﬁlxn(s)v

fi(s;zn(s), yn(s),wﬁz(s),

/0 " halE)y(€)de)|ds

IN

1 : Qi i1 .
p(ail)/o (t—s)%? [%,1(8)\%(8) — x(8)|"! + a;2(s) x

lyn(s) = y()["> + aia(s)|an,(s) = 2'(s)["* + aia(s)lyn(s) — /' (s)"*
+ai5(8)| D7 (= )(5)[ + aig(s)| D™ (yn — y)(s)750

+ai @) [ lon = al(©de + aus)( [l - yug)d@m] s

F(27:u’1) & a; il
i [ = s [ ($)frals) — ()]

+ai2(s)|yn(s) — y(8)"* + ais(s)la, (s) — ' (s)[7?
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Fasa()l(s) — o/ ()54 + ags()| D (an — 2)(s)]00
s 6()| D% (g — 1) ()0 + azn(s) /0 2 — 2|(€)dE)

tasa(s)( /0 g — yl(©)de)Ts | ds

1 ! — s a;—2
(e — 1) /0 (t=s)

+ai2(5)(Allyn — yll«)7? + aiz(s)(Allzn — [l )™
+aia(8)(Allyn — yll«)7* + ais(s)(Allzn — xfl)7°
+ais(s)(Allyn =yl + aiz(s)(Allzn — 277

ai1(s)(Allzn — z[[)7

+ais(5)(Allyn — yll) 7 | ds

F(2 - IU”L) ' a;—pi—1 Yi
s [T 9 a6l — el
+ai2(8)(Allyn — yll«)"2 + ai3(s) (Allzn — 2[[+)7
+aia(8)(Allyn — ylle)"* + ais(s)(Allzn — o)
+ai6(s)(Allyn — ylls)"® + ai7(s)(Allxn — zf[«)"7

+

ds

8 t
1 e L,
T(Ozi—l); €I A7 ,]/0 (t—s)” am(s)ds]
8 .
L2 — ) . /’7 o
+ REVANLE )i kil (6)ds
=T (o — pg) ]Z; 0 (i ) i.j (5)
1 8
a1 274 sl
r2—m) <
+ . Yid AVird || -
=T (o — pi) ]Z:; a1 [0,1]
8
o ! 0@~ p)
e’ AVedl|las s + :
j; ” z,JH[O,l] [F(ai _ 1) 771_/”1_‘(0[@' — Ni)
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SO
H(b/(:L‘n,yn) - ¢/(x Yl

1 (2 — i)
< ¢ AViil|a; + .
;; I [( -7 m—mrmﬁ—un]

Therefore

= maX{”¢2(xnayn) - ¢l($7y)H? H¢;(-Tnayn) - ¢;($:y)H}

8
j=1

a4 2 I'(2 — ) 1 L2 — )
{Fwﬁ+n““ﬂ%—u0Tﬁw—D+nkMN%—uﬁ}

8
TN 1 P(2 - /~Li)
— 2 A7 i ,
(6 Jz::l JHa s ) (F(Ozz _ 1) + nl—mr(ai _ Ml))

then we have

= max{Hqﬁl(a:n,yn) - ¢1($7y)H*7 ||<Z>2(xn,yn) - ¢2(‘T7y)||*}

g 1 (2 — ;)
1<i<2 { (ZA7 lllo 11) < (o — 1) - nt=HiT (o — Mz’)) }

Now since € > 0 was arbitary, we have ||F(zp,yn) — F (2, y)|/« tends to

zero as |[(xn, yn) — (2, y)]|«« — 0, so we conclude that F' is contiuous on
X2. Because of

1 (2 1
1%1?35{2 { (F(ai -1) T 1 /le'\ ) Z ||bzk\|[0 1]pzk} € [0, A)

IN
[}
=2
B
A
»
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we can choose € > 0 such that for all i = 1,2

ko
€+ + bi ik + € 5
(F(ai 1) T (e - 1)> ; 1641 llf0,1) (P + €) (5)
1 TE@— )y 1

L 0,—).

