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Abstract. Gamma type functions satisfying the difference functional
equations f(z+ 1) = g(z)f(x) and limit summability of functions were
studied and introduced by R.J. Webster and M.H. Hooshmand, respec-
tively. It is shown that the topic of gamma type functions can be consid-
ered as a subtopic of limit summability. Indeed, if In f is limit summable,
then its limit summand function (In f), satisfies (In f)s(z) = In f(z) +
(In f)o(z —1) and ™ Ho@ js gamma type function of f(x+1). In this
paper, we introduce and study limit summability of order two, 2-limit
summand function f, 2 and its results as gamma type functions of order
two and also limit summand of multipliers. Finally, as an application of
the study, we obtain a criteria for existence of gamma type function of
the function f(z)” and give some related examples and corollaries.
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1. Introduction and Preliminaries

Gamma type functions satisfying the functional equation f(z + 1) =
g(z) f(z) were studied by Webster in 1997. Since in the special case
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f(x) = z, the gamma type function is the same I'(z), through his study
[11] some generalizations of the Bohr-Mollerup Theorem (see [3]) are ob-
tained. On the other hand, in order to study ultra exponential functions,
Hooshmand in 2001 is directed toward a topic which he called “limit
summability of functions”. In [5] it is shown that the topic of gamma
type functions can be considered as a subtopic of limit summability and
its relations are explained. The limit summand function of a real or
complex function f (introduced in [5]) satisfies the difference functional
equation F'(z) — F(x — 1) = f(z). Limit summability of functions was
extended in [6]. In 2010, Muller and Schleicher introduced the concept
of fractional sums and euler-like identities in [9]. In fact, they arrived at
the functional sequence f,, (z) introduced by Hooshmand (of course in
the special case o = 0) while they were not aware of the limit summabil-
ity topic, even though they did not notice at theorems or conditions of
convergence of the functional sequence. In this paper, limit summability
of order two is desired. Let us present a summary of limit summability
of functions and state motivation of the topic.

Recall from [5, 6] some basic definitions and properties of limit summa-
bility (of order one). For a real or complex function f with domain Dy

we set
Y¢ = {z|lr + N* C Dy},

where N* is the set of posetive integers and N = {0} U N*. It is easy to
see that Xy =y Dy —k, Xy N Dy =37+ 1 and

ng2f<:>ngDf—1<:>Ef:Df—l (1)

If N* C Dy, then for any positive integer n and z € Xy we set

Ru(f.2) = Ru() = f(n) = f(x +1n), fo,(z) = xf(n) + ) Ri(x).
k=1

Definition 1.1. The function f is called limit summable at xo € Xy
if the sequence {fy,(x0)} is convergent. The function f is called limit
summable on the set S C Xy if it is limit summable at all points of
S. Now we set

Dy, = {x € X¢|f is summable at x},
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Also the function f,(x) is the same limit function f,, with domain Dy,
and it is referred to as the limit summand function of f. If x € Dy, we
may use the notation o, (f(x)) instead of o (f,x).

It is proved in [5] that if R, (f,1) is convergent then Dy ND; = Dy +1
which is similar to the identity ¥y N Dy = X + 1.

Note that in general {0} C Dy C ¥y, f;(0) = 0 and if 0 € Dy then
{=1,0} € Dy, C 3y, fo(=1) = —f(0). But 1 € Dy, if and only if
R, (f,1) is convergent. Now, if Dy = X, (i.e., Dy, takes the maximum
own amount), then f is called “weak limit summable”. As it is explained
in [5], a necessary condition for the summability of f at z is

lim R,(f,z):= lim R,(f,x) —2R,_1(f,1) = 0.

Also, if 1 € Dy_, then the functional sequence R, (f,x) is convergent on
Dy, and R(f,x) := lim,—o R, (f,x) = R(f,1)x (for all x € Dy, ), and

fo@)=f@)+ fole =)+ R(1)xz ; xz€Dy +1 (2)

So if R(1) =0, then

It is proved that the followings are equivalent:
(b) £y =Dy, , Dy C Dy —1, R(f,1) = 0;
(c) f satisfies the functional equation (e.g., see [4])

folw) = f(z) + fox—=1) ; =z €Dy (4)

Every function satisfying the above equivalent conditions is called “limit
summable”. Hence, if f is limit summable then Dy = Dy — 1= X;.

