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Abstract. The aim of this paper is to given the coincidence and common fixed point of two
mappings via R-functin in the setting of ordered partial metric spaces. Result is supported by
given an example. An application to the integral equation is also provided..
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1 Introduction

In 1976, the notion of coincidence and common fixed point of commuting mappings are introduced
by G. Jungck [?]. Several authors have contributed to the development of the existence and
uniqueness of coincidence points of operators in different spaces [?, 7, ?, 7, ?]. Khojaste et. al
[?], introduced simulation function and new contraction depending simulation function. Recently,
Roldan et. al [?], modified this concept and proved the existence and uniqueness of coincidence
points of two operators in the setting of complete metric spaces.

On the other hand, in 1992, G. Mathews [?] introduced the notion of the partial metric which
is a generalization of the metric and it can be applied to study of denotational semantics of data
for network. In [?], A. Nastasi et. al proved the existence and uniqueness of fixed points by using
R-functions and lower semi-continuous functions in the setting of metric spaces and partial metric
spaces.

In this paper, inspired by [?, ?, ?] we deduce some coincidence point results in the setting of
ordered partial metric spaces by using R-functions. An example is given to support the result.
Section 4 is devoted to an application to integral equations.

2 Preliminaries

We start by recalling some definitions and properties of partial metric spaces which will be needed
during the paper.

Definition 2.1 [?/, A partial metric on a nonempty set X is a function p: X x X — R such that
forall x,y,z € X;

(1) plz,x) = p(z,y) =ply,y) &z =1y.

(i) p(z,z) < p(z,y).

(”7') p(xv y) = p(ya 33)

(iv) p(z, 2) < p(z,y) +p(y,2) —p(y, y).
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A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on
X. Clearly, a metric p on a set X is a partial metric such that p(x,x) =0 for all z € X.

Each partial metric p on X generates a To—topology 7, on X which has as a base, the family of
open p-balls {B,(z,¢) : € X,e > 0}, where

By(z,e) ={y € X : p(z,y) < p(z,r) + €}

forall x € X and € > 0.
The following properties will be obtained from the topology 7, on the partial metric space (X, p).

(1) (X, 7p) is first countable.

(i1) A sequence {x, }nen in a partial metric space (X, p) converges to a point « € X if and only if
p(z,x) = limy, 00 p(T, Tn). A sequence {z, }nen in a partial metric space (X, p) is called a Cauchy
sequence if there exists limy, ;m— o0 P(Zn, Tm)-

(#4i) A partial metric space (X, p) is said to be complete if every Cauchy sequence {2, }nen in X
converges, with respect to 7,, to a point z € X such that p(x, ) = limy, oo D(Tn, Tm)-

Every partial metric p on X, induces a metric p* : X x X — RT defined by p*(z,y) =
2p(x,y) — p(x,z) — p(y,y) for all x,y € X, such that 7(p) is finer than 7(p*) [7].

To see some examples of partial metric spaces refer to [?, ?].

Lemma 2.2 [?] A partial metric space (X,p) is complete if and only if the metric space (X, p®)
is complete. Furthermore, lim,,_,o p*(a,z,) = 0 if and only if p(a,a) = lim,,_ o p(a,z,) =
liInnm%—)oo p(xn; xm)

Lemma 2.3 [?] Let (X,p) be a partial metric space. Then the following hold:
(i) If p(x,y) =0, then = y.
(ii) If x # y, then p(z,y) > 0 and p(y,z) > 0.

Lemma 2.4 [?] Let (X,p) be a partial metric space and let A : X — [0,00) be defined by
Mz) = p(x,x) for all x € X. Then the function X is continuous in the metric space (X, p®).

Recently, fixed point theory has developed in metric spaces and partial metric spaces endowed with
a partial ordering [?, ?].

Definition 2.5 Let X be a nonempty set. Then (X, =,p) is called an ordered partial metric space
if (X, X) is a partially ordered set, and (X, p) is a partial metric space.

Two elements z and y of X are called comparable if x <y or y =< x holds.

Definition 2.6 [?] Two self mappings f and g on a set X have a coincidence point, say x, if
y = f(x) = g(x) and y is called a point of coincidence of f and g. Also f and g are said to be

weakly compatible if f(g(x)) = g(f(z)) whenever f(x) = g(x)

Lemma 2.7 [?] Let X be a nonempty set and the mappings f,g : X — X have a unique point
of coincidence y in X. If f and g are weakly compatible, then f and g have a unique common fixed
point.