+€<F(Oéi) * I(og —pi +1) €l A)
Now since lim,_y o %;'"AZ) = p; k. then there exists 1 > 0 such that

for z > rq,

Tik(Az, ..., Az) < (pig + €)Az. (6)

Also since lim, oo M;(Az,...,Az) < oo hence lim,_,, w =0

so there exists ro > 0 such that z > r9 implies

M;i(Az,...,Az) < eAz (7)
and since lim,_, o % = 0, so there exists r3 > 0 such that z > rj3
2n;
implies
AD(2 — i)
ﬁ S GAZ. (8)
2;

Let r = max{r1,r2,73} then by (6), (7) and (8) and by putting z = r,
we have

Ti,k(Ara ceey AT) < (pl,kz + 6)A7"7 (9)
M;(Ar,...,Ar) < eAr (10)
and
A"mlf“’) < eAz. (11)
Azni Hi

Let C = {(7,y) € X% : ||(z,9)|ls« < r} and define a : X% — R as

a((z,y), (u,v)) = 1 when (z,y), (u,v) € C, other wise put a((z,y), (u,v)) =
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0. Let a((z,y), (u,v)) > 1 then (z,y), (u,v) € C, hence |[(x,y)||w < 7
and so ||z]|« < r and [|y|« <, then for all ¢ € [0, 1], we have

|¢zxy t|

J(t,8) fils, 2(s),y(s), 2/ (s), 4/ (5), DM a(s), D™y s),

+ | H;(t)]

/ ha (€)2(€)de, / ha(€)y(€)de))ds
0 0

L ! _ gyl
[(a;) /0 ( )

/m €)de. / 2(€)y(€)de)|ds

_Sa—l
o )/0(1 )

/ " ()2 () e, / " hal)y(€)de)|d
0 0

L2 — ) " o g)i—pi—l
_ Mz’)(l_t)/o (ni — )

nl—#zI‘(ai _

(), DP(s), DPy(s / ), / hale

)\Z'F 2 — ,ul-)
751_,”(1 — 1)

1 t ai—1 ko / / B
/ (=577 | 3 bia(o) Taalo(s)4(5)(5)/ (9, D)

fi(s,2(s),y(s), 2 (s), 4/ (s), DM e(s), D™y(s),

IN

fi(S, ZL‘(S), y(s), l’,(s), y/(s)7 Dﬁlx(s)v Dﬁzy(s)’

fi(83$(5)7y(8)’$,(3)7

IN

T(a)
Dizy( / €)de. / ha(E)y(€)dE) + Mi(x(s), y(s), 2/(s),

' (s), DPre(s), DP2y( /m (©)de, /0 h2<£>y<s>d5>]ds



22

IN

A. MALEKPOUR, M. SHABIBI AND R. NURAEI

(5),y(5),2'(5),9/(5), D (s),

1 ! a—1 & .
+w/0 (1—s) [;bﬂg(s)j’ o
Dy(s), / ()€ / " ha(€)y(E)dE) + Mi((s), y(s). 2'(5),

(), DP(s), Dy (s / ), / ha(e ]

b 5@( = ,><1ft> /Onkmsw ot

[me s),y(s),2'(s), 9/ (s), D" a(s),
Dy / ). / PaE)U(EE) + M(a(s), (), 2(5),
/(s), DPx(s), Dy (s / €)de, / hae ]
AT(2 = g
+ 751_““)(1—@
1 kot oty | ,
pD [ =0 s Tl o). )
/(s)], (’“’( il | @ [ ha(ortera
1 t — )40 (2(s ). 12’ (s s
+F(ai)/0<t Y M () Jy (3)], |2 ()], o/ (5)]
el WO ol [ i@l [ hateraeia
1 ko ! a—lb / /
o] kZ /0 (1= ) o) Top ()], Jy(s) 12 (5), 1 (),

r(|x( o lle \/ ha(€)d, HyH/ ha(€)d€)d
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1 ' a—1qar. ,
+w/0 (1 =) M;(Jz(s)], ly(s)], |='(s)],
; |#'(s)|
ly'(s)], T2 - B1) H II/ hy(€)dE, ||y”/ ho(€)d6)d

