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Abstract. For aring R and a monoid M, we introduce J-M-Armendariz
rings which are a generalization of weak M-Armendariz and J-Armendariz
rings, and we investigate their properties. We prove that if % is a
reduced ring and R is a J-M-Armendariz ring, then R is J-M x N-
Armendariz, where N is a unique product monoid. It is also shown that
a finitely generated Abelian group G is torsion free if and only if there

exists a ring R such that R is J-G-Armendariz.
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1. Introduction

Throughout this paper R denotes an associative ring with identity. For a
ring R, use the symbol T,,(R), J(R), Nil(R) to denote upper triangular
matrix n X n over R, the Jacobson radical of R, and the set of all nilpo-
tent elements of R, respectively. For a ring R, R is said to be Armendariz
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ring if for nonzero polynomials f(x) = > I ; a;2" and g(z) = >t bja,
f(x)g(x) = 0, implies that a;b; = o for each i,j. In [1] E.Armendariz
had noted that a reduced ring satisfies this condition so this name is cho-
sen. A ring R is called weak Armendariz if nonezero polynomials f(x) =
> ezt and g(z) = Py bjzl € R[z] with f(z)g(z) = 0, implies that
a;b; € Nil(R) for each i,7,[6]. A ring R is called J-Armendariz [10], if
for any polynomials f(x) = >i; aiz’, g(x) = Y7, bja! € R[z] — {0}
satisfy f(x)g(z) = 0, implies that a;b; € J(R) for each i, j. It has shown
that weak Armendariz rings are J-Armendariz [10], but the converse is
not true. Let M be a monoid. Liu [5] introduced another generalization
of Armendariz ring which is called M-Armendariz ring, if for elements
a = Xl a,9;, B = X]L bjh; € R[M] — {0} with a8 = 0, implies that
a;b; = 0 for each 7, j. If M = {e}, then every ring is Armendariz. Zhang
and Chen [11] defined a ring R, weak M-Armendariz if for two nonzero
elements o = X7 a;g;, B = XJL,b;jh; € R[M] with a8 = 0, implies that
a;b; € Nil(R) for each i, j.

Motivated by the above results we introduce J-M-Armendariz rings. We
define a ring R, J-M-Armendariz if whenever o = a191 + -+ + angn,
B =bihi + -+ bynhy € RIM] — {0} satisfy o5 = 0, then a;b; € J(R)
for each 1, j.

2. Different Conditions on Monoids

We start this section by the definition of J-M-Armendariz rings and then
we investigate the properties of them by different conditions on monoid.

Definition 2.1. For a monoid M, a ring R is said to be J-M-Armendariz
if whenever elements a = a1g1 + -+ + angn, B = bith1 + -+ + bphm €
R[M] — {0} satisfy o8 =0, then a;b; € J(R) for each i, j.

Weak M-Armendariz rings are J-M-Armendariz, because for o = a1g1 +
coot angn, B = bih1 + ... 4+ bphy € R[M] — {0} with af = 0, we
have for each x € R, xza;b; € Nil(R) since R is a Weak M-Armendariz
ring, then 1 — za;b; € U(R), therefore a;b; € J(R). Hence R is J-M-
Armendariz. Now we consider M = (NU{0}, +) and D = M3(Zs [[t]]). As-
sume B = {(my;) € D|my; € tZy [[t]] forl < i,j < 2andm;; =0 fori =
3orj =3} and C = {(my;) € Dimy; =0 fori # j}. Let R = (B,C).
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Therefore, R is J-M-Armendariz, but it is not weak M-Armendariz by
([10], Example 2.2) and this shows that J-M-Armendariz rings are not
necessary weak M-Armendariz.

Clearly, if R = % is M-Armendariz then R is J-M-Armendariz, but
the following example shows that the converse is not true.

Example 2.2. Let R denote the localization of the ring Z of integers
at the prime ideal (3). Consider the quaternions @) over R, that is a
free R-module with basis 1,4, j, k and multiplication satisfying i?> = j2 =
k* = —1,ij = k = —ji. Also, set M = N U {0}. Then Q is an non-
commutative domain with J(Q) = 3Q, and so is J-M-Armendariz. But

J%) is isomorphic to the 2 — by — 2 full matrix ring over Zs and is not
M-Armendariz by ( [9], Remark 3.1).

Lemma 2.3. For a ring R and a cyclic group M of order n > 2, R s
not a J-M-Armendariz ring.