Remark 1.2. Since most of the functions which are used in this topic are
defined on [M,+o00) or (M,+oc0) where M < 1 is a fived real number.
We note that for these functions, the initial condition Dy C Dy — 1
(or equivalently Dy C ) holds, indeed, if Dy = [M,400) then ¥y =
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[M —1,400). Hence, these functions are limit summable if and only if
fn— fn1 — 0 and Dy, = [M —1,400) (i.e., the functional sequence
fo, () is convergent at all defined points), so we have

fol@) = f(z) + folz —1) ; z>M-1

Example 1.3. The real functions f(z) = 2% and g(z) = 2 + In(2)
are limit summable with Dy = Dy = (0, +00), ¥ = ¥4 = (=1, +00) =
Dy = D,,, and

3 3

fa(x)zg(i)_C(ial"’_l) ;o> —1

go(z) =+ 1) +y+Inl(z+1) ; z>-1

where v = 0.577215664901532... denotes the Fuler-Mascheroni constant,
Y di-gamma function, ((s) and ((s,a) are Riemann and Hurwits zeta
functions, respectively (see [2, 8]).

In [5], the same connections between limit summand and gamma type
functions (if there exist) are stated. Also, it is shown that gamma type
functions can be considered as a subtopic of limit summability. A main
theorem in [11] states existence of gamma type functions as limit func-
tion of the following functional sequence f; .

Theorem 1.4. Let the function f : Rt — R have the property that
for each w > 0, lim, o f(x(z;ﬂ) = 1. Suppose that F : RT — RT is an
eventually log-convex function satisfying the functional equation F(x +
1) = f(x)F(z) for x > 0 and the initial condition F(1) = 1. Then F
is uniquely determined by f through the equation F(z) = lim, .~ fr(z)

where

) f) )
@) = oy o)

Proof. See Theorem 3.1 of [11]. O

x>0 (5)

The limit function f* defined by the following equation is called “gamma
type function of f”

F5(z) == lm f*(z)= lim f(n)...f(1) f(n)*

n—00 n—oo f(n+x)...f(x) 3 >0 (6)
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Hence, the above theorem shows that the unique solution is the same
gamma type function f* respect to f. It is proved that Theorem 1.4 is
a result of Corollary 3.3 of [5] for the special case M = 0. Moreover, a
main relation between gamma type function of f : RT™ — RT and limit
summand function of In f is proved as follow

fz+1)=emN@ 250

Indeed, By using the identity f(z+1) = f(n) f(z)fx(x) (for every

fn+tz+1)
function f: RT — R*) we have
1 f(n) ,
oy (nf), () o _ (nf), (2) .

Thus, the limit summability of In f is equivalent to the existence of
gamma type function of f. Therefore, we can restate the gamma type
function of f as a definition.

Definition 1.5. We say a function f : Rt — RT has gamma type
function if the functional sequence f(x) (defined by (5)) is convergent
on RT, and we call f* (limit function of f}) gamma type function of f.

If f has gamma type function, then f satisfies the following functional
equation

frlae+1) = fle)f(x) ;5 «>0. (8)

Example 1.6. The real functions f(z) = z and g(z) = 1+ 1 have
gamma type functions on (0, +o0) as follow

@)= e @)= (z - 1), ¢*(@)=a ; x>0

2. Limit Summability of Order Two and 2-Gamma
Type Functions

Let f be areal or complex function such that Dy O N*. We know that its
limit summand function f, with the domain Dy 2 {0} exists. Now by
putting f, = g, a natural question which is arisen here is that whether ¢
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is summable or not (the idea for limit summability of order two). Thus,
the initial condition is that N* C D, which is equivalent to 1 € Dy,
or equivalently R, (f,1) is convergent. Hence, the minimum necessary
condition to study limit summability of order two is convergence of the
sequence Ry, (f,1) = fn — fnt1 (that in the case we have D, # (). But
it is not necessary that 1 € D, even though 1 € Dy (see example of
page 76 of [6]). Therefore, we arrive at the following basic definitions.

Definition 2.1. Let f be a real or complex function with domain Dy 2
N* such that Ry, (f,1) is convergent. Then, we call f limit summable
of order two at xg if f, (i.e., the limit sumand function of f) is limit
summable at xg, and denote the limit by f,2(xg). We say that f is limit
summable of order two on a set E C Xy if f, is limit summable at all
points of E.