+1£(§( t1) 1—t2/ i — )%, 4 (s) X
nau@HM@Hx@\mwnrg<£yrgfgy
mw/hl e ol [ haf€)de)a

2 /M) i—
e Mﬂa—w/'m—w> el )l o5
VO o i lell [ (€. ol [ a(€)ag)a
Azl“(12 Mz)(l 0
771'_”
LS [ o Tl ol I 1
M) 25 eI e A’

1 1
— mq||z|,m ds + —— 1— )% LAz, lyll,
el malylDds + g [ (1= gl

/], /11 ﬂx%),ﬁw%>mummmﬂWMs

1/l 1 /1 o
,mal|xl||, m ds + 1— )M (||, |yl
o gy mllellmalyds + s [ =9 Millal, o)
[l Il
121 15l T2-6) TR ﬁQ),mllleWﬂlyH)ds
(2 — p) =
T 21/1—8 L ()T, gl
IIJ? H 1]l
1211, 1191

TG T gy e malllhas

ot T
b i ’ ) ) ’ ’
%51/ ()Tl Il 1 11 oy =

23
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F(2—,ui) /Th' i—1 / /
— . 1_t ni_saluz Miway7x7y7
- MF(%_M)< )| =) (Nl s 1211 119
|2 Iyl AT(2 — )
, ,m1l||z||, m ds+ ——=(1—t
g T = gy el malvl) (1=
1 X
< WZ T (Al ]y Allyllss Allz]c, Allylle, Allz]le Allyll,
Y op=1
1 L
Azl Allyls) /0 (1— )21, (s)ds
1
7MZ A *7A *7A *aA *7A *7A *
g Ml Allylle Allzll Allyll, Azl Allyl

1
A”?«“H*Alyll*)/o (1— 8)%1ds

ko

1
) 2

k=1

Tik(Allzlle, Allylle, Allzlls; Allylle, Allzll Allyll

1
AHUCII*,A!yH*)/O (1- S)Qi_lbi,k(S)dé“]

1
e MiAlle, Al Alllls Alllle, Allel, Al

1
A||$||*,A|y||*)/0 (1 — s)o‘i_lds

oL@ S (Al Al Al Aly]
L - ik L], Yll*» T||x, Yll*,
ml M (i — ) k=1 Z

1
A||96||>|<>A|@/||*,A||ZL‘|*7A||y|!*)/0 (1- S)Qi_“i_lbak(S)dS]
(2 — i)
m T (o — i)
i
A||y||>|<>AH93||*7A||?JH*7A||9U|*AHZ/H*)/O (ni — 5)* " 'ds
AT (2 = pa)

1 (1-1)
7711 i

(1 =) Mi(Al[z]l+, Allylls, Allz]l«,
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ko
) A 1
< N TiAr. A ——My(Ar, .., A
S oy 2 ToAr o AT Do, + 1) (AT 87
e S T (A Al 1)+ s M(AT, o, A7)
R ; ) i —M;(Ar, ..., Ar
Dlag) g T T T 1)
T2 - j
n T o (A7 .os A7) [[bi el 0,1
- “T(a —Mz) Z o
_ I'(2— ) (1 — )" My(Ar, .., Ar)
n; T (e — pi +1)
AT
AL gy
;
Hence

IA

2 (2 — w;)
bi T;, S A
(p(ai) T T ) > 1bi ko, T r)

2 0(2 — pi)n®i MT(2 = )
L\ My(Ar,..., Ar) + S B
+<r(a,-+1) T 1) | MilAT s A+ ez

IN

2 (2 — pi) Z
bZ 2, €
(F(O‘i) n R (i — )) ek loy(pes + ) Ar

1 2 i r'e2-— Mi)m’ it
Mog+1)  T(a;—pi+1)