Proof. Let M = {e,g,9%,---,g" '}. If a = Ez;él.gk and b = le +
(—1)g. Then ab =0, but 1.1 is not in J(R). O

Lemma 2.4. For a monoid M and submonoid N of M, we have R is
J-N-Armendariz if R is J-M-Armendariz.

Proof. Let a = 371" a;gi, B = > 7L bjh; € R[N] — {0} such that
aff = 0. Since g;,hj € N C M for each 1 <¢ <nand 1< j < m, then
o, € R[M], so a;b; € J(R) since R is J-M-Armendariz. Therefore, R
is J-N-Armendariz ring. [

Theorem 2.5. For a finitely generated Abelian group G, G is torsion-
free(i.e. The set of elements of finite order in G is {e}) iff there exists
J-G-Armendariz ring R with |R| > 2.

Proof. If G is not torsion-free, then there exists e # g € G, such that g
has finite order. Set N =< g >. If R(|R| > 2) is J-G-Armendariz, then
R is J-N-Armendariz by Lemma 2.4. But by Lemma 2.3, R is not J-N-
Armendariz, contradiction. The converse is clear by ([5],Theorem 1.14). O

An element a of a monoid M is left cancellative if ax = ay implies
x = y for all z,y, and is right cancellative if xa = ya implies z = y
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for all x,y. It is cancellative if it is both left and right cancellative. A
monoid M is cancellative if all of its elements are.

Proposition 2.6. For a cancellative monoid M and an ideal N of
M. We have R is J-M-Armendariz if R is J-N-Armendariz.

Proof. Let o = ¥ a;9;, 3 = XL bjh; be nonzero elements of R[M]
such that a3 = 0. Since M is cancellative, then gg; # gg; and h;g # hjg
for i # j and g € N. Clearly, (31 aig9:) (3271, bjhjg) = 0 and
99i,hjg € N(1 < i < n,1 <j < m)since N is an ideal. Therefore,
a;bj € J(R), since R is J-N-Armendariz and the proof is done. [

For a monoid M recall that a monoid M is said to be an unique product
monoid (u.p.-monoid) if for any two nonempty finite subset A, B C M
there exists an element g € M uniquely in the form ab where a € A and
b€ B (A, B are finite).

Proposition 2.7. For a u.p.-monoid M, R is J-M-Armendariz if R =
% 18 a reduced Ting.

Proof. Since R is reduced, then R is M-Armendariz by ( [5], Proposition
1.1) and so R is J-M-Armendariz. O

Proposition 2.8. For a monoid M and a u.p.-monoid N, R[M] is

J-N-Armendariz if R = % is reduced and R is J-M-Armendariz.

Proof. Clearly, R[M] is N-Armendariz by ([5], Proposition 2.1). Now

since (it & R[M], then R[M] is J-N-Armendariz. []

Proposition 2.9. For a m_onoz'd M and an u.p.-monoid N, we have
R[N] is J-M-Armendariz if R = % is reduced and R is J-M-Armendariz.

Proof. By Proposition 2.9, R is J-N-Armendariz and so the proof is
done by ([5],Proposition 2.2). O

Proposition 2.10. For a monoid M and an u.p.-monoid N , we have R
is J-M x N-Armendariz if R = % is a reduced, J(R[M]) C J(R)[M]
and R is J-M-Armendariz.

Proof. suppose Y ;_; a;(m;,n;) € R[M x N]. Without loss of generality,
we assume that {ni,na, - ,ns} = {n1,ng, - ,n} with n; # n; when
1<i#j<t Foranyl <p<t denote Ay = {i|1<i<s,n =
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np}. Then Z;;:l(ZieAp a;m;)n, € R[M][N]. Note that m; # m,, for any
i,i" € A, with ¢ # i'. Now it is easy to see that exists an isomorphism
of rings R[M x N] — R[M][N] defined by

g a; mzanz § § azmz

p=1 i€A,

/

Let (37— ai(mi,ni) (35— bj(mj,n})) = 0 in R[M x N]. So

(DD ami)ny) (Y (D bymf)ng) =

p=1 i€A, q=1 jeBy

because of the above isomorphism. Hence R[M] is J-M-Armendariz,
by Proposition 2.9. Therefore we have (3_;c e, aimi)(Xjep, bim;) €
J(R[M]) C J(R)[M] for any p and g. Then we have a;b; € J(R) for any
i € Ay and j € By, since R is J-M-Armendariz. So a;b; € J(R) for all
i,7,1 <i<s,1<j <. This means that Ris J-M x N -Armendariz. [

Corollary 2.11. For a u.p.-monoid M;, i € I and a reduced ring R =
%, we have R is J-[[,c; M;-Armendariz if R is J-M;,-Armendariz for
some ig € I.