Definition 2.8 [?] Let (X, <) be a partially ordered set and f,g: X — X. Then f is said to be
g-nondecreasing if for x,y € X,

g(x) 2 g(y) = f(z) = fy).
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3  Main Results
We begin this section by giving the concept of R-function ( see [?]).

Definition 3.1 A function ¢ : [0,00) x [0,00) — R is called R—function if the following condi-
tions hold:

(2) for each sequence {an}nen C (0,00) with w(ant1,an) >0, for alln € N, then lim,, o0 an, = 0;
(ii) for every two sequences {an }nen, {bntnen in (0,00) converging to the same limit L > 0, then
L =0 whenever L < a,, and p(an,b,) >0 for allm € N.

In the sequel (X, <, p) is an ordered partial metric space where (X, <) is a partially ordered
set and (X, p) is a partial metric space.
In the main result, we suppose that the following property holds.

Property (C). If {z,}neny € X is a nondecreasing (noncreasing) sequence with z,, — z in
X, then z,, <z (v = x,) for all n € N. Also, assume that f and g are two self mappings on X
such that f, g are comparable at some zy € X and f is g-nondecreasing, f(X) C g(X) and one of
the sets f(X) or g(X) is closed.

Theorem 3.2 Let f, g be two self mappings on an ordered complete partial metric space (X, =,p)
and the Property (C) be fulfilled. Suppose that [ satisfying

e(f(x), f(y)),p(g(x),9(y))) >0, (1)

for all comparable g(x), g(y) with g(x) # g(y), z,y € X and some R-function . Also assume that
for any two sequences {ap tnen, {bntnen in (0,00) such that lim, . b, = 0 and p(ay,b,) > 0
for all n € N, then lim,__,ca, = 0. Then f and g have a coincidence point x € X such that
p(g(z),g(x)) = 0. Moreover, if all the points of coincidence of f and g are comparable and f, g are
weakly compatible, then f and g have a unique common fized point.

Proof: By Property (C), g(xzo) = f(zo) or f(zo) = g(xo). Without lose of generality, suppose
g(z0) =X f(zo) and choose {x, }nen in X such that f(z,) = g(z,41) and

g(wo) =X f(wo) = g(z1) = flz1) = g(22) =+ 2 f(20) 2 9(T0t1),

for all n € NU {0}. If {z,}nen contains a coincidence point z;, j € NU {0}, of f and g, then
g(xjt1) = f(zj) = g(z;). So a, = p(g(z;),9(x;)) = 0. If not, then by cotractive condition

o(p(f(x)), f(x;)), p(g(x;), g(x;))) > 0

with a, = p(g(z;),9(x;)) = 0, n € N, Definition ??(i) and f(z;) = g(x;), we have lim,,__,c a, =0
and then p(g(z;),g(z;)) = 0.

Now, assume that {z, }nen does not contain any coincidence point of f and g, that is g(x,) #
f(zn) = g(@py1) for all n > 0. Then a, = p(g(zn), g(znt1)) > 0 for all n > 0 and so by contraction
condition, for all n > 0

olant1,an) = @@G(Tnt1),9(nt2)), p(9(2n); 9(Tnt1)))
= p(p(f(xn), f(@nt1)),p(9(Tn), 9(Tn11)))

> 0.

Therefore lim,, o0 ay = limy, 00 p(g(24), g(Tnt1)) = 0. But lim, o0 p(9(Tn+1), 9(ny1)) =0
and then

lim ps(g(xn)>g(xn+l)) =0.

n—»oo
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Claim. The sequence {g(x,)}nen is a Cauchy sequence. Suppose not, then there exists subse-
quences {g(@m()) Heers {9(@n (i) Jrers of {9(@n) bnen such that & < n(k) < m(k) and
P (9(Tnw)) 9(Tmry—1) < €0 < P (9(Tni))s 9I(Tm))

for all k € N. But lim,,— o0 p*(9(2n+1), 9(xn)) = 0, then
kgnoop (9@nk))s 9(@m))) = nh_>moop (9(@n)=1): 9(@m()-1)) = €o-

Suppose that p(g(z,k)—1), 9(Tmk)—1)) > 0 for all & € N. By the contraction condition (?7?), for
sequences {axtren = {P(9(Znk)), 9(@Zmk))) ken and {bx}ren = {P(9(Tnr)-1), 9(@mk)—1)) fren,

we have
olar,br) = oI Tnr)-1), 9 @m@))) P(9(@nk)=1)s 9(Tm)—1))) >0
for all £k € N. But for all £ € N,

g0 < p(9(Tnk)), 9(Tm))) = ar
then by Definition ?7?(ii),

lim a,= lim b, =0
n—aoo n—aoo
and so g9 = 0, which is a cotracdiction. Therefore {g(z,)}nen is a Cauchy sequence in complete
metric space (X, p®). By closedness of f(X) or g(X), there exists € X such that
lim p*(g(zn), g(z)) = 0.

n——00

Using Lemma 7?7 and Lemma 77, then

0 < p(g(),g(z)) <liminfp(g(zn), g(zn)) < lim p(g(zs), g(zn)) = 0.

n—-o0 n—r00

Therefore p(g(x),g(x)) = 0 and this implies that

lim p(g(),g(zn)) = 0.

n——oQ0

At last, we show that x is a coincidence point of f and g.