It is worth noting that if f is limit summable of order two at xq, then

foz(zo) := nlirrgo fo2, (x0) = nl;rrgo (fg)an (z0)

Note that with the condition R, (f,1) — R(f,1), the function f is
limit summable of order two at least at the points —1 and 0. Thus
{-1,0} € Dy, C Dy, — 1. Also, since f;(0) =0 then we can write

faQ(x) = Zﬁn(foaw) = Z (Rn(fmx) - an—l(me) VS Df,,2 (10)
n=1 n=1

and f,2 is the 2-limit summand function of f.

Definition 2.2. We say that f is weak limit summable (resp. limit
summable) of order two if both f and f, are weak limit summable (resp. limit
summable).

Note that if f is limit summable of order two, then we also call it 2-limit
summable and we have

fo2(2) = fo(x) + foe(z — 1) ; $€Dfa2'
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Example 2.3. The function f(x) = y/z is limit summable, but it is not
weak limit summable of order two (indeed, Dy , = {—1,0} that is the
least case).

Proposition 2.4. For every real or complex function f, the followings
are equivalent:

(a) f is weak limit summable of order two;

(b) Dy, =Dy, —1=%;—1;

(c) f is weak limit summable and f, is limit summable on Xy — 1.
Moreover, each the above equivalent conditions follows that R, (f,1) and
R, (fs,1) are convergent and

T f(n+ 1)+ R(f,1)(n+ 1) = ~R(f,. 1),

Hence, if R(f,1) =0 then a necessary condition for weak limit summa-
bility of order two is convergence of the sequence fy.

Proof. First, note that if 1 € Dy then R,(f,1) is convergent and
Dy, C Dy, —1 (by Lemma 1.2 of [5]), hence

%, =Dy, — 1. (11)

(a) = (b) Since f is weak limit summable of order two, both f and
fo are weak limit summable and by using (11) we have Dy , = Xy, =
Dy, —1=2%7—1.(b) = (c) Obviously Dy, =¥y and so Dy , =¥y —1.
(¢) = (a) Since f, is limit summable on ¥y — 1 and according to (11)
we have Dy , =Xy — 1, so f, is weak limit summable.

Finally note that (2) implies that

Rol(fo1) = fo(n) = fo(n+1) = =(f(n+ )+ RS D +1))  (12)
and this identity completes the proof. [

Corollary 2.5. For every real or complex function f, the followings are
equivalent:

(a) f is limit summable of order two;

(b) Dfo'2 :ng—lzzf—lsz—Z andfn—>0;

(c) f is weak limit summable of order two, f, — 0 and Dy C Dy — 1.
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Proof. (a) = (b) Since both f and f, are limit summable, ¥; = Dy_,
Dy, = Dy — 1 and Dy , = Dy, — 1, thus by applying (11) and (12) we
get the result.

(b) = (c) The assumption follows that ¥y = Dy, and ¥y = Dy—1, so by
using (1) we conclude that Dy C Dy — 1 and Proposition 2.4 completes
the proof.

(¢) = (a) It is obvious that f is limit summable, now according to (12),
R(fs,1) = 0 and consequently f, is limit summable. [

If f is limit summable of order two then
fgz(.’L‘):f(.”l])+fo($—1)+f52($—1) ; CL‘EDfﬂDfJ :Dfa—‘rl (13)

But, if f is weak limit summable of order two then

f02<$) = f(x) + fa(x - 1) +f02($ - 1) +R(f7 1)1‘
+R(fr, )z 5 2€(ZN%p,)+1 (14)

Conversely, if the equation (13) (resp. (14)) holds then f is limit summable
(resp. weak limit summable) of order two. Also, if f is 2-limit summable
then by using (10) and the identity

Rolfor) = fo(n) = foln+a) = S F(k) = 3 flk+2) — £ (@)
k=1 k=1
=S Rl a) - fol(a)
k=1

We arrive at

frr(@) = 3" Ralfor) = Tim (3 fo (@) = nfo (@)
n=1 k=1

o0

=3 (fou@) = fo@)) 5 weDy-2=Ds -1 (15)

n=1

Example 2.6. The signum function sign(x) is limit summable and we
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have

x ;x> —1
sighg(x) =< —x—1 ;< —landxe€Z”
r+2z] ;x<—landx ¢Z".