)eAr + eAr

Q; (2 — u;)
+ b; ik + €)AT
(p(ai) DT (g — )> Z 163, Ml 0,1) (i ke + €)

a T2 — i)™
L A A
+<F(ai+1)+F(ai—Mi+1) arrear

IN
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1 r2- z) ko

(I‘(ai —1) + 1 My £ )> ; ”bz‘,k||[0,1](pi,k +€)
1 (2 — )i

+<r(ai)+r( uz+1)>“re

Also we have

1
Ar < ZATZT’.

|5 (, y)( )|
L 9Ga,
o ot

/ dg/ ho(€)y(€)de))ds
nof-n/<t—5>“ :

DP2yy( / €)de, / ho(€

F(Q :u’l) — g)¥— i—1
M)/ (i — )™

H(t,) fils (s),y(s), 2 (5).y/ (s), D7 ax(s), DPy(s),

+[Hj(t)|

fils, x(s),y(s),2'(s),y/ (), D™ (),

IN

ntHil oy —
D% (s), D®y(s / €)de, / ha(€)y(€)de)|ds + ,7(2;%%)
< F(Odzl— 1) / t - 5 a -2 [szk ( )7$I(S)ay/(8)a

D™ a(s), DP2y(s / €)de, / ho (&

+Mi(x(s), y(s), 2 (s),y'(s), DM a(s), Dy(s),

/Oshl df,/ o€ ]



IN

IN
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N R LN
+n1ml“(ailu—,ui)/ (ni = 8)%% 1[Zb”f 5),y(s),

2'(s),y'(s), DPra(s), D™2y(s / €)dE, / ho(€
+M;(2(s),y(s), 7' (s), ¢/ (5), D"x (s)Dﬁ2 (),

/ dg/ (e AT =)

nlfﬂi
SE— ;; [ = Tl L1 6

()] 1y'(s)] i s

+F(af_1) / <t—s>ai—2M~<|x<s>| (s) 1), 15/ (5]
e S o S GEO M RO
. i(i(af‘”m)Z /0 0 = 9 k() T (9), (o),
OLY O b e gy el [ mie

F(Q IU‘Z) [e 7}
ol [ ra(€)ae)ds + M —m/ (= ) M (),
O OL O 1545 gy Il [ e
vl / ha(€)de)ds + f)

= ' / [l

o= Z/ a5 Tael e Bl 0 1 s,
1

m”y”ﬁQ),mluxw,mﬂwH)ds e (= e ol

e 01 I e mallyl s
b 7F(2—B1)7F(2—62)’ 9
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ko 1
F(2 — ,LLZ) / —1 /
- (1= )7 k() Ti e (] Myl M2
T (i — i) ; 0
17l el [l
'T(2—-51) T2~ o)

(2 — ) ua o
: )/0 (1 = &) =Ml ] 21 N

m T (g — g

Al (2 — i)
1—p;
n

ymallz|l, mellyl)ds

[|2']] /']
[(2—01) T(2— B2)
ko

1
F(ai — 1) Z

k=1

,m1H.CC||, mQHyH)dS +

IN

Tik(Allz ], Allylle, Allzlls; Allylls, Allz (e Allyll

1
AIIJCII*,AIyII*)/0 (1= )% bin(s)ds

1
= M; *9 * 9 %y * 9 %y %9
e = 1) (Al Allylle Allzlls, Allylls, Allz(l, Allyl

1
AHxH*?A’yH*)/O (1 — s)ai*QdS

(2 — i)
m M (e — )

Tie(Allzlle, Allylle, Allzlls, Allylls, Al Allyll«

1
AII%II*,AI@III*)/O (75 = 8)* 7 by a(s)ds

(2 — i)

n M (e — )

Mi(Allzlls, Allylle Alllle Allylle, Allzlls, Allylls,

" o — i — )‘iF(Q_Mi)
Al Allglls) [ (i — syrtds + M= 1)
0 771 Hi

I'(ev)

IN

ko
1 .
() D Tin(Ary e, A7) ||biklljo,1) + M;(Ar, ..., Ar)
v k=1

ko
I'(2 - j2% ~
C=t) N (A A il

1—p;
1; g I(ag — p1z) k=1
NS M (A . Ar) +

['(2— ) Al (2 — i)
n T (g — i+ 1) n; M
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IN

ko
1 I'(2 — ) :
+ E bi ik +€)Ar
(p(ai ) nl-l_“iF(Oéi - M)> 2 163,k |lj0,1 (Pik + €)

1 T@=pn™!
L A A
*(rmn*r(ai—ml) arresr

ko
1 D(2 — ) .
+ b; ikt €
(p(ai —1) nl'limr(ai _ Mz)> ; H k ‘[0,1] (P k )
1 D@ =)y 1
t A —Ar =r.

