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Foundations on G-Type Domains
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Abstract. In this article by using G-type domains, we introduce
strong G-type domains and locally countable quotient rings(lcqr). Mo-
rover, G-type ideals are classified. Finally some relations between prime
ideals and G-type ideals in valuation rings have been investigated.
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1. Mathematical Notations

Definition 1.1. A domain R with its quotient field Q) is called a G-type
domain if @ as a ring on R is countably generated (c.g.), i.e., there
exists a countable multiplicative closed subset(cmes) in R such that:

Q=S"'R=R[1/S]

Note: An Ordinal number of ) is called the Caliber of R. It is denoted
by: "Cy(R) = X\”. For a multiplicative closed subset M of R, which is
the smallest multiplicative closed subset generated by S, if M 'R = Q
then |S| = A.[9]

Lemma 1.2. A domain R is a G-type domain if and only if Cy(R) <
Ng.
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Definition 1.3. A prime ideal P of domain R is called a G-type ideal
if the quotient ring R/ P is a G-type domain.

Theorem 1.4. [8] Let P be a prime ideal of R, the following statements
are equivalent:

)P is a G-type ideal of R.

ii) There exists a cmes set S in R such that P is mazimal with respect
to having the empty intersection with S.

iii) There is either only a countable number of prime ideals in R/P or
any uncountable set of prime ideals properly containing P , say F', can
be written in the form F = |J,cp Fn, where A is a subset of the natural
numbers, P is properly contained in ﬂQan Q for each n € A and some

of the F,, are uncountable and F,, ={Q € F : s, € Q} # .

Definition 1.5. [9] Let R be a commutative domain and Q its quotient
field. R is called a strong G-type domain if every overring R of R is
the form of R[1/t1,1/ta,1/ts,...], for some nonzero elements t; € R,

in other words,

R'=R[1/S]=5"'R
where S =< {t1,ta,...,tn,...} > is a cmes of R.
Definition 1.6. A quotient ring R’ of a domain R is called a countable

quotient ring (cqr) if R' = Rg, for a emes, S =< {t1,t2,t3,...} >
where  t; #0, Viel.

Example 1.7. The Integral domain of Z is a trivial sample for Definition
1.4.

Definition 1.8. R is called a locally countable quotient ring (lcqr)
if for every prime ideal P of R, the localization of Rp is a cqr of R.

Lemma 1.9. Every strong G-type domain is a lcgr.

Proof. For each arbitrary prime ideal P of R, Rp is also an overring
of R, so by the property of strong G-type domains and by Definition
1.4, there exists a cmes, S =< {t1,t2, ..., tp, ...} > of R, such that P with
respect to inclusion satisfies the property of PN S = (.
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Therefore we have:
Rp=S"'R(=Rg). O

Lemma 1.10. Fvery leqr is a G-type domain.

Proof. Since R is a domain, so {0} is also prime ideal of R. Therefore,
Ryoy is a cqr i.e., there exists a emes set S of R such that Ry = S~IR.
Since R is a domain; therefore, Ry is its quotient field “say, K”. So

K = R{o} =S 'R.

Hence R is a G-type domain. [

2. Properties of LCQR Domains

In this section, some key results have been drawn for the legr domains
which are defined in §1. The importance of these results lies in the count-
ability of the number of maximal ideals in these domains.

Theorem 2.1. Let P be a prime ideal in a domain of R and S be a mcs
(set of nonzero elements of R) such that SN P = (), then the following
statements are equivalent:

i) Rp = Rg(= S™'R) is a cqr of R.

ii) SN (b) # 0 for every element b inR\P.

iii) If Q is a prime ideal not contained in P, then SN Q # (.

Proof. (i) — (iii): Let Rp = Rg and @ be a prime ideal of R which
isn’t contained in P, and ¢ € Q\ P, then 1/q € Rp. Therefore, 1/q = a/s
for some a € Rand b€ S. Hence s =aqg€ QNS, SNQ # 0.