Also, sign(x) is weak limit summable of order two, but not 2-limit
summable.

For every real number 0 < a < 1, the real function f(z) = a” is limit
summable of order two. Since f,(z) = 470" — %5

-%7, by applying the
linearity property of o-oprator (see Lemma 2.6 of [5]) we can write

a a a 2 a

foro) = —o(a®) + ) -1 -

x.

Since, gamma type function is a subtopic of limit summability, the idea
of gamma type function of order two is induced as follow.

Definition 2.7. A function f : Rt — RY has gamma type function of
order two (or 2-gamma type function) if both f* = g (i.e., gamma type
function of f) and (f*)" = g* exist. If this is the case, we denote (f*)*
by f**.

Note that f** is the limit function of

NPt Bt a0k
Jar@) = ) = e )

if f has gamma type function of order two, then f* satisfies the func-
tional equation

[P+ = fA @) ") 5 x>0 (16)

Example 2.8. For every real numbers 0 < a < 1 and 0 < b # 1 the real
function f(x) = b*" has 2-gamma type function and

az+a2—2a _ _ax

— b ® TET | (g) = b @ D)

ara? a” (pa™\ T
P = 1 DY)

n—oo patpattl | patrn

But the function f(x) = x does not have 2-gamma type function, be-
cause the functional sequence I'} (z) is divergent.
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Remark 2.9. Note that the gamma type functions of order two are
obtainable from the topic and so all of conclusions and properties for
limit summability of order two can be concluded for them. Indeed, by
using (7) we get

Infr(z)=(Inf)s, (x) —Inf(x) ; x>0.
Now, putting f* instead of f in the above equality yields the relation
between 2-gamma type function of f and (In f)_ 2 (the second limit sum-
mand function of In f) as follow

In () = (10 f*)o, (2) =0 f*(2) = (0 f)o ~ D0 ) (2) =0 f*(2)

=(nf),2(z) = (Inf), () —Inf*(z) ;5 x>0

So, we have

- L mpa@-nf),, @ _ [fntzt+l) .
n (L) = ———e on ot =t~ f " (x+1); >0
) = Fw) Fmp@ Y

Thus

Kk f* n In z)—(In T

a4 1) = f*(n+($>+1)€( Da@-MNa,@ oo (7

Hence, if In f s limit summable of order two, then by letting n — oo we
get

FH@ 1) = e De@-mn,@ . 4o (18)

This important and fundamental relation shows that every conclusion
for limit summability of order two could be also used in 2-gamma type
functions and vice versa, if f : RT — R™T. For example, the logarithm of
function f(x) = b%" is 2-limit summable and

[ x+1) = e fy2(x)=(nf),(z) _ b(ajl)z e ey (aj1)2

Hence

u.x+a2 —2a

@) =b @n? @D

that is the same solution of Example 2.8.



LIMIT SUMMABILITY AND GAMMA TYPE FUNCTIONS ... 145

2.1 Some criteria for limit summability of order two

In [6], it is shown that the convexity, concavity and monotonic conditions
play important roles in limit summability of real functions. Our aim is to
show that they can be also used for limit summability of order two (and
consequently the existence of 2-gamma type functions), but it happens
by adding some suitable conditions. Firstly, for this purpose, we state
two results of Theorems 3.1 and 3.3 of [6] by which we will prove some
tests to examine 2-limit summablity.

Theorem 2.1.1. Let M < 1 be a fized real number and f : [M,+o0) —
R be a function such that the sequence f, := f(n) is bounded.

(a) If f is increasing (resp. decreasing) on [M,+00) from a number on,
then f is limit summable. In addition, [ is uniformly limit summable on
every bounded subset of [M — 1,400) .

(b) If f is increasing (resp. decreasing) on [M,+o0) and f(o0) < 0(resp.
f(00) = 0) then fy is decreasing (resp. increasing) (on its domain Dy, =

Theorem 2.1.2. Let M < 1 be a fized real number and f : [M,+o00) —
R be a function such that the sequence R, (f,1) is bounded.

(a) If f is convex (resp. concave) on [M,+0o0) from a number on, then
f is weak limit summable. Moreover, f is uniformly limit summable on
every bounded subset of [M — 1, +00).