So for all ¢ = 1,2 we have

hence

i (z, y)lls = max{||gi(z, y)|I, | ¢i(z, y) I} <7,

= - <
1)l = max{llos(ay).} <.

therefore F'(z,y) € C. By the same reason we conclude that F(u,v) € C
so we have

a(F(z,y), F(u,v)) > 1. Also it’s obvious that C' # ¢, and we know
for (zo,y0) € C, F(xo,y0) € C, so a((xo,v0), F(x0,y0)) > 1. Now let
(x,y), (u,v) € C then by (4) we have

IN

1¢i(z, y) — dilu, v)||

1
/ (1= sy [az‘,1(8)llw —uli + aia(s)lly — v
0

IN()
(B

. _ Yi,3 . o Vi, 4 )
Faig(s)llz —ull + aials)lly = vl + ais(s) po =5 55

ly — v+
I‘(Q — /82)72',6

+ai6(s) + a;7(s)m] " |lx — |7

+aig(s)my"|ly — vllf’gl ds

29
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I , ‘
1— a—1 . _ ;Yz,l . _ 11,2

e L 0= [au(s)llw -+ o)y — o]
Yi,5

; ; T — ulls
tasa(o)le = 2+ a7+ asslo) s

I"(2 — 52)%',6

Vi, 7

+ai6(s) +aiz(s)my" o — ull

+ais(s)my |y — vllzi’sl ds

(2 — )
nl_ﬂir(az’ — Wi

b _
) / (i — s) % [ai,l(S)llw — "
0
1

+aia(s)lly — vl + ais(s) e — uli? + aia(s)ly — vl
lz — ulls*? ly — o[

. Vi o || VT
Q=B TR Byye T arlsIm 2 = ull«

+ai5(s) + aig(s)

+ais(s)my |y — Ullzi’gl ds

F(;) /01(1 — )% [aiyl(s)ﬁi,lll(%y) — (w0l + ...
+aigs(s)Aisl(z,y) = (u,v)| 13:8] ds
+F(Li) /01(1 -8 [az’,l(S)Az',lll(w,y) = (w,v) [l 4
+aigs(s)Aisl(z,y) = (u,v)| 11’8] ds

(2 — i)

Ui .
/ (15— )% a1 (5) A || (2, ) — (u, )| 22
n; (o — pi) Jo

+otaig(s)Aisll(w,y) — (U,U)HZi's] ds
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< Folen) ZA o [ =)
+ﬁH(UC .Y) ZA ,y/ (1— ) 2a;;(s)ds
F(Q — /,LZ) / 9
+ T (u,v A; (1 —8)%"“a; (s)ds
ml Mr(ai —Mz)H( ) I Z b ) ’J( )
; 2 I'(2 — i)
= A’i,'”ai,' | 0,1 ( + L ) ||(CL‘,y) (U U)H**?
j; I Tar) T (e — )
where
Y0 = V(x,y),(uw) =
1 other wise

and A; ; = A7.i. By the similar way we conclude that

161(2.3) = 63 )]
1 I'(2 — i)
< A 1,7 alv] — 1 T, —\u,v ng
]Z; , ||[011< N /m)”( ) — (u0)]

;M (o —
hence

[¢i(z,y) — ¢i(u,v)|l«
8
P 2 D'(2 — i)
<> Agjllag max — ;
j; J JH[O,l] {F(ai) 77il “T(Oéi—m)

1 ['(2 — i)
['(a; — 1) 77Z1 ’“F(ai —

8
= (Z A jllai, H[071}> %
j:l

1 (2 — p4) .y
<F<az~ —1) " g - M)> I(@.9) = (o)l

o }Il(w,y) = (u, v)I[32;
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0 [|F(2,) = F(u,0)||e < Al(2,y) — (u,0)[22, where