(i4i) — (ii): For b ¢ P and S N (b) = 0 it reaches contradiction. By
Cohen’s theorem, there exists a prime ideal @) containing (b) such that
SNQ =0, but Q< P, this is a contradiction by (iii).

(i) — (i): By the hypothesis since SN P = (), then S C R\P i.e., the
quotient ring Rg C Rp. Now let x = a/b € Rp with a,b € R and b &€ P,
then by (ii) it seems that S N (b) # (). Therefore for some r € R, we can
put s =br € S. Hence, x = a/b=ar/br € Rg. O
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Corollary 2.2. A domain R with a countable number of prime ideals
satisfies in the following properties:

i) R is a G-type domain.

ii) R is an legr

Proof. It is obvious that R is a G-type domain, [8,Corollary 1.3].

Now let {Py, P»,...} be the set of all prime ideals in R. Therefore, for
each P in Spec(R) it must be P = P;, for some i € I.

Now we are setting F' = {P; : P; ¢ P}. If F = (), then this means that R
is local and P is its unique maximal ideal, Therefore, S = R\ P consists
of all the units of R, hence

R=Rp=S"'R=R;.

Thus we may assume that F' # () and hence for each P; ¢ P, take
a; € P;\P and put

T=<{aj:jeJ}>.
Clearly T is a cmes in R. Obviously, for each Q € P, we have TNQ # (.
Therefore, by parts (i) and (iii) of Theorem 2.1 Rp = Ry, hence the
proof is completed. [

Corollary 2.3. Let R be a domain and Rp be a cqr of R, then P is a
G-type ideal.

Proof. Rp is a cqr. Therefore, there exists a emes set S in R such that
Rp = Rs(=S7'R).

Now by [8, Definition 4.1}, S is satisfying in property of SNP = (), now by
part (iii) of Theorem 2.1, since for each @ D P, it’s been SNQ # 0; hence
P is maximal with respect to its property (SN P = 0).

Therefore, by Theorem 2.1, P is a G-type ideal of R. [

The following is more immediate.

Corollary 2.4. Every prime ideal in a legr domain is a G-type ideal.

Proof. Let P be a prime ideal of R. By hypothesis Rp is a egr of R.
Hence, by Corollary 2.2, P is a G - type ideal of R. 0
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Corollary 2.5. Let P be a prime ideal of a domain R and suppose the
localization Rp of R is a cqr, then Yp={Q C P : Q € Spec(R)} is an
intersection of open subsets of Spec(R) with the Zariski topology.

Proof. By our hypothesis, there exists a emes set S in R such that

Rp = Rs(=S7'R).

Now by Theorem 2.1 for each prime ideal ), which is not contained in
Pand QNS # 0 (S is countable), there exists {t1,t2,...} C S such that
QNS ={ti,ts,..}(=8q), ie Yi=JV(Sq).

Q
Therefore Yp = (|JV (Sg))¢ and then Yp = (J D(Sg),
Q Q

where D(Sg) is an open subset of X = Spec(R) with the Zariski topol-
ogy. U

Note. If R is a semilocal ring, i.e., let My, Mo, ..., M, be all maximal
ideals of R, and for each i, (1 < i < n), if A; = H#i M;, then there
have been finite numbers of ideals A1, Ao, ..., A, such that for all 7,

Ai Z Mia
and for each prime ideal P of R, it must be satisfying P 2 A;, for some
1<i<n.

Hence in extended position if R is a semilocal ring then there exists a
finite number of ideals Ay, Ao, ..., A, “not necessary maximal” such that
for each arbitrary prime ideal P € Spec(R), P 2 A; for some i.

Theorem 2.6. Let R be a leqr domain, then there exists only a finite
number of maximal ideals My, M, ..., My, with the finite number of ideals
Ay, As, ..., Ay of R such that:

M;+A;=R , i=1,2,...n

and for each prime ideal P € Spec(R) there exists some i, such that
A, L P.
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In other words, for each maximal M, we have M + A; = R for some 1.