Proof. Suppose that o = 7, a;9:,8 = 3 ;bjh; € R[[[;c; M;] with
af = 0. So a, € R[M; x My X --- ><M] for some finite subset
{Ml,MQ,"- ,Mn} C {M1|Z S I} Therefore, Oé,ﬁ € R[Mig X M1 X

- X M,]. The ring R, by Proposition 2.10 and induction on i, is J-
M;y, x My x - x M,-Armendariz. Therefore, a;b; € J(R) for all i and
j. Hence R is J-]],.; M;-Armendariz. O

Proposition 2.12. For a commutative and cancellative monoid M,
we have R[M] is J-Armendariz if the largest subgroup of M is {e},
J(R)[M] C J(R[M]), R is J-Armendariz and J-M-Armendariz.

Proof. Let (>, aixi)(zj Biz?) =0 for a; = Y @ipgip, B = Y. bjghjq €
R{M] —{0}. 1 g = (T, 1T, 9:)(TT, [T, h). then (rh)(1g?) = (1¢%)(rh)
for each h € M and r € R. Therefore, (3, ai(lg2)l)(2j B;i(1g%)7) =
0. Also (32,22, QipJipg* )(E >y bjghiqg®) = 0. Since M is cancellative,
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then g;, and hj4 are in the largest subgroup of M for each i, j, p, g. There-
fore, gi = hjq = e by the hypothesis and then we may assume that o; =
aie and B; = b; = e for all 4,j. So we have (3 (a;e)x?)(>>(bje)z?) =0
from which it follows that (Y a;z")(3°bj2?) = 0. Thus a;b; € J(R)
for all 7,7, since R is J-Armendariz. Hence (a;e)(bje) € J(R)[M] C
J(R[M]). By the same discussion in the above, it follows that (a;e)(bje) €
J(R[M]) for all 4,j. Now suppose that each pair of hj,g%’s is distinct,
aipbjq € J(R) for all 4,p,j,q since R is J-M-Armendariz. Therefore
a;B =2 > (aipbjq)(giphjq) = 0. Hence R[M] is J-Armendariz. [

Corollary 2.13. For a monoid M and a reduced ring R = %, we
have R[x,z~ 1] is J-M-Armendariz if R is J-M-Armendariz.

Proof. Since R[z,z~!] & R[Z] the proof is done. [J

Proposition 2.14. For a commutative and cancellative monoid M, we
have R[z] is J-Armendariz if the largest subgroup of M is {e}, J(R)[M] C
J(R[M]), R is J-Armendariz and J-M-Armendariz.

Proof. It is easy to see that there exists an isomorphism R[z][M] —

R[M][z] via >=,(3°, aipa?)gi — >°,(3; aipgi)xP. Hence the result fol-
lows from Proposition 2.12. [

3. Different Conditions on Rings

In this section we consider different conditions on rings and we investi-
gate the properties of J-M-Armendariz rings.

Theorem 3.1. For a ring R and a monoid M, let I be an ideal of R. If
& is J-M-Armendariz and I C J(R) then R is J-M-Armendariz.

Proof. Let a = ¥’ a;g;, B = Y] bjh; be two nonzero elements in
R[M] with a8 = 0. Therefore, (327" ((a; +1)g:)) (X721 ((b; +1)g;)) =
0 € &[M]. Thus (a;+1)(b;+1) € J(4) since £ is J-M-Armendariz. There-
fore, a;b; € J(R), this implies that R is J-M-Armendariz. O

Proposition 3.2. For a ring R, a monoid M and an idempotent element

e of R.

1. If R is J-M-Armendariz, then eRe is J-M-Armendariz.
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2. If R is an abelain ring (i.e. every idempotent element of R is cen-
tral), then R is a J-M-Armendariz ring if and only if eRe is a
J-M-Armendariz ring.

Proof.

L let o = >, eajegi, B = Y7L, ebjeh; be nonzero elements of
(eRe)[M] such that af = 0. Since R is J-M-Armendariz and
a;,bj € eRe C R, so a;b; € J(R) NeRe = J(eRe). Therefore
eRe is J-M-Armendariz.

2. One direction is clear by part 1. For converse assume that eRe is
a J — M — Armendariz ring and a = 37" a;g;, B = Y7L, bjh;
be two nonzero elements of R[M] with a5 = 0. Since e is a central
idempotent element of R, then 0 = (eae)(efe), where eae, efe
are nonzero elements of (eRe)[M]. Therefore, ea;bje € J(eRe) =
J(R) N eRe, since eRe is J-M-Armendariz ring and so R is J-M-
Armendariz ring, as desired. O

Theorem 3.3. For a ring R and a monoid M, R[[z]] is J-M-Armendariz
ring if and only if R is J-M-Armendariz ring.