If {g(wn) }nen has a subsequence {g(zy,x))}ren such that g(z,x)) = f(z) for all & € N. Then
by uniquness of the limit in (X, p®), we have f(z) = g(x). Otherwise, if there exists subsequence
{9(@n@)) tren of {g(@n) new such that g(zn)) = g(z) for all k € N and g(zn(k,) +1) = 9(@n (ko))
for some ko € N, then f(z,,(1,)) = 9(Zn(ko))-

If for all & € N, g(zpx)+1) # 9(Tnk)), then we can consider the sequence {g(zn)}nen \
{9(x) }nen insted of {g(xn)}nen. Assume g(z,) # g(x) and g(x,) # f(x) for all n € N. Put
an, = p(g(zy), g(x)) and b, = p(f(zy), f(x)) for all n € N. Clearly {an }nen, {bn}nen C (0,00) and

lim a, = lim p(g(zn),g(x)) =0.

n—moaoo n—>oo

By using Property (C), we have g(x,) < g(x) for all n € N and by contraction condition

@(bn, an) = @(p(f(2n), f(2)), p(9(2n), 9(x))) > 0.

Then by Definition ??(ii), lim, o by, = p(f(zn), f(x)) = 0. Therefore by partial metric property
we have

lim p*(f(wn), f(x)) = 0.

n—>oo
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But f(z) = g(xn41) for all n € NU {0}, then lim, . p*(g9(x,), f(2)) = 0 and by uniqueness of
the limit in the metric space (X, p®), we have f(x) = g(x).

Now assume all the points of coincidence of f and g are comparable and f and g are weakly
compatible. Then for y € X with f(y) = ¢g(y) we have ¢g(y) = g(x). If not, then for all n € N and

an = p(g(y),g(x)) > 0 and
planyi,an) = p(p(f(y), f(2)),p(9(y), 9(x))) > 0.

Thus lim,,—, a, = 0 and g(y) = g(x).
Finally, Lemma ?? implies that f and g have a unique common fixed point. O

Following example illustrates Theorem ?7.

Example 3.3 Let X = RY with natural ordering " <" and define the partial metric p on X by
p(z,y) = max{x,y} for all z,y € X. So (X,<,p) is an ordere partial metric space. Consider
the R-function ¢ : [0,00) X [0,00) — R defined by ¢(t,s) = s — 2t for all t,s € R. Clearly
o(t,s) < s —t. Define two mappings f,g: X — X by

so={ f OSIEN L -

Obviously, f,g are comparable on R, mapping f is g-nondecreasing, f(X) C g(X) and f(X)
is closed. For all v # y in X, (except © = 0 ory = 0 ) g(z) and g(y) are comparable and
the contraction condition @(p(f(x), f(y)),p(g(x),g(y))) > 0 holds. In fact, for 0 < x < 1 with
x >y we have p(x,3x) = x > 0 and for x > 1, we have p(\/x,3x) = 3z — /x > 0. So all the
conditions of Theorem ?? hold and f,g have a unique coincidence point. In fact, f(0) = g(0) =0

and p(f(0),9(0)) = 0.

The fact that, for any R-function ¢ which satisfies the relation
o(t,s) <s—t

for any t,s € [0,00) Theorem ?? holds, assures that Theorem ?? is an extension of Geraghty’s
fixed point theorem [?] to the coincidence point in the setting of ordered partial metric spaces.

Corollary 3.4 Let f, g be two self mappings on an ordered complete partial metric space (X, =,p)
and Prpperty (C) be fulfiled. Suppose that

p(f(x), f(y) <¥(p(9(x),9(v))) - p(9(x), 9(y)),

for all comparable g(x), g(y) with g(x) # g(y), v,y € X and ¢ : [0,00) —> [0,1) is a function with
the property that lim, . an, = 0, {an tnen C [0, 00) whenever lim,, o ¥(ay,) = 1. Then f and
g have a coincidence point © € X such that p(g(x), g(x)) = 0.