Proof. Let X = Spec(R) and {M;};cr be the set of all maximal ideals
in R. Then by Corollary 2.4, we have:

Yo, =[G , i€l
JEF;

where each G; is an open set in the Zariski topology.
Now we have:

XQUG} = XQUYMZ.QUG;.
icl el el
Since X is compact, therefore:

X =GPUG?U..UG = D(A;,) UD(A;,) U...UD(A,),

where G;’“ = D(A;,) and A;, is an ideal of R.
Therefore we have: ‘
Mi1 S G;l = D(AZ‘1>,

Mi1 Z A’i17
M;, + A, = R,
M;, + Ain = R.

Now by the last note for each P € X , for some k, we have
P e G =D(A;,) and P 2 A;,
The final part is evident. [J

Theorem 2.7. In an leqr domain, any descending chain of prime ideals
s at most countable.
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Proof. If we suppose that Q1 D Q2D ... D Qu D Q1) 2 Qo) D -
is a strictly descending chain of uncountable number prime ideals of R,
(w is the first infinite ordinal and o < wy) and wy is the first uncountable
ordinal, then we seek a contradiction.

Now let P be an ideal with the following condition

P={Q.

i>1

Since P is also a prime ideal of R, so Rp is also cqr of R, then there
exists a countable multiplicative closed subset cmcs S C R such that
Rp = Rg and PN S = (), then by part (iii) of Theorem 2.1 for every
1 > 1 since Q; € P so we have

Now we may consider the following chain
SNE1DSNQ2D...D5NQyDSNQry1) D - -

Since For each ¢ > 1, SN Q; is a countable set, then we must have
SQQQZSﬂQi:SﬂQi+1, Vi > [.

For some § < wj, we may take § to be the least ordinal with this
property. Consequently, we have

((SNQi)=SNQs#0.

121

But it means that

(Q)NS=PNS=QsNnS+0.

i>1
which is a contradiction. [

Corollary 2.8. Fvery quotient ring of an legr domain is also an lcqr.
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Proof. Let R" = Rg be a quotient ring of an legr domain R with
respect to a emes set S. It is obvious that by canonical homomorphism

$:R— SR

with ¢(r) = §, every prime ideal P’ of R’ is the form of P¢ which is the
extension of prime ideal P of R such that PN .S = 0.
In addition, by [5], we have

R
R,p/ QRP: Pfi.

Now since R is legr, there exists an emes T of R such that

TNP=40.

So we have Rp = Rp. Therefore R/P, ~ Rp = Ry, and hence the proof
is completed. [

Lemma 2.9. Let {S;}icr be a countable chain of emes sets in R. If
S = U, Si, which is a emes in R, then

() Rs, € Rs.
el

Proof. It is obvious that S # 0.

Now let 0 # a € [);c;Rs; be an arbitrary element, then
a€Rs, , Viel.

So there exists s; € 5; and a; € R such that
a=a;/s; , Viel.

Now since for all i € I, S; C S, therefore s; € S for each ¢ € I, and so
we have
a € Rg.

Hence (;c; Rs, € Rg. [
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Lemma 2.10. Let {P;};cr be a chain of prime ideals in R and suppose
that for alli € I, Rp, is a cqr of R, then R’ = (\,c; Rp, is cqr of R.

Proof. By Theorem 2.1, since for each i € I, Rp, is a cgr of R, then

there exists a emecs, S; in R such that P; with respect to inclusion is

satisfying S; N P; = () and we have

1 1 .

Rp, =5, R= R[F](: Rs,), Viel.
(]

Then (;c; Rp, = Nier Rs;-

Now if we define S = (J;.; 5;, then by Lemma 2.1, S is a emes in R.

Since for each i € I, P; = R\S; with respect to inclusion is maximal

which is satisfying P, N'S; = 0 then NP, = N(R\S;) = R\(US;) = R\S

and so S = R\ N P;, where S is a ¢cmes in R.