(b) If f is convex (resp. concave) on [M,+00) then the summand func-
tion of f (i.e., f5) is concave (resp. convex) on its domain [M —1,+00)
and fy is the only function (with the domain) that is concave (resp. con-
vex) on [M,+00) (from a number on), f5(0) =0 and satisfies the func-
tional equation

folx)=f(@)+ folzx—1)+ R(f, D)z ; z=>M.

Now, we can present some similar tests to examine limit summability
of order two for monoton and convex (concave) functions as follow.

Theorem 2.1.3. Let M < 1 be a fized real number and f : [M,+o0) —
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R a function such that the sequence f, is convergent and the partial sum
sequence of fy is bounded.

(a) If f is increasing (resp. decreasing) on [M,+o0) from a number on
and f(o0o) < O(resp. f(o0o) = 0), then f is 2-limit summable and f, is
uniformly summable on every bounded subset of [M — 2,+00).

(b) If f is increasing (resp. decreasing) on [M,+00) and f,(c0) :=
lim,, oo fo(n) = 0 (resp. fy(00) < 0) then fy2 is increasing (resp. de-
creasing) on its domain Dy , = [M — 2,+00).

Proof. (a) Firstly, Theorem 2.1.1 causes that f is limit summable. Since
R(f,1) = 0 and the sequence f,(n) ( i.e., the partial sum sequence of
fn ) is bounded, then according to Theorem 2.1.1 (b), f, is decreasing
(resp, increasing) on [M — 1,400). So by using part (a) of Theorem
2.1.1, f, is limit summable on [M — 2, +00). Now, Corollary 2.5 follows
that f is limit summable of order two.

(b) Regarding part (a), and Putting f, instead of f in Theorem 2.1.1(b)
yield the result. O

Corollary 2.1.4. If f : Rt — R™ is an increasing function such that
[152, fn is convergent, then f has the 2-gamma type function. Moreover,
[ is uniformly convergent on every bounded subset of R (the similar
conclusion is obtained for decreasing functions).

Proof. In order to get the result, we apply Theorem 2.1.3 for the func-
tion In f and relation (17). O

Example 2.1.5. For a given real number 0 < a < 1 the function f(x) =
In(a® + 1) is limit summable of order two (by Theorem 2.1.3). Now, by
using g-pochhammer symbol, defined by

(a;q) =1,
(a;q), = (1 —a)(1 —aq)(1 —ag®)...(1 —ag"™); k=1,2,3,..,

o0

(a:0) := Jim (a:9), = [[(1 —ag’),
=0
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We have the identity
(@ ¢)oc
(@q"; q)oo
(see [1, 7]). Therefore

fo() :1n( [1,my (1 + %) ) —In (((_‘“I)OOOO) — In((=a; a).).

H;L.OZI(]‘ + an-‘rx) _aa:—‘rl; a)

=(a;q)¢ ; teR

Hence, by (9) we obtain

a 1+ aF
_IH<H(1(+Gk+tLE)

k=1

n 0 akttte
=zln((—a;a),) + Zln (H W)

=l (H () o >>

then by letting n — oo we obtain

foo(z) = In <ﬁ (WL@) (—a; a)oox) .

n=1

Theorem 2.1.6. Let M < 1 be a fized real number and f : [M,+o0) —
R a function such that R(f,1) =0 and f, is bounded

(a) If f is concave (resp. convex) on [M,4o00) then f is weak limit
summable of order two and f, is uniformely summable on every bounded
subset of [M — 2, +00)

(b) If the concavity (resp. convexity) of f holds on [M,+00) then f,2 is
the only function (with domain [M —2,+00)) that is concave (resp. con-
vex) on [M —1,400), f;2(0) =0 and satisfies the functional equation

fo2(x) = f(z) + foo(z — 1) + R(fs, )z ; z>M-1
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Proof. (a) Firstly, Theorem 2.1.2 makes f limit summable. Since
R(f,1) = 0 and sequence R, (fs,1) is bounded. Also, according to The-
orem 2.1.2 (b) f, is concave (resp. convex) on [M — 1,+00). Hence, by
part (a) of Theorem 2.1.2 f, is weak limit summable of order two.

(b) Applying part (a) and Putting f, instead of f in Theorem 2.1.2 (b)
yield the result. [

Corollary 2.1.7. Let f : R™ — R* be a function such that f, — 1.