Proof : Define ¢ : [0,00) X [0,00) — R by

o(t,s) =v(s)s—t (t,s € R).

Clearly ¢(t,s) < s—tforallt,s € [0,00) and ¢ is a R-function. The desired result can be concluded
by Theorem 77. O
The following corollary is also valid whenever we define the function ¢ by ¢(t,s) = ¥(s)s — t.
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Corollary 3.5 Let f, g be two self mappings on an ordered complete partial metric space (X, <, p)
and Prpperty (C) be fulfiled. Suppose that

p(f(x), f(y) <¥(p(9(x),9(y))) - p(9(x), 9(y)),

for all comparable g(x), g(y) with g(z) # g(y), x,y € X and ¢ : [0,00) — [0,1) is a function that
limsup, .+ ¢¥(t) <1 for all r € (0,00). Then f and g have a coincidence point x € X such that

p(9(z), g(x)) = 0.

By considering the function ¢ : [0, 00) — [0, 1) which is a right continuous function and ¥(t) > 0
for all ¢ € (0,00), Corollary ?? again is valid.

4 An application

In this section, by using Theorem ??, we prove the existence and unique solution of the system of
integral equations

£
8

~—
[

/ ’ Nk (2, 8) Py (¢, u(t))dt (2)

b
v(z) = / Aoka(x,t) Fa(t,v(t))dt
in the space of real continous functions X = C(I), I = [a,b], wherex € I; \; € R; k; : I x [ — R|

F,: IxR — R, i=1,2and for u € C(I), ||u|]| = sup,e;|u(t)]. Endow X = C(I) with the
following order

U jU2<:>U1(t)SUQ(t) (te])

The space (X,p) with p(ur,uz) = 3(|lur — uz| + [lur| + [|uz|)) is a partial metric space. Consider
the following assumptions on the system (?7):

(1) For all u € X, there exists v € X such that for all z € 1
b b
/ ks (o, O Fy (6 ult))dt = / Naka (. £) Fu (t, o(t))dt
(2) For all uj,us € X, if
b b
/ )\2]62(1‘, t)FQ(t, U1 (t))dt S / )\2/€2(.’L‘, t)FQ(t, ’LLQ(t))dt,
then
b b
/ >\1k1 (.T, f)Fl (t, Ul (t))dt S / )\1]{31 (LL', t)Fl (t, ’Ltg(t))dt.
a a

(3) There exists a € (0,1) such that |A\;| < a|Aq].
(4) For all uy,us € X

b b

(4) I/ ki (@, t)[Fi(t,ur(t)) — Fi(t, uz(t))]dt| < I/ ko (2, 0)[Fa(t, ui(t)) — Fa(t, ua(t))]dt|
« b a

(i4) |/ kl(x,t)Fl(t,ui(t))dt|§|/ ko (2, t) Fo(t, wi())dt| (i = 1,2)

for all comparable [ ky(z, t)Fo(t,ur (£))dt # [ ka(z, t) Fo(t, us(t))dt.
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(5) It
b b
/ Nk (2, ) Fy (£, u(t))dt = / Aok (2, ) P (1, u(t))dt,

then

b b
/ )\1 kl(l‘,t)Fl (t,/ )\ng(t, Z)FQ(Z,U(Z))dZ)) dt

b b
- / Noks (2, ) P (t, / Alkl(t,z)Fl(z,u(z))dz> dt.

By using the above assumptions, we show that Theorem ?? assures that the system (?7?) has a
unique solution when ¢ : [0,00) x [0,00) — R defined by ¢(¢,s) = as — ¢ is a R-function for
t,s € [0,00) and a € (0, 1).

Define two self mappings f and g by

—
(.
—
£
&
|

/ ’ Ak (z, t) Fy (t, u(t))dt
ab
(9(w)(@) = / Aoko (2, t) Fa(t, u(t))dt.

Let w € f(X) then w(z) = (f(u))(z) = ff Ak (z, ) Fy(t,u(t))dt. By (1), there exists v € X such
that for all x € I

b b
/ ks () Py (8, u(t))dt = / Noks(z,£) Fa(t, v(t))dt = (g(v)) ().