Proof. Suppose that R be a J-M-Armendariz ring, since R = % and
< x >C J(R][[z]]), then by Theorem 3.1, R[[z]] is J-M-Armendariz. For
converse, let R[[x]] be a J-M-Armendariz ring. Let a = """ | a;gi, 8 =
> je1bjhj € RIM] — {0} such that a8 =0 in R. Since R C R[[z]], then
aff = 0 in R[[z]][M]. By the hypothesis, we have a;b; € J(R[[z]]) =

J(R) N R[[z]], so a;b; € J(R) for each i, j, and the proof is done. [

Theorem 3.4. For a ring R and a monoid M, if R[z] is a J-M-
Armendariz ring, then R is weak M-Armendariz.

Proof. Let R[z] be a J-M-Armendariz ring, and o = > | a;gi, § =
> i1 bjhy € R[M] — {0} such that a8 = 0. Since R[M] C R[z][M],
then af = 0 in R[z][M]. Therefore, a;b; € J(R[z]) for every i,j, by
hypothesis. On the other hand, J(R[z]) = I[x] for some nil ideal of R
by ([4]). Therefore, a;b; € RN I[z] C Nil(R) and so R is weak M-
Armendariz. O

Proposition 3.5. For a ring R and a monoid M, we have the upper
triangular matriz ring T,,(R) is J-M-Armendariz.
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Proof. The upper triangular matrix 7T},(R) is weak M-Armendariz ring
by ([11], Proposition 2.12). Hence it is J-M-Armendariz. O

Although M-Armendariz rings for |M| < 2 are abelian, but Proposition
3.5 shows that J-M-Armendariz rings are not abelian in general. Now,
we generalize the above Proposition to triangular ring T' = <](;L) Ag),
where R and S are two rings and M is an (R, S) — biomodule.

Theorem 3.6. For two rings R and S, a monoid N, an (R, S)—biom —
odule M and T = (1(1)% ]\;[) We have the rings R and S are J-N-Arme-

ndariz rings if and only if T is J-N-Armendariz ring.

Proof. Assume that R and S are two J-N-Armendariz rings. Take I =

0 M T R 0 _(r1 O rn 0
(O 0),801_(0 S).Letoz—(o 51>gl+ +<O Sn)gnand

G (" OVh g ("m0 h € T[N satisfy a = 0. Defi
=l o )M 0 5 )ImET y a3 = 0. Define
ap = 1191 + -+ Tugn, Br = Tihi + -+ 1k, € RIN] and a5 =
$191 + + + SnGn, Bs = sth1 + -+ s\, hy € S[N]. From af = 0, we
have a0, = as8s = 0. Since R and S are two J — N — Armendariz
rings, then we have r;r; € J(R) and s;s; € J(S) for any 1 <4 < n and
1 <j<m Since I C J(T) = <J(OR> J%)) = <8 ]\04> sthen T is
J-M-Armendariz, by Theorem 3.1. For converse, suppose that T" be a J-
N-Armendariz ring, o, = 1191+ - +7ngn, By = rihi+---+7,,hm € R[N]
such that o, 3, = 0 and s = s1g1+ -+ Spngn, Bs = S{hi+- -+, hm €

S[N] such that as08s = 0. Let o = 0 G-+ (" ! gn and
0 s 0 sp

ry 0 r. 0
8= 0 o hi+---+ 0 4 hy € T[N]. Whence a3, = 0 and
1 m
asfBs = 0 implies that a8 = 0. Since T is J-N-Armendariz ring then we
ri 0\ [(r: 0O JR) M
i J - ol
have (0 5i> (0 s’-) e J(T) ( 0 J(S)>' Then i’ € J(R)

j
and ;s € J(9S) for all 7,7, as desired. [

Although for a J-M-Armendariz ring R the corner ring of R is J-M-
Armendariz by Proposition 3.2, but the following example shows that,
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M,,(R) is not J-M-Armendariz for n > 2, i.e. the J-M-Armendariz prop-
erty is not Morita invariant.

Example 3.7. For aring R, S = My(R) and M = (NN{0}, +), if f(x) =
erz—en and g(z) = er1+eia—(ea1+e22)z, then ern(er1+ei) = en+ers
is not in J(R) however, f(z)g(z) = 0. Thus S is not J-M-Armendariz.
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