(a) If f is log-concave (resp. log-convex) on (0,+00) then f is 2-gamma
type function and f}* is uniformely convergent on every bounded subset
of (0,400). Also, if the log-concavity (resp. log-convezity) of f holds on
(0,4+00) then f** is the only function (with domain (0,400) ) that is
log-concave (resp. log-convex) on (0, +00), f**(1) =1 and satisfies (16).

Proof. We get the result, by using Theorem 2.1.6 for In f and using
(7). O

Example 2.1.8. The function f(z) = %, is log-concave from (0, +00)
onto (0, 1) (see Theorem 1.12 of [10]). Hence, by applying Corollary 2.1.7,
f has 2-gamma type function and f* is uniformly convergent on every
bounded subset of (0,+00). Also, the function g(x) = 1+ a® where
0 < a < 1 has 2-gamma type function and by applying Example 2.1.5

we get,
(_a’; a)oox -

1
Corar, U Tt

g7 (x+1) =

Example 2.1.9. According to Example 3.7 of [6], the function p(x) =
2" with the domain D, = (0,+00) is limit summable if and only if
r < 1. But, if 0 < r < 1 then p is not 2-limit summable (because
R, (ps, 1) =n") is divergent. Now, if < 0, then p is 2-limit summable,
Dy, = (=1,+00), Dy_, = (=2, +00) and we have

>y (nr—(n—kx)r) —1<r<0
Po(®) = p(z+1) +~ r=—1
((=r)—=¢(=rz+1) ;r<-L
Now by (10) if —1 < r < 0, we have
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o
S (N+n+z)"—(N+n) +an
1N=1

1+ ) (g(—r) —l(=rz+ 2)) - (g<7~) —(lra+ 2)).

If r = —1, then

M8

p02 =

—~ S

i( (n+1) (n+az+1)+xnr).

n=1

and if r < —1, then

P2 (x) = i (C(—T,n—i—x—i— 1) = ¢(—=r,n+1) —|—xnr>.
n=1

3. Relationships Between 2-Limit Summability
and Limit Summability of Multipliers: Ap-
plications for 2-Gamma Type Functions

In this section we show that there exist some interesting relations be-
tween the limit summability of order two and limit summability of
the multiplier of f (i.e., ¢ - f) where ¢ is the identity function and
(t- f)(z) = xf(x)). As a result of the study, we obtain a formula for
gamma type function of f(x)* and f**(z).

Theorem 3.1. Let f be a real or complex function such that R(f,1) =
0. If f is limit summable at x € Xy and the functional sequence

ulf,) = 6a(2) = n(fo, (8) = fol@)) = (@ + 1) f(n)
= nRu(for7) = (2 +2) f(n),

is convergent, then 2-limit summability of f and limit summability of
L+ f at x are equivalent, and we have

for(w) = (z + 1) fo(2) = (¢ flo(z) + 6(2), (19)



150 S. MEHBOODI AND M. H. HOOSHMAND

where §(z) = limy, o0 Op ().

If f: [1,400) — C is a limit summable function such that 0, (f,x) is
convergent and f, — 0, then 2-limit summabalitiy of f(x) is equivalent
to limit summabality of x f(x) and we have

Jor (@) = @+ D fo(@) = (0 fo(@)+ lim n(fo(@) = fo,(2)) s 2> 1. (20)
Proof. Since R(f,1) = 0, then (3) implies that

k
Zf ok +2) =) fi+2)+ fo(x)

j=1
and
(o), (@) = xfa(n) + 3 folk) = folk +2)
k=1
n k
=af,(n) S FG) = G+ ) — fol2)
k=1j=1
n k
=zf,(n) —nfs(x)+ > Y Rj(x)
k=1j=1
=2f,(n) —nf,(x) + Y (n+1-j)R;(x)
j=1
Therefore
(Jo)o, @) = 2(fo(m) = nf () = n(fo(@) = fo, (@) + D1 = )R;(@) (1)

j=1

On the other hand, we have

(- on (@) = 2nf(n +ij — (G +2)f(+)
=znf(n —fo]—l—:): +Z]R

= anf(n) = a(folw+n) - f )+Z.7R
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So

n

(- Ponl@) =2 (nf(n) = fola+n)+ fo(@)) + D jRs@)  (22)