So w =g and f(X) C g(X).
On the other hand if g(u) < g(v), for u,v € X, then on (C(I), <, p) we have

b b
/ Noks (2, £) Pa(t, u(t))dt = / Noks () Fa(t, v(t))dt

forallz € I. By (2), (f(u))(x) < (f(v))(z) for all z € I and f(u) X f(v), i.e. fis g-nondecreasing.
Note that for any « € I and u,v € X,

b
| fab Ak (z, ) [Fr(t,u(t)) — Fi(t,0(t))]dt]| + |/ Mk (x, t)Fy (¢, u(t))dt|

+ /b)\lkl(a:,t)Fl(t,v(t))dt|

IN

b b
alal( / (e, 6)[F (1, u(t)) — Fy (8 0(t))de] + | / o (e, 0)F (£, () |
b
+ \/ ky(z, t)Fy(t,v(t))dt])

IN

b b
a|/ Mok (2, O)[Fa(t, u(t)) — Fa(t, v(t))]dt] + o \/ Noka(z, £) Fa(t, u(t))dt]

b
+ a|/ )\Qk‘g(l',t)FQ(t,U(t))dtl

a(llg(u) = gl + lg(w)ll + llg(v)) -

IN
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So the contraction condition (?7?) holds, i.e.,

1f(w) = F@) + 1 @) + 1 F @) < el f(w) = F)ll +If @l + 11 (©) -

Therefore all assumptions of Theorem ?7? are fulfilled and so f, g have coincidence point. Suppose
that f(u) = g(u) or equivalently

b b
/Alkl(x,t)Fl(t7U(t))dt:/ )\ng(x,t)FQ(t,u(t))dt

Then by condition (5),

/ Mk (2, ) F ( / Noka(t, 2) Fa(z, ul ))dz)) dt
/ )\2]@’2 J} t ( / )\1](11 t Z)Fl(Z u( ))dz) dt.

This implies that f and g are weakly compatible and they have unique fixed point. In others words
the system (??) has a unique solution.

References

[1] L. B. Ciric, N. Cakic, M. Rajovic AND J. S. UME, Monotone generalized nonlinear
contractions in partially ordered metric spaces. Fized Point Theory Appl. 2008(2008), Article
ID 131294, 11 pages.

[2] PZ. DAFFER AND H. KANEKO, Multivalued f-contractive mappings. Boll Un Mat Ital. 8-A
(1994), 233241.

[3] C. D1 Bart AND P. VETRO, Common fixed points for ¢ -contractions on partial metric
spaces. Hacettepe Journal of Mathematics and Statistics. 42(6) (2013), 591-598.

[4] M. GERAGHTY, On contractive mappings. Proc. Am. Math. Soc. 40 (1973), 604-608.

[5] Z. GoLuBOVI, Z. KADELBURG AND S. RADENOVIC, Coupled coincidence points of mappings
in ordered partial metric spaces. Abstract and Applied Analysis. 2012 (2012), 18 pages.

[6] G. JUNGCK, Compatible mappings and common fixed points. Internat. J. Math. Math.
Seci. 9 (1986), 771-779.

[7] F. KHOJASTEH, S. SHUKLA AND S. RADENOVIC , A new approach to the study of fixed point
theorems via simulation functions. Filomat. 29 (2015), 1189-1194.

[8] S. G. MATTHEWS, Partial metric topology: Proc. 8th Summer Conference on General topol-
ogy and applications. Ann. New York Acad. Sci. 728 (1994), 183-197.

[9] A. Nastasl, P. VETRO AND S. RADENOVI, Some fixed point results via R-functions. Fized
Point Theory and Applications. 728 (1994), 183-197.

[10] S. OLTRA AND O. VALERO, Banach’s fixed point theorem for partial metric spaces. Rend.
Istid. Math. Univ. Trieste. 36 (2004), 17-26.



S. JAHEDI AND R. GHARIBI 9

[11] S. J. O’NEILL, Partial metrics: valuations and domain theory, Proc. 11th Summer Conference
on General Topology and Applications. Ann. New York Acad. Sci. 806 (1996), 304-315.

[12] RP. PANT, Common fixed points for contractive maps. J Math Anal Appl. 226 (1998), 281286.

[13] A. F. RoLDAN LoPEz DE HIERRO AND N. SHAHZAD, New fixed point theorem under R-
contractions. Fized Point Theory Applications. 98 (2015).

[14] A. F. RoLDAN LoPEZ DE HIERRO, E. KARAPINAR AND D. O’REGAN, Coincidence point
theorems on quasi-metric spaces via simulation functions and applications to G-metric spaces.
Journal of Fized Point Theory and applications, doi.org/10.1007/s11784-018-0582-x, (2018).

S. Jahedi

Department of Mathematics,
Shiraz University of Technology,
Shiraz 71557-13876, Iran
e-mail: jahedi@sutech.ac.ir

R. Gharibi

Department of Mathematics,
Shiraz University of Technology,
Shiraz 71557-13876, Iran
e-mail: gharibi_86@yahoo.com