Therefore, Rg = (;c; Rp, = (;er Rs;- O

Note. Gold(v), is defined as the set of all G-ideals of V.

Theorem 2.11. Let V be a valuation ring. Then, the following state-
ments are equivalent:

i) Vs a strong G-type domain.

ii) Vis an legr domain.

iii) Spec(V') = Gold(V).

iv) For every prime ideal P of V either V/P has only a countable number
of prime ideals or the set of all prime ideals properly containing P, say
F, can be written in the form F = \J,cp Fn, where T is a subset of
Natural number and each F,, is a well-ordered set. (Note: Clearly some
F,, is uncountable).

Proof. (i) — (4i): It’s the proof of lemma (1.3).

(13) — (414): It’s the corollary (2.3).

(131) — (iv) : The first part is the proof of (2 = 3) of Proposition 1.10
of [10]. For the second part, let F' = {J,cp F , and P be a prime ideal
of R such that it’s properly contained in er r, @ for each n € T, this
means that er F, @ equal to Q' # 0 is a prime ideal containing P.
Now if ' ={Q € Spec(V) : P C Q}, then
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F,={Q € F:s,cQ},

where S =< {s1,52,...} > is a mes set in V such that P is maximal
with respect to having the empty intersection with S.
Consequently,

sne [ Q=Q,

QEFn

that is Q' € F, , i.e., F, is a well-ordered set.
(tv) — (i): The proof is the same as proof of (3 — 1) of Proposition
1.10 of [10]. O

Example 2.12. By the following, we have presented a domain which is
an “legr” but not a “StrongG — Typedomain”.

It is well-known that the integer Number of Z is a G-type domain but
it is not a GG-domain and each of its prime ideals “P” as the form of
< p >, where p is a prime number of Z. So for every prime ideal of Z
say “P7”, there exists a countable multiplicative closed subset “S” of Z
(which contains all prime elements of Z except “p”) such that

Z<p> - ZS

This means that Z is an “legr” domain.
Now if Z' is an overring of Z contained in Q, then Z' can be expressed
as follows

7 = Z[i, Lo i]

p1 P2 Pk

where k is a finite number.
It seems that there does not exist any prime ideal of Z which contains
all prime elements of Z except the prime elements p1, po, ..., Dk-
Therefore, Z can’t be a strong G- type domain.
Now we are producing a G-type domain which is not an ”legr”.

Example 2.13. Let V be a valuation G-type domain; constructed as
follows,
suppose that V' is an ordered group generated by lexicographic product
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of Hahn groups as: H;cruw8i, where I is an uncountable set and for each
1€l and w > 1, §; is an ordered field of Real number, so V will be a
G-type domain Now if we define:

HicruwSi/HienwSi ~ S

where H;ep\,§i = Po, which is a prime ideal of V; therefore, it could be
Vp, not only isn’t an “legr” but also it is not a domain [11].

Definition 2.14. A domain R has the countable overring property if
every overring of R is a countably generated ring over R.

Theorem 2.15. If a domain R has the countable overring property, then
R is leqr

Proof. Let P be an arbitrary prime ideal of R and let Rp = R|a; /b1, ...,
an /by, ...] with a;,b; € R, we may write a;/b; = r;/t; with t; & P. If
T = {t; : i € I}; clearly T is countable and it can generate an mcs
set S in R such that it is maximal with respect to SN P = (. Now
if ¢ is any nonzero element of R such that it does not belong to P
(i.e.,0 # ¢ € R\P) then by Cohn’s theorem there exists a prime ideal
Q@ in Spec(R) such that it contains (¢); now if SN Q = 0; then by
maximality of P with respect to this property, then @ C P (i.e.,q € P)
which is a contradiction. Therefore, S N (q) # 0, and by part (iii) of
Theorem 2.1 we have Rp = Rg, so R is leqr. [

The author suggests that further research in this direction which is likely
to reveal additional properties of Noetherian G-type domains and thus
may contribute to our understanding of how such structures may be
defined on the underlying GA-type domains , where A is any regular
cardinal.
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