8
. 1 ['(2 — )
A = max g A jllag + = .
1<i<2 { (j:l il ””[0’”) (F(ai 1) T (i - Mi)>}

Therefore

o ((fv, y), (u, v)) d <F(567 y), F(u, U)) <Y (d(F(J?, y), F(u, v))) :

where 9 : [0,00) — [0,00) define as ¥(t) = A" when ¢ € [0,1) and
¥(t) = At when ¢ € [1,00). It’s obvious that ¢ is nondecreasing, also if
t€[0,1) then

D W) = M 4 N 4 < Z Ao = T <o

and if ¢ € [1,00) we have S3°, ¢(t) = 125t < oo, hence Y 7%, ¥(¢)
is convergence for all ¢ > 0, so ¢ € U. Now by using lemma (2.6) we
conclude that the problem (1) has a solution in X2. [

4 Example
The following example illustrates our last result.

Example 4.1. Consider the pointwise defined problem

D3a(t )+ fultalt > y(t),2'(t), ¢ (t), D2x(t), D2y(t),
[y x(€)de, [ 2y(€)de) = 0,
(12)
Dsy(1) +f2(t 2 (t), y(t > 2/(t),y/(t), D7 a(t), D2y(1),
Jo ha(€)€x()de, [y E2y(€)de) =0,

where
8

1
fl(t,xl, ...,.’Bg) = Z E‘xj‘ +1

J=1
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8 8

c(t) |75
fQ(tvxl)"'vxS Y ‘ ‘+
FOPILAE zﬁ+m|

J=1

with boundary contions Dd:z:( ) =1, D2y(%) =0,z(1) =2"(0)=0
and y(1) = y”(0) = 0 where c(t) = 1 and p(t) = 0 whenever ¢ €
[0,1]NQ,c(t) =0 and p(t) =1 whenever ¢ € [0,1]NQ°, 01, ...,08 € (0,1)

8 1
and 3y, -0, <3

then
m= [ m@ao = [ e =3
7@=Ah&M@=A£%( -3
8

1
’fl(tuxlu 338) - fl(tvylv 7y8)| S Z #TZ‘LE}C - yk‘v

8
c(t
|f2(t7$17 :ES) - f2(t7y1’ 7y8)| < QZ ‘l’k — yk‘
p) =
8 8
1 yjl ct) 1
10 = 1—|-|.CU] 1—|—|y]|) (p(t) 10)§’ |
Let kO = 8, bl,kz = ay; = tg%’ Yij = 17 bQ,k — %’ asj = % + 1710,
T1 k(@1 x8) = To (21, o 8) = |z, Ma(21,.yx8) = 1, Ma(z1, ..., 28) =
10 Zy 1 1f|]| for 1 < j,k <8, then

1 1
. R o s o 1
161,51l10,1) = lla1,5lj0,11 :/0 (1—5)*2a;(s)ds :/0 (1—s)2 QEdS

1

< ;
1*0']'

7 - 2
62,5 ] = 0, [laz,; = 500
T; k., M; are nondecreasing respect to their components,
T-,k(z ..... Z) .
—2 = 1 and lim, 00 Mi(2, ..., 2) < 00

Dik = lim,
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forall1<i<2,1<j<8and 1 <k <ky. One check we can calculate
that

1 1
A ;=A% =A = max<1, , , M, M
7 { T2-p1) T2 B) 2}

11 2
= a. 1) ) ' a0 0 = =
mX{ r2-1)re-12 2} N

and

(2

LI 1 r(2-2) )
max A 3
= {(;1—%‘ )<F(§— T %rg_§> ’

ko
- 1 I'(2 — )
max ¢ (Y i klljo,A, ')( + == ) }
199{ ; ONZEIN Dai = 1) ™ 5T (as — )

1
4
16 1 2-1
—A 2 <1
(5o )<r(§—1)+115 T 1)} ’
3 (53-2)
so by using theorem (3.2), the problem (12) has a solution in X?2.
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