=
Combining (21) and (22), we get
(fo)on (@) + (0 Plon (@) = 2(fo(n) + fol2) = fo(w+n))
~1(fo @) = fo,(@)) + fou (@) = 2f(n)
= (@ + Do, (2) + 0 fo (@) = fo())
— (2% + 2) f(n). (23)
Now letting n — oo in the above equality yeilds the result. [

Example 3.2. If |a| < 1 then the complex function za” is limit summable
and

2
) (@ —1)+x

O_(xax):(x+1)ai1(a$71)*(a_1 a—1

= za® — —2 a® —1).

a—1 (a—l)z(

Corollary 3.3. Suppose that f : RT — RY is a function such that
fn— 1 and f has gamma type function, and put

o (f, ) 1= 00D g

(where 6, is defined as in Theorem 3.1). If §,(In f,x) is convergent,
then f has gamma type function of order two if and only if f* (where
fi(x) = f(x)*) has gamma type function and we have

[z +1)°
(f) (z+1)

Proof. Applying Theorem 3.1 for the function In f and relation (17),
we get the result as follow

[ +1) = u(f, ) (24)

- F) )00 o (2)= (110 o ()46 (0 f2)— (10 o (2)
1) = T n oy (2)—(¢.1In oy, () +0n(In f,z n oy, (z
fa'(z+1) f*(n—l—x—i—l)e
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Now, by using (7) we have

5(ln fx) _ e+ 1) fn+z+1)\" 1 -
ol = e ) g
and
. () falz+ D f(n+2+1)\"
T = 7n) )
O (x “n+z -t
(LRt LTt D) ) 5 o0 @9

Letting n — oo yields the result. [

Example 3.4. Consider the real function f(z) =1+ 1 on (0, +00). It
is easy to see that f*(z) = z for all x > 0. Since f, — 1, pp, — 1
and f**(x) = I'(z), then Corollary 3.3 implies that the function f(z)* =
(1+ %)gg has gamma type function and we have

(x+1)* (z+1)*
D(z+1) a2

(f)(@+1) =

;x> 0.

Theorem 3.5. Let f be a function such that f and v - f are summable
at x € Xy and f, is convergent. Then

(a) We have
i (32 o) = 1e)) = (4 D)~ - l) = (2 ).

(b) If 6(x) = 0, then f is 2-limit summable and
fo2(@) = (x+ 1) fo(z) = (- f)o(2)

= i (X (o) s ()

— tim (3 fonla) — i (0)) + (0% + 2)f(c0).
k=1
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Proof. By computing (f;), (v) in another method we have

(fo-)o.n(fﬁ):l‘fa( —nfy(v ‘f‘ZZR

kl]l

:xfa( nfa +Zfak f(k)

?
I

- Zfak — nfola). (26)

Now combining relations (26) and (23), then letting n — oo get the
result. [

Corollary 3.6. Let f : Rt — RT be a function such that both f and f*
have gamma type function, and f, — 1 then

(a) We have

Pt T St )
(Y @+D) ~ s file+ 1)

(b) If u(x) =1, then f has 2-gamma type function and

N e N | Y TR
et = e i far e

‘m [Tiey fr(z+1)
A Tt Dt )

Proof. By using relations (17) and (26) we have

. f*(n) Srey(In f)oy (z)—n(In f)o (z)—(In f)
V= — L VY _1Un f)op (z)—n(ln f)o (2 N f)op (2)
(@ ) f*(n—l—w—i—l)e = *

_ JM (eZEatnNok(@) (e Do) ™ (lin Den) !
f*(n) (elnHZ:1 f;<w+1>%> ffla+1)"f(n)
f*(n+x+1) ffz+1)f(n+xz+1)’

x>0
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Therefore
" _ f(n)f*(n)
fa'(z+1) = fin+zxz+1)f*(n+x+1)fi(z+1)f*(x+1)"
i@+ D) f(k+a+1) .
1;[ 0 . x>0 (27)

Now, Combining relations (27) and (25), then letting n — oo get the
result. O

Example 3.7. If 0 < a < 1 then the real function g(z) = b** has
gamma type function, for all 0 < b # 1. Because by putting f(z) = b*"
we have u(f,z) =1, g = f* and

a_ _x a x
farre ()
f**(x + 1) b(af1>2 CLz_(agl)x_ (af1)2

— pa D "Gzl

g@+1)=(f)@+1)